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Preface

This volume aims to provide an overview of some recent developments of
mathematical kinetic theory focused on its application in modelling complex
systems in various fields of applied sciences.

Mathematical kinetic theory is essentially based on the Boltzmann equa-
tion, which describes the evolution, possibly far from equilibrium, of a class of
particles modelled as point masses. The equation defines the evolution in time
and space of the distribution function over the possible microscopic states of
the test particle, classically position and velocity. The test particle is subject
to pair collisions with the field particles.

The interested reader can find in the book, Theory and Application of the
Boltzmann Equation, by C. Cercignani, R. Illner, and M. Pulvirenti, Springer,
Heidelberg, 1993, all necessary knowledge of the physics and mathematical
topics related to this celebrated model of non-equilibrium statistical mechan-
ics.

Another important model of mathematical kinetic theory is the Vlasov
equation, where interactions between particles are not specifically collisions,
but mean field actions of the field particles over the test particle. The model
defines again an evolution equation for the one-particle distribution function
over the microscopic state of the test particle.

The two models briefly mentioned above can be regarded as the funda-
mental models of mathematical kinetic theory and the essential background
offered from the kinetic theory for classical particles towards the modelling of
large systems of several particles undergoing non classical interactions.

Applied mathematicians have been constantly attracted by various chal-
lenging problems posed by this equation: traditionally, the initial value prob-
lem in unbounded domains, the initial-boundary value problem in closed do-
mains or past obstacles, and the asymptotic theory in the limit when a hy-
drodynamic macroscopic description is possible.

In recent years, there has been a constantly growing interest in several de-
velopments (including technical modifications) of the above model to analyze
the behavior of complex systems of interest in applied sciences.

One important field is the analysis of large systems of quantum particles
with applications in modelling semiconductor devices and, more generally,
in the nano-sciences. Additional fields of application, among others, refer to
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traffic flow modelling in roads and internet networks, multicellular systems in
biology, and modelling of the dynamics of swarms and crowds.

This book follows the tradition of the Birkhäuser Series on Modelling and
Simulation in Science and Technology. Indeed, it is the third of three edited
books published following analogous aims.

This book is intended for both scientists and engineers operating in applied
sciences with interest in modelling real systems using differential or operator
equations and also university students who have a good knowledge of funda-
mental mathematics and differential calculus, at the level of master courses,
and are interested in the application of mathematics in technology and applied
sciences in general.

Content

The various chapters of this book are authored by applied mathematicians ac-
tive in research fields related to conceptual aspects and applications of math-
ematical kinetic theory.

The content ranges from theoretical aspects of kinetic theory to various
applications. The book is organized into three parts.

The first part concerns some fundamental aspects of the Boltzmann equa-
tion; specifically, it refers to fundamental topics: existence of solutions and
trend to equilibrium for the Boltzmann equation and velocity averaging meth-
ods for the Vlasov–Maxwell system.

The second part deals with modelling of semiconductor devices and related
applications and computational topics. The various chapters attempt to cover
four different relevant aspects: modelling, optimization, inverse problems, and
computational solvers.

The third part covers a variety of miscellaneous applications in physics and
natural sciences with the aim of offering a range of very different conceivable
developments of mathematical kinetic theory for application.

We stress that the overall presentation attempts to cover not only mod-
elling aspects and qualitative analysis of mathematical problems generated
by applications of models, but also inverse problems which lead to a detailed
assessment of models in connection with their applications, and to computa-
tional problems which lead to an effective link of models to the analysis or
real world systems.

In detail, the contents are as follows.

Part I: Analytic Aspects of the Boltzmann Equation

• Chapter 1, by Carlo Cercignani, provides a detailed survey on the existence
theory for the initial value problem for the Boltzmann equation for clas-
sical particles. The analysis is mainly related to the equation for Maxwell
molecules without any cutoff when the solution depends on just one space
coordinate.
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• Chapter 2, by Ester Gabetta, deals with a unified presentation of some
recent results on the trend to equilibrium both for the solution of a
Maxwellian pseudomolecules model of the Boltzmann equation and for the
solution of the Kac equation. The methodological approach is innovative
with respect to the traditional one as it pursues the optimal convergence
rate related to suitable assumptions on the initial data.

• Chapter 3, by Francois Golse, deals with velocity averaging methods for
the Vlasov–Maxwell system, namely a coupled system of hyperbolic-type
equations, specifically a Vlasov equation for particles subject to a Maxwell-
type field. Velocity averaging methods enlighten the qualitative properties
of the solution, providing useful information for the application of compu-
tational methods.

Part II: Modeling Applications, Inverse and Computational
Problems in Quantum Kinetic Theory

• Chapter 4, by Luigi Barletti, Lucio Demeio, and Giovanni Frosali, deals
with a review of multiband quantum transport models essentially divided
into two classes: Schrödinger-based models and Wigner function-based (or
density matrix-based) models. The former aim at the calculation of the
wave function for the system or device under study. The latter involve
statistics or transport theory concepts.

• Chapter 5, by Martin Burger, Michael Hinze, and Rene Pinnau, deals with
optimization problems for dopant profiles in semiconductors with special
attention to microelectronics devices. The analysis starts from modeling
aspects and is developed up to computational aspects finalized to opti-
mization objectives.

• Chapter 6, by A. Leitao. P.A. Markowich, and J.P. Zubelli, deals with
modeling aspects and solution methods related to the solution of inverse
problems for semiconductors. The main objective is the identification of
the dopant profiles from data obtained by different models connected to the
voltage-current map. As in the previous chapter the analysis is developed
up to the exposition of computational techniques.

• Chapter 7, by M.J. Cáceres, J.A. Carrillo, I.M. Gamba, A. Majorana,
and C.-W. Shu, deals with the development of the Boltzmann transport
equation (BTE) for semiconductors in the semiclassical approximation.
Various deterministic solvers are reported with detailed references to the
existing literature and are critically analyzed, offering to the interested
reader some useful overall information.

Part III: Miscellaneous Applications in Physics and Natural
Sciences

• Chapter 8, by Nicola Bellomo, Abdelghani Bellouquid, and Marcello Deli-
tala, deals with the modeling of complex multicellular biological systems,
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focusing on immune competition and on the derivation of macroscopic
equations describing the behavior of biological tissues. The mathematical
approach looks at the development of methods suitable for describing the
behavior of living matter.

• Chapter 9, by Guido Manzi and Rossana Marra, deals with the kinetic
modeling of a fluid where two phases are present separated by a sharp
layer which moves according to the dynamics of the system. The kinetic
model refers to the Fokker–Planck equation, while the application looks
at various interesting problems related to gas-fluid dynamics.

• Chapter 10, by Weizhu Bao, proposes a general review of various analytic
and computational studies on the ground states and dynamics in rotat-
ing Bose–Einstein condensates. The first part of the chapter deals with
modeling and analytic topics. Specifically, it refers to the Gross–Pitaevskii
equation with an angular momentum rotation term and develops mod-
els related to semiclassical scalings and geometrical optics. The existence
and nonexistence of the ground state is analyzed. The second part deals
with the development of computational schemes based on the backward
Euler method for time and second-order centered finite differences for spa-
tial derivatives. Numerical simulations are compared with some particular
analytic solutions.

• Chapter 11, by Aldo Belleni-Morante, deals with the modeling of photon
transport in an interstellar cloud using the equations of mathematical ki-
netic theory. Specifically, two inverse problems are dealt with, finalized to
a proper assessment of the model. The first problem refers to the iden-
tification of a time- and space-dependent source, the second one to the
identification of the time-dependent cross section of the photons.

Closing Thoughts

The idea of editing a book on the developments and modeling applications of
mathematical kinetic theory arose during a workshop with selected participa-
tion held in Mantova, an artistically attractive town on the river Mincio in
Italy. From the lively discussion of perspective ideas, the editors decided to
work on this project, selecting (not only from among the participants) authors
suitable for proposing chapters consistent with the aims of the project.

Each chapter provides the state of the art in the field, an overview of the
existing literature and, in some cases, various research perspectives.

The editors are confident that the overall content provides applied math-
ematicians with an overview useful for research activity in this attractive and
challenging field of applied mathematics.

Carlo Cercignani and Ester Gabetta
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Part I

Analytic Aspects of the Boltzmann Equation
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Rigorous results for conservation equations and
trend to equilibrium in space-inhomogeneous
kinetic theory

Carlo Cercignani

Dipartimento di Matematica, Politecnico di Milano, Piazza L. da Vinci 32, 20133
Milano, Italy carlo.cercignani@polimi.it

1.1 Introduction

The well-posedness of the initial value problem for the Boltzmann equation
means that we prove that there is a unique nonnegative solution preserving
the energy and satisfying the entropy inequality, from a positive initial datum
with finite energy and entropy. However, for general initial data, it is difficult,
and until now not known, whether such a well-behaved solution can be con-
structed globally in time. The difficulty in doing this is obviously related to
the nonlinearity of the collision operator and the apparent lack of conservation
laws or a priori estimates preventing the solution from becoming singular in
finite time.

A complete validity discussion for the Boltzmann equation will automat-
ically contain existence and uniqueness results. Consequently, by Lanford’s
validity theorem, [18], we already have some existence and uniqueness the-
orems. Unfortunately, a validity proof involves several hard additional steps
beyond existence and uniqueness. Therefore, the Boltzmann equation has been
validated rigorously only in a few simple situations (locally in time [18] and
globally for a rare gas cloud in all space [16, 17]).

Existence (and in some situations uniqueness) of solutions to the initial-
value problem is known for a much larger variety of cases, and it is our purpose
in the next section to survey these results.

1.2 A survey of the existence theory

The Boltzmann equation reads as follows:

∂f

∂t
+ v · ∂f

∂x
= Q(f, f) (1.2.1)
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Q(f, f)(x,v, t) =
∫ ∫

B(n · (v − v∗), |v − v∗|) (f ′f ′
∗ − ff∗) sin θ dθdφ dv∗,

(1.2.2)

where f = f(x,v, t) is the probability density of finding a gas molecule at x
with velocity v at time t. We denote by f∗ f(x,v∗, t), where v∗ is the velocity
of a partner in a collision, and f ′ = f(x,v′, t), f ′

∗ = f(x,v′
∗, t), where

v′ = v − n[n · (v − v∗)]
v′
∗ = v∗ + n[n · (v − v∗)]. (1.2.3)

Here n is the unit vector associated with the angles θ and φ. The quadratic
operator Q(., .) is called the collision operator.

The kernel B depends on the molecular model. If the molecules are hard
spheres of diameter σ, then

B(n · (v − v∗), |v − v∗|) = Nσ2|v − v∗| sin θ cos θ. (1.2.4)

If the molecules are point masses interacting with a force varying as the nth
inverse power of the distance, then

B(n · (v − v∗), |v − v∗|) = B(θ)|V|
n−5
n−1 , (1.2.5)

where B(θ) is a nonelementary function of θ which for θ close to π/2 behaves
as the power −(n + 1)/(n − 1) of |π/2 − θ|. In particular, for n = 5 one has
the Maxwell molecules, for which the dependence on V = |v−v∗| disappears.
For a detailed explanation of the structure of the collision term, see Ref. 4, 8,
or 12.

Sometimes the artifice of cutting the grazing collisions corresponding to
small values of |θ − π

2 | is used (angle cutoff). In this case one has both the
advantage of being able to split the collision term and of preserving a relation
of the form (1.2.5) for power-law potentials. This artifice is common in most
existence theorems; when it is not stated otherwise, one considers either hard
spheres or models with angular cutoff.

When the distribution function of a gas is not dependent on the space
variables, the equation is considerably simplified. The collision operator is ba-
sically Lipschitz continuous in L1

+ and the equation becomes globally solvable
in time. Moreover, uniqueness, asymptotic behavior and a theory of classi-
cal solutions have been established. The theory for the spatially homogeneous
Boltzmann equation originated in the early 1930s and can be considered rather
complete; unfortunately the homogeneous case is hardly of interest for appli-
cations. The reader interested in this theory should consult Ref. 8.

The Boltzmann equation has a well-known family of equilibrium solutions,
the Maxwellian solutions

f = A exp(−β|v − u|2) (A, β,u constants). (1.2.6)
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If the solution is initially sufficiently close to a Maxwellian one, it is possible
to prove that a solution can be constructed globally in time, and we have
uniqueness and asymptotic behavior. The approach is based on the analysis
of the linearized Boltzmann operator, which leads us to a differential inequality
of the type

d

dt
y ≤ −ky + y2,

where y = y(t) is some norm of the deviation of the solution from the
Maxwellian and k is a positive number. Therefore, if y(0) is sufficiently small,
we can control the solution for all times. As we said, the basic ingredient is
good control of the linearized Boltzmann operator. This theory is discussed
in Refs. 8 and 10.

The case of perturbation of a vacuum is a consequence of the validity re-
sult, as mentioned in the previous section, together with the local existence
theory. If the initial value is close to a homogeneous distribution, a solution
starting from it can be constructed globally in time. Uniqueness and asymp-
totic behavior can also be proved. The main idea is explained in Ref. 8.

Except for the first one, all these results have a perturbation character.
The knowledge of particular solutions helps to construct other solutions which
are close to the original ones. The general initial value problem is poorly
understood, although a significant and somewhat unexpected step was per-
formed in the late 1980s. Consider an equation similar to the Boltzmann equa-
tion for which we have conservation of mass and energy and the H-theorem
(
∫
f log fdxdv cannot grow in time). Denote by f ε(t) the solutions. Here, ε

is a regularization parameter such that the solutions formally converge to a
solution of the Boltzmann equation in the limit ε→ 0. The conservation laws
yield the existence of a weak limit denoted by f(t). However, since the collision
operator is quadratic in f , it cannot be weakly continuous. Thus it does not
follow by general arguments that f(t) solves the Boltzmann equation. Nev-
ertheless, some smoothness gained by the streaming operator gives enough
compactness to prove that f(t) actually solves the Boltzmann equation in the
mild sense.

The method gives neither uniqueness nor energy conservation, but the en-
tropy is seen to decrease along the solution trajectories. The trend to equilib-
rium in a periodic or specularly reflecting box can be proved, but the asymp-
totic Maxwellian is not uniquely determined.

Let us begin with some notation and a rather standard definition. Let Λf
denote the left-hand side of the Boltzmann equation and

f#(x,v, t) = f(x + vt, v, t).

Definition 2.1 A measurable function f = f(x,v, t) on [0,∞) × �3 × �3 is
a mild solution of the Boltzmann equation for the (measurable) initial value
f0(x,v) if for almost all (x,v) Q±(f, f)#(x, v, ·) are in L1

loc[0,∞), and if for
each t ≥ 0
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f#(x,v, t) = f0(x,v) +
∫ t

0

Q(f, f)#(x, v, s) ds. (1.2.7)

One of the key ideas used by DiPerna and Lions to prove a general existence
theorem was to relax the solution concept even further, such that the bounds
provided by the energy conservation and the Htheorem could be put to the
best use, and then to regain mild solutions via a limit procedure. They called
the relaxed solution concept a “renormalized solution” and defined it in the
following way.

Definition 2.2 A function f = f(x,v, t) ∈ L1
+(�+

loc × �3 × �3) is called a
renormalized solution of the Boltzmann equation if

Q±(f, f)
1 + f

∈ L1
loc(�+ ×�3 ×�3) (1.2.8)

and if for every Lipschitz continuous function β : �+ → � which satisfies
|β′(t)| ≤ C/(1 + t) for all t ≥ 0 one has

Λβ(f) = β′(f)Q(f, f) (1.2.9)

in the sense of distributions.

DiPerna and Lions [12] noticed that renormalization would actually give
mild solutions, according to the following lemma.

Lemma 2.1 Let f ∈ (L1
loc × �3 × �3). If f satisfies (1.2.8) and (1.2.9) with

β(t) = ln(1 + t), then f is a mild solution of the Boltzmann equation. If
f is a mild solution of the Boltzmann equation and if Q±(f, f)/(1 + f) ∈
L1

loc(�+ ×�3 ×�3), then f is a renormalized solution.

Their main result is the following.

Theorem 2.2 (DiPerna and Lions [12]) Suppose that f0 ∈ L1
+(�3 × �3)

is such that ∫
�3

∫
�3

f0(1 + |x|2 + |v|2) dx dv <∞

and ∫
�3

∫
�3

f0| ln f0| dx dv <∞.

Then there is a renormalized solution of the Boltzmann equation such that
f ∈ C(�+, L

1(�3,�3), f
∣∣
t=0

= f0.

The existence theorem of DiPerna and Lions is rightly considered a basic
result of the mathematical theory of the Boltzmann equation. Unfortunately,
it is far from providing a complete theory, since there is no proof of uniqueness;
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in addition, there is no proof that energy is conserved and conservation of
momentum can be proved only globally and not locally. More complete results
concerning conservation equations can be obtained in the case of solutions
depending on just one space coordinate [2, 5] and will be discussed later in
this chapter.

1.3 The weak form of the collision operator and a useful
identity

We introduce the weak form of the collision term, Q(f, f). We shall henceforth
use the latter notation for the operator defined by∫

[0,T ]×[0,1]×R3
Q(f, f)(x,v, t)ϕ(x,v, t)dvdxdt

=
1
2

∫
[0,T ]×[0,1]×R3×R3×S2

B(n · (v − v∗), |v − v∗|)

× (ϕ′ + ϕ′
∗ − ϕ− ϕ∗)ff∗dμdt (1.3.1)

for any test function ϕ(x,v, t) which is twice differentiable as a function of
v with second derivatives uniformly bounded with respect to x and t. In Eq.
(1.3.1) we have used the notation

dμ = sin θ dθdφ dv∗dvdx. (1.3.2)

We remark that for classical solutions the above definition is known to be
equivalent to that in (1.2.2). The main reason for introducing it is that it may
produce weak solutions (as opposed to renormalized solutions in the sense of
DiPerna and Lions [12]) even if the collision term is not necessarily in L1. It
is surprising that the weak form has not been used before the recent work of
the author [2, 5].

For a function f to be a weak solution of the Boltzmann equation, it must
satisfy Eq. (1.2.1), where the derivatives in the left-hand side are distributional
derivatives and the right-hand side has been defined above.

Now we want to prove that the definition of the weak form of the collision
term makes sense for inverse power potentials without introducing an angular
cutoff, as first shown in a paper of the author [5]. To this end we consider the
following identity:∫ 1

0

ds

∫ 1

0

dt
∂2

∂s∂t
[ϕ(v + s(v′ − v) + t(v∗ − v′))]

=
∫ 1

0

ds

{
∂

∂s
[ϕ(v + s(v′ − v) + (v∗ − v′))]− ∂

∂s
[ϕ(v + s(v′ − v))]

}
= ϕ(v∗)− ϕ(v′)− ϕ(v′

∗) + ϕ(v). (1.3.3)



8 Carlo Cercignani

Hence

ϕ(v) + ϕ(v∗)− ϕ(v′)− ϕ(v′
∗) =

∫ 1

0

ds

∫ 1

0

dt

3∑
i,j=1

∂2ϕ

∂vi∂vj
(v′i − vi)(v∗j − v′j),

(1.3.4)

where the argument of ϕ is v+ s(v′−v)+ t(v∗−v′). If K is an upper bound
for the second derivatives, we obtain the following estimate:

|ϕ(v) + ϕ(v∗)− ϕ(v′)− ϕ(v′
∗)| ≤ 9K|v′ − v||v∗ − v′| ≤ |V||n ·V|. (1.3.5)

Hence if the kernel B diverges for θ = π/2, but B cos θ is integrable, then the
integral with respect to θ does not diverge. We recall that, if the intermolecular
force varies as the nth inverse power of the distance, then B(n·(v−v∗), |v−v∗|)
varies as shown in (1.2.5).

We conclude that for power-law potentials, B cos θ behaves as the power
−2/(n−1) of |π/2−θ| and the definition of a weak solution given above makes
sense for n > 3.

Henceforth we shall consider just Maxwell molecules, for which we state
the main result of this section as follows.

Lemma 3.1 The following estimate holds:∣∣∣∣∫
R3

Q(f, f)(x,v, t)ϕ(x,v, t)dv
∣∣∣∣ ≤ β0K

∫
R3×R3

|V|2ff∗dvdv∗ , (1.3.6)

where K is un upper bound for the second derivatives of φ and β0 a constant
that only depends on molecular parameters.

1.4 Basic estimates

In this section and the next we shall be concerned with the initial value
problem for the nonlinear Boltzmann equation when the solution depends on
just one space coordinate which might range from −∞ to +∞ or from 0 to 1
(with periodicity boundary conditions); for definiteness we stick to the latter
case. Easy modifications, in the vein of Ref. 7, are necessary to deal with the
case of different boundary conditions. The x-, y- and z- components of the
velocity v ∈ R3 will be denoted by ξ, η and ζ respectively, and the Boltzmann
equation reads

∂f

∂t
+ ξ

∂f

∂x
= Q(f, f) (1.4.1)

with
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Q(f, f)(x,v, t) =
∫ ∫

B(n · (v − v∗), |v − v∗|) (f ′f ′
∗ − ff∗) sin θ dθdφ dv∗.

(1.4.2)

We now set out to prove the crucial estimates for the solution of the initial
value problem and for the collision term. It is safe to assume that we deal
with a sufficiently regular solution of the problem, because this can always be
enforced by truncating the collision kernel and modifying the collision terms
in the way described in earlier work, in particular in Ref. 12. If we obtain
strong enough bounds on the solutions of such truncated problems, we can
then extract a subsequence converging to a renormalized solution in the sense
of DiPerna and Lions; and the bounds which we do get actually guarantee
that this solution is then a solution in the weak sense defined above.

Consider now the functional

I[f ](t) =
∫

x<y

∫
R3

∫
R3

(ξ − ξ∗)f(x,v, t)f(y,v∗, t) dv∗dvdxdy, (1.4.3)

where the integral with respect to x and y is over the triangle 0≤x<y≤ 1.
This functional was in the one-dimensional discrete velocity context first in-
troduced by Bony [2]. The use of this functional is the main reason why we
have to restrict our work to one dimension; no functional with similar pleasant
properties is known, at this time, in more than one dimension (for a discus-
sion of this point see a recent paper of the author [6]). Notice that if we have
bounds for the integral with respect to x of ρ =

∫ 3

R
f(x,v, t) dv and for

E(t) =
∫ 1

0

∫
|v|2f dvdx,

then we have control over the functional I[f ](t).
A short calculation with proper use of the collision invariants of the Boltz-

mann collision operator shows that

d

dt
I[f ] = −

∫
[0,1]

∫
R3

∫
R3

(ξ − ξ∗)2f(x,v∗, t)f(x,v, t) dvdv∗dx. (1.4.4)

Notice that the first term on the right, apart from the factor (ξ − ξ∗)2, has
structural similarity to the collision term of the Boltzmann equation, and
the integrand is nonnegative. This is the reason why the functional I[f ] is a
powerful tool.

After integration from 0 to T > 0 and reorganizing,∫ T

0

∫
[0,1]

∫
R3

∫
R3

(ξ − ξ∗)2f(x,v∗, t)f(x,v, t) dvdv∗dxdt = I[f ](0)− I[f ](T ).

(1.4.5)

According to a previous remark, the right-hand side of (1.4.5) is bounded.
Since the total energy is conserved, we have proved the following lemma.
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Lemma 4.1 If f is a sufficiently smooth solution of the initial value problem
given by (1.4.1) and (1.4.2) with initial value f0, then the integral in Eq. (1.4.5)
is bounded.

We now have the following.

Lemma 4.2 Under the above assumptions, we have, for the weak solutions of
the Boltzmann equation for noncutoff Maxwell molecules:∫

R3×R3×S2×[0,T ]×[0,1]

|v − v∗|2f(x,v, t)f(x,v∗, t)B(θ)dtdμ < K0, (1.4.6)

where K0 is a constant, which only depends on the initial data (and molecular
constants).

In fact, we can take ϕ = ξ2 as a test function and remark that the con-
tribution of the left-hand side is bounded in terms of the initial data because
ξ2 ≤ |v|2. Hence the right-hand side is also bounded. Then:

ϕ(v) + ϕ(v∗)− ϕ(v′)− ϕ(v′
∗)

= 2n1(ξ − ξ∗)n · (v − v∗)− 2n2
1|n ·V|2. (1.4.7)

When computing this integral, we use as polar angles θ (the angle between
n and V) and φ (a suitable angle in the plane orthogonal to V) so that the
components ni (i = 1, 2, 3) of n are given by

n1 =
V1

V
cos θ − V0

V
sin θ cosφ

n2 =
V2

V
cos θ +

V1V2

V V0
sin θ cosφ− V3

V
sin θ sinφ

n2 =
V3

V
cos θ +

V1V3

V V0
sin θ cosφ +

V2

V
sin θ sinφ,

where Vi (i = 1, 2, 3) are the components of V and V0 =
√

V 2
2 + V 2

3 . Then
(V1 = ξ − ξ∗)

n1(ξ − ξ∗)n ·V = cos θ(V1 cos θ − V0 sin θ cosφ).

Then when we integrate with respect to φ, the contribution from the last term
disappears and we are left with∫

[0,T ]×[0,1]×R3
Q(f, f)(x,v, t)ξ2dvdxdt

= −
∫

[0,T ]×[0,1]×R3×R3×S2
B(θ){[n1(ξ − ξ∗)]2 − n2

1|n ·V|2}ff∗dμdt .

(1.4.8)
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We can separate the contributions from the two terms, since they separately
converge and obtain∫

[0,T ]×[0,1]×R3
Q(f, f)(x,v, t)ξ2dvdxdt

= −3B0

∫
[0,T ]×[0,1]×R3×R3

(ξ − ξ∗)2ff∗dvdv∗dxdt

+ B0

∫
[0,T ]×[0,1]×R3×R3

|V|2ff∗dvdv∗dxdt, (1.4.9)

where if the force between two molecules at distance r is κr−5, then

B0 = a

√
κ

2m3
(a = 1.3703 . . . ). (1.4.10)

The constant a was first computed by Maxwell [19]; the value given here
was computed by Ikenberry and Truesdell [15]. Since we know that the left-
hand side of Eq. (1.4.9) is bounded and the first term on the right-hand side is
bounded, it follows that the last term is also bounded by a constant depending
on initial data (and molecular constants, such as m and κ).

1.5 Existence of weak solutions for noncutoff potentials

In order to prove the existence of a weak solution, we shall assume that this
has been proved for Maxwell molecules with an angular cutoff [2]; actually to
make the chapter self-contained and the proof more explicit, we shall assume
that the proof is available when a cutoff for small relative speed is introduced.
In this case, in fact the proof immediately follows from the DiPerna–Lions
existence theorem with the estimate of Lemma 4.2; it is enough to remark that
a solution exists when we renormalize by division by 1 + εf (f independent
of ε > 0 and we pass to the limit ε→ 0 due to (1.4.6)).

In the noncutoff case we approximate the solution by cutting off the angles
close to π/2 and the small relative speeds. In this way we can obtain a sequence
fn formally approximating the solution f whose existence we want to prove.

Lemma 5.1 Let {fn} be a sequence of solutions to an approximating problem.
There is a subsequence such that for each T > 0

(i)
∫
fn dv→

∫
f dv a.e. and in L1((0, T )× R3),

(ii) ∫
R3
|V|2fn∗dv∗ →

∫
R3
|V|2f∗dv∗

in L1((0, T )× R3 ×BR) for all R > 0, and a.e.,
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(iii)

gn(x, t) =

∫
R3×R3 |V|2fnfn∗dvdv∗

1 +
∫
fn dv

→
∫

R3×R3 |V|2ff∗dvdv∗
1 +
∫
f dv

= g(x, t)

(1.5.1)

weakly in L1((0, T )× (0, 1)).

Proof. (i) is immediate. (ii) uses an argument well known in the DiPerna–Lions
proof with the estimate supn

∫
fn(1 + |v|2) dv <∞ to reduce the problem to

bounded domains with respect to v∗.
For (iii) we use (i) and the fact that fn converges weakly, but the factor

multiplying it in the integral converges a.e. because of (ii). �

Now we remark that gn(x, t) converges weakly to g(x, t) and ρn(x, t) con-
verges a.e. to ρ(x, t) and the integral

∫
ρngndxdt is uniformly bounded to

conclude with the following lemma.

Lemma 5.2 Let {fn} be a sequence of solutions to an approximating problem.
There is a subsequence such that for each T > 0∫

(0,T )×(0,1)×R3×R3
|V|2fnfn∗dμdt→

∫
(0,T )×(0,1)×R3×R3

|V|2ff∗dμdt. (1.5.2)

We can now prove the basic result.

Lemma 5.3 Let {fn} be a sequence of solutions to an approximating problem,
weakly converging to f . There is a subsequence such that for each T > 0∫

(0,T )×(0,1)×R3
φQn(fn, fn)dtdxdv→

∫
(0,T )×(0,1)×R3

φQ(f, f)dtdxdv,

(1.5.3)

where Qn and Q are given by the weak form of the collision operator, as defined
in Eq. (1.3.1).

Proof. In fact the integrand on the left-hand side of Eq. (1.5.3) is, thanks
to (1.3.6), uniformly bounded by the integrand of Eq. (1.5.2) which weakly
converges. �

Thanks to this result, we can now pass to the limit in the approximating
problem to obtain the following.

Theorem 5.4 Let f0 ∈ L1(R× R3) be such that∫
f0(·)(1 + |v|2)dvdx <∞;

∫
f0| ln f0(.)|dvdx <∞. (1.5.4)

Then there is a weak solution f(x,v, t) of the initial value problem (1.2.1),
(1.2.4), such that f ∈ C(R+, L

1(R× R3)), f(., 0) = f0.
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1.6 Conservation of momentum and energy

An immediate consequence of Theorem 5.4 is as follows.

Theorem 6.1 The solution whose existence has been proved in the previous
section conserves energy globally.

In fact we can take ϕ = |v|2 as a test function and this immediately yields
the result. The lack of this property is one of the drawbacks of the DiPerna–
Lions renormalized solutions.

It is, of course, easy to prove that momentum is conserved globally. But
we can prove more.

Theorem 6.2 The solution whose existence has been proved in the previous
section conserves momentum locally.

In fact we can take ϕ = vg(x) as a test function, where g(x) is a smooth
periodic function of the space coordinate: the result follows.

1.7 Trend to equilibrium

The aim of this section is to discuss the trend to equilibrium. We follow the
approach of Desvillettes [11] and Cercignani [9], which is based on a remark
by DiPerna and Lions [13] and applies to any domain Ω. The main result is
the following.

Theorem 7.1 Let f(x,v, t) be a DiPerna–Lions solution of the Boltzmann
equation, with initial data f0(x,v) such that

f0 ≥ 0;
∫

Ω

∫
�3

f0(x,v)(1 + |v|2 + | log f0(x,v)|)dxdv < +∞. (1.7.1)

Let f also satisfy general boundary conditions on ∂Ω compatible with a con-
stant and uniform Maxwellian Mw. Then, for every sequence tn going to in-
finity, there exist a subsequence tnk

and a local Maxwellian M(x,v, t) such
that fnk

(x,v, t) = f(x,v, tnk
+ t) converges weakly in L1(Ω × �3 × [0, T ]) to

M(x,v, t) for any T > 0. Moreover M satisfies the free transport equation

∂M

∂t
+ v · ∂M

∂x
= 0 (1.7.2)

and the periodicity boundary condition.

Proof. According to the existence proof of DiPerna–Lions [12]
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0

∫
�3

∫
Ω

∫
S2

∫
�3

[f(x,v′, t)f(x,v′
∗, t)− f(x,v, t)f(x,v∗, t)]

× {log[f(x,v′, t)f(x,v′
∗, t)]− log[f(x,v, t)f(x,v∗, t)]}

×B(V,V · n)dv∗dndxdvdt

+ sup
t

∫
Ω

∫
�3

f(x,v, t)(1 + |v|2 + | log f(x,v, t)|)dxdv < +∞. (1.7.3)

Thus fn(x,v, t) = f(x,v, t + tn) is weakly compact in L1(Ω × �3 × [0, T ])
for any sequence tn of nonnegative numbers and any T > 0. If tn →∞, then
there exist a subsequence tnk

and a function M(x,v, t) in L1(Ω×�3× [0, T ])
such that fnk

converges weakly to M in L1(Ω×�3× [0, T ]) for any T > 0. In
order to prove that M is a Maxwellian, we remark that, since the first integral
in Eq. (1.7.3) is finite, then∫ T+tnk

tnk

∫
�3

∫
Ω

∫
S2

∫
�3

B(V,V · n)[f(x,v′, t)f(x,v′
∗, t)− f(x,v, t)f(x,v∗, t)]

× {log[f(x,v′, t)f(x,v′
∗, t)]− log[f(x,v, t)f(x,v∗, t)]}

× dv∗dndxdvdt→ 0

when k →∞, and thus∫ T

0

∫
�3

∫
Ω

∫
S2

∫
�3

[fnk
(x,v′, t)fnk

(x,v′
∗, t)− fnk

(x,v, t)fnk
(x,v∗, t)]

× {log[fnk
(x,v′, t)fnk

(x,v′∗, t)]
− log[fnk

(x,v, t)fnk
(x,v∗, t)]}

×B(V,V · n)dv∗dndxdvdt→ 0 (k →∞). (1.7.4)

But for all smooth nonnegative functions φ, ψ with compact support:∫
�3

∫
S2

∫
�3

fnk
(x,v′, t)fnk

(x,v′
∗, t)φ(v)ψ(v∗)B(V,V · n)dv∗dndv

→
∫
�3

∫
S2

∫
�3

M(x,v′, t)M(x,v′
∗, t)φ(v)ψ(v∗)B(V,V · n)dv∗dndv

(a.e. in Ω × [0, T ] when k →∞) (1.7.5)

and∫
�3

∫
S2

∫
�3

fnk
(x,v, t)fnk

(x,v∗, t)φ(v)ψ(v∗)B(V,V · n)dv∗dndv

→
∫
�3

∫
S2

∫
�3

M(x,v, t)M(x,v∗, t)φ(v)ψ(v∗)B(V,V · n)dv∗dndv

(a.e. in Ω × [0, T ] when k →∞). (1.7.6)

This was proved by DiPerna and Lions [13] with the following kind of argument
(we just consider (1.7.6) because the proof for (1.7.5) is analogous). First,
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remark that for any Borel set A ∈ B(BR × BR × S2) with respect to the
measure dμ = B(V,V · n)dv∗dndv, where BR is the ball of radius R in
velocity space,∫

A

fnk
(x,v, t)fnk

(x,v∗, t)B(V,V · n)dv∗dndv

≤M2μ(A) +
∫

ER

fnk
(x,v, t)fnk

(x,v∗, t)

× [χ(fnk
(x,v, t) ≥M) + χ(fnk

(x,v∗, t) ≥M)]
×B(V,V · n)dv∗dndv

≤M2μ(A) + [ψ(M)]−1K(t, x)N(t, x) (∀M > 0), (1.7.7)

where χ denotes the characteristic function of a set and ψ(t) ∈ C([0,∞)) is an
increasing function such that ψ →∞ as t→∞, ψ(t)(log t)−1 → 0 as t→∞,
while

K = sup
k

{[∫
ER

fnk
(x,v, t)fnk

(x,v∗, t)[ψ(fnk
(x,v, t)) + ψ(fnk

(x,v∗, t))]

×B(V,V · n)dv∗dndv

][
1 +
∫
�3

fnk
dv

]−1}

N = sup
k

(
1 +
∫
�3

fnk
dv
)
. (1.7.8)

Here K and N are functions independent of fnk
. This proves that the product

fnk
(x,v, t)fnk

(x,v∗, t) is weakly compact in L1(ER, dμ) for almost all (x, t) ∈
Ω×(0, T ). We already know that fnk

(x,v, t)fnk
(x,v∗, t)[1+

∫
�3 fnk

dv]−1 con-
verges to the corresponding function, M(x,v, t)M(x,v∗, t)[1 +

∫
�3 Mdv]−1,

weakly in L1 for a. a. (x, t) ∈ Ω × (0, T ). But the denominator converges a.e.
to 1 +

∫
�3 Mdv; hence fnk

(x,v, t)fnk
(x,v∗, t), which has been just shown to

be weakly compact, converges weakly to M(x,v, t)M(x,v∗, t) in L1(ER, dμ)
for a. a. (x, t) ∈ Ω× (0, T ). It is then possible to extract a subsequence (which
we still denote by fnk

), such that∫
�3

∫
S2

∫
�3

B(V,V · n)[fnk
(x,v′, t)fnk

(x,v′
∗, t)− fnk

(x,v, t)fnk
(x,v∗, t)]

× {log[fnk
(x,v′, t)fnk

(x,v′
∗, t)]− log[fnk

(x,v, t)fnk
(x,v∗, t)]}

× dv∗dndv→ 0 (a.e. in Ω × [0, T ] when k →∞) (1.7.9)

for a dense denumerable set in C(�3) of nonnegative smooth functions φ and
ψ. But then the convexity of the function C(f, g) = (f − g)(log f − log g)
(�+ ×�+ → �+) implies that we can pass to the limit and obtain

[M(x,v′, t)M(x,v′
∗, t)−M(x,v, t)M(x,v∗, t)]
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× {log[M(x,v′, t)M(x,v′∗, t)]− log[M(x,v, t)M(x,v∗, t)]}
×B(V,V · n) = 0 (a.e. in v∗, n, x,v∗, t). (1.7.10)

Then, since C(f, g) is nonnegative and B(V,V · n) strictly positive:

M(x,v′, t)M(x,v′
∗, t) = M(x,v, t)M(x,v∗, t) (a.e. in v, n, x,v∗, t).

(1.7.11)

Then M is a Maxwellian and, moreover, is, thanks to the property of weak
stability, a renormalized solution of the Boltzmann equation, satisfying the
boundary conditions. Accordingly Q(M,M) = 0 and Eq. (1.7.2) holds. �

Theorem 7.1 tells us that the solutions of the Boltzmann equation with
the boundary conditions (1.2.1) behave (in the case of a boundary at con-
stant temperature) as Maxwellians satisfying the free transport equation, Eq.
(1.7.2). These Maxwellians have been well known since Boltzmann [7]. They
have the following form:

M = exp[a0 + b0 · v + c0|v|2 + d0|x− vt|2 + e0 · (x− vt) + f0 · (x ∧ v)],
(1.7.12)

where a0, c0, d0 ∈ � and b0, e0, f0 ∈ �3 are constants. Now if we impose the
condition that M(x, ., t) is an L1 function for any t ≥ 0, we see that c0 must be
negative and d0 nonpositive. If we exclude from our considerations the cases
in which the boundary conditions are compatible with several Maxwellians,
i.e., the only acceptable Maxwellian has no drift and constant temperature;
this immediately implies that b0, d0, e0, f0 are zero. Hence M is a uniform
Maxwellian, which coincides with Mw.

L. Arkeryd [1] proved that f actually tends to a Maxwellian in a strong
sense for a periodic box, but his argument works in other cases as well; his
proof uses techniques of nonstandard analysis and, as such, is outside the
scope of this book. Subsequently P.-L. Lions [14] obtained the same result
without resorting to nonstandard analysis.

If we now try to apply these results to the case of periodicity boundary
conditions, we see that the Maxwellian is not uniquely determined by the
above argument, if we stick to DiPerna–Lions solutions. But in the case of the
weak solutions discussed in the previous section, conservation laws identify
uniquely the momentum and energy and hence the asymptotic Maxwellian.

1.8 Concluding remarks

We have surveyed the existence theory of the nonlinear Boltzmann equa-
tion with particular attention to a recent result of the author concerning
Maxwell molecules, without any truncation on the collision kernel, in the one-
dimensional case. To the best of our knowledge, this is the first result for the
noncutoff Boltzmann equation. The solution conserves energy globally.
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2.1 Introduction

This chapter aims to provide a unified presentation of some recent studies
(see [CGT99], [CCG00], [BGR05], [CCG05] and [GR05]) on the convergence
to equilibrium of the solution of Boltzmann’s equation for Maxwellian pseu-
domolecules and, in particular, of the solution of Kac’s analog of Boltzmann’s
equation. The main feature of these researches, with respect to the other
ones, is the pursuit of the optimal rate of exponential convergence both in a
weighted χ-metric (see for example [GTW95]) and in the total variation met-
ric for probability measures. For the definition of these metrics see the next
section. Now, recall the following basic facts about the aforesaid equations.

The dynamics of spatially homogeneous rarefied gases, in the absence of
external force fields, are usually described by the Boltzmann equation:

∂

∂t
f(v, t) = Q(f, f)(v, t). (2.1.1)

Here f(v, t) is the probability density for the velocity space distribution of the
molecules at time t, and Q, which represents the effects of binary collisions,
has the form

Q(f, g)(v) =
∫

R3×S2
B(q, q · n/q)

[
f(v1)g(w1)− f(v)g(w)

]
dw dn. (2.1.2)

In expression (2.1.2), n is a unit vector, and dn denotes normalized surface
measure on the unit sphere S2. Moreover q = v−w is the relative velocity, and
in q · n the dot denotes the usual inner product in R3. Q describes the effect
of a collision between two identical molecules with pre-collisional velocities v
and w, and post-collisional velocities v1 and w1. The vector n parametrizes
the set of all kinematically possible post-collisional velocities by
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v1 =
1
2
(v + w + qn),

w1 =
1
2
(v + w − qn).

(2.1.3)

The post-collisional velocities are those conserving both momentum and ki-
netic energy

v1 + w1 = v + w, |v1|2 + |w1|2 = |v|2 + |w|2. (2.1.4)

The function B in (2.1.2) is called the collision kernel and specifies the rate
at which collisions with parameter n occur when the incoming velocities are
v and w. It is a nonnegative Borel function of its arguments, namely the
magnitude of v−w and the angle between v−w and n. Notice that B takes
into account the nature of the interaction between the molecules. Maxwell
found that when this interaction turns out to be inversely proportional to a
fifth power of a central force, B depends only on the scattering angle ϑ in
cosϑ = q · n/q, and not on q itself. Throughout the present chapter, this
condition is assumed to be in force, i.e.,

B(q, q · n/q) = B(cosϑ), (2.1.5)

and, in this case, the Boltzmann equation is called the equation for Maxwellian
molecules. In addition to (2.1.5), the angular cutoff condition is postulated
here; so without further loss of generality, assume that∫ π

O

B(cosϑ) sinϑ dϑ = 1 < +∞, (2.1.6)

and, then, the molecules are said to be pseudo-Maxwellian.
Under the angular cutoff condition, one can split Q into its gain and loss

terms

Q(f, g) = Q+(f, g)−Q−(f, g), (2.1.7)

where

Q+(f, g)(v) =
∫

R3

∫
S2
B(cosϑ)f(v1)g(w1) dn dw (2.1.8)

Q−(f, g)(v) = f(v)
∫

R3

[∫
S2
B(cosϑ) dϑ

]
g(w) dw. (2.1.9)

Consequently (2.1.1) becomes

∂

∂t
f(v, t) + f(v, t) = Q+(f, f)(v, t). (2.1.10)

Apropos of the adoption of hypotheses (2.1.5) and (2.1.6), the following com-
ments from [CC03] provide a clear illustration of the point:
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“It is easier to see things through to the end with Maxwellian molecules,
and it is still useful, even today, to look first at the Maxwellian case when
investigating any new problem . . . With the cutoff condition, it is possible to
produce strong solutions that can be studied in greater detail.”

In point of fact, with respect to the study of the speed of convergence
to the equilibrium, deeper results can be achieved in the further simplified
model due to Kac. Recall that Kac ([Ka56], [Ka59]) considered an approach
to Boltzmann’s theory, for a monatomic dilute gas without mass motion, based
on a master equation, by simplifying the original Boltzmann’s derivation to
an n-particle system in one dimension. He obtained the analog of Boltzmann’s
equation. In such a model the collisions conserve energy but not momentum
unless it happens to be zero for the initial data. Consequently all of the kine-
matically possible collisions (v, w)→ (v∗, w∗) are given by

v∗ = v cosϑ + w sinϑ and w∗ = −v sinϑ + w cosϑ

for 0 � ϑ � 2π.
Regarding the analogy of the Maxwellian equation with cutoff, the expres-

sions (2.1.8) and (2.1.9) of the gain and loss terms in the collision kernel—
under the further condition that the collision kernel B is constant and equal
to 1—become

Q+(f) =
1
2π

∫ 2π

0

∫
R

f(v∗)f(w∗) dw dϑ (2.1.11)

and

Q−(f) =
1
2π

∫ 2π

0

∫
R

f(v)f(w) dw dϑ = f(v), (2.1.12)

respectively. Then the evolution of the probability density f(v, t) for the ve-
locities turns out to be described by the equation

∂f

∂t
(v, t) + f(v, t) = Q+(f). (2.1.13)

With an abuse of notation, the loss and gain terms, in the Kac setting, are
denoted by the same symbols used for the analogous terms in the Maxwellian
equation.

It is well known that, with initial data f0, both problem (2.1.1), under
(2.1.5)–(2.1.6), and problem (2.1.13) have a unique solution; see, for example,
Morgenstern ([Mo54]) and McKean ([MK66]).

As far as the presentation of the subject of this chapter is concerned, it
follows the chronological order of publication of the three references men-
tioned at the beginning of the introduction. So, Section 2.3 contains a concise
description of the arguments developed in [CGT99]. Sharp bounds on the
rate of exponential convergence to equilibrium are proved there—both in a
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weighted χ-metric and in the variational metric—under an additional hy-
pothesis about the existence of a finite Sobolev norm for the initial data. The
remaining assumptions pertain to the existence of finite moments, up to some
specific order, and of the Fisher (Linnik) information. Analogous conditions
are used in [CCG00] to obtain variational bounds on the error made when
the Wild summation for solutions of (2.1.1) is truncated at a certain stage.
The relevance of this argument, explained in Section 2.4, is twofold: first,
Wild’s summation is the only constructive method known for solving Boltz-
mann’s equation; second, the evaluation of the aforesaid error can be used
to get a simple proof of the exponentially fast rate of relaxation to equilib-
rium for Maxwellian molecules. It must be noticed that the analysis exploits
the McKean representation of the Wild sum; see McKean ([MK66], [MK67]).
Following the viewpoint (see, for example, [IT56]) that, apart from entropy
and information measures, it is only the moments of the initial probability
distribution that have physical significance, in [CCG05], with reference to the
Kac model, it is proved that the existence of finite moments of any order
and of the Fisher information suffices to achieve the best rate of convergence.
As recalled in Section 5 of [CCG05] a key role in the analysis is played by a
decomposition which depends on some basic McKean ideas of a probabilistic
nature. When qualitative regularity, of the same type as in [CGT99], of the
initial data is not assumed, the above-mentioned decomposition makes it pos-
sible to overcome the fact that the evolution does not improve the regularity
of the initial data. Necessary preliminaries, for a better understanding of the
main results to be reviewed, are collected in Section 2.2. Finally, Section 2.5
indicates some directions for new researches.

2.2 Preliminaries

For the sake of clarity and completeness, here one recalls some of the basic
concepts and notation that will be used to formulate the results examined in
the next sections. These concepts can be split into two different classes: the
former pertains to mathematical analysis or mathematical physics, the latter
to probability.

2.2.1 Analytical and physical preliminaries

In [CGT99] a key role is played by an inequality which yields bounds for
Sobolev’s space norms of solutions of (2.1.1). For a fixed positive integer k, let
Hk be the space of all functions f in L2(Rn) whose distribution derivatives
∂αf are L2 functions for |α| � k. Here from now on, for any fixed p > 0,
Lp(Rn) will denote as usual the set of all measurable functions f on Rn for
which

‖f‖Lp(Rn) :=
(∫

Rn

|f(x)|p dx
)1/p

< +∞.
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Now, for any f in L1(Rn), let f̂ be its Fourier transform, i.e.,

f̂(ξ) :=
∫

Rn

e−iξxf(x) dx (ξ ∈ R).

Then, if f belongs to Hk, the quantity

‖f‖Hk :=
(∫

Rn

∣∣f̂(ξ)
∣∣2 · |ξ|2k dξ

)1/2

is what here is called the Sobolev space norm of f . It is well known that this
norm is equivalent to the one defined by (

∑
α�k ‖∂αf‖22)1/2. For a survey on

Sobolev spaces see, for example, Folland ([Fo99]).
One of the main goals of the chapter to be examined in the subsequent

sections is that of proving the natural conjecture, due to McKean ([MK66]),
that the rate of approach to equilibrium is driven by the spectral properties
of a linearized form of the collision operator that we are going to define. Such
a definition involves the fundamental concept of Maxwellian density on Rn,
that is, the function

v �→ (6πT )−n/2 exp
{
−|v − u|2

2nT

}
=: M(v) (v ∈ Rn),

where

u =
∫

Rn

vM(v) dv, nT =
∫

Rn

|v − u|2f(v) dv,

u being bulk velocity and T the temperature. In the present framework, where
n = 1, 3, one assumes that∫

Rn

vf0(v) = 0, n =
∫

Rn

|v|2f0(v) (n = 1, 3). (2.2.1)

Now, suppose that the solution f of (2.1.1), with initial datum f0 satisfying
(2.2.1), has the form

f(v, t) = M(v)
(
1 + εh(v, t)

)
, (2.2.2)

M being the Maxwellian density with u = 0 and T = 1, some function for
which ∫

Rn

|h(v, 0)|2M(v) dv = 1 (n = 1, 3)

and ε some small number. Correspondingly to (2.2.2), (2.1.1) becomes

∂

∂t
h(v, t) = Lh(v, t) + ε

1
M(v)

Q(Mh,Mh)(v) (2.2.3)
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with

Lh(v) =
1

M(v)
(
Q+(M,Mh)(v) + Q+(Mh,M)(v)

)
−
∫

R3
Mh(v) dv − h(v)

and L is just the above-mentioned linearized collision operator. As to the
spectrum of L, it can be recalled that it has been computed in Wang Chang
and Uhlenbeck [WU70]. Notice that L is self-adjoint and negative semi-definite
on H (the Hilbert space with norm ‖h‖2H =

∫
R3 |h(v)|2M(v) dv), with a five-

dimensional null space. The remaining eigenvalues are strictly negative; here,
with Λ one denotes the absolute value of the first of these eigenvalues when
they are arranged in order of increasing magnitude. In other words, Λ is the
spectral gap of L. An explicit evaluation of Λ is also given in Section 8 of
[CGT99].

Passing to the Kac equation (2.1.13), as explained in Section 2 of [CGT99]
starting from a remark of McKean ([MK66]), it can be recalled that Λ takes
the value 1/4.

In the introductory section a hint to the entropy and other allied func-
tionals has been given. As a matter of fact, the existence of these functionals
forms a constituent part of many statements in the kinetic theory of gases
and, in particular, in almost all the results we intend to consider in the fol-
lowing sections. The entropy H(f) of a probability density function f on R3,
such that

∫
R3 |v|2f(v)dv < +∞, is defined by

H(f) = −
∫

R3
f(v) log f(v) dv. (2.2.4)

It was discovered by Boltzmann that H
(
f(·, t)

)
is nondecreasing in time along

solutions f(·, t) of (2.1.1). Moreover, it can be constant only if f(·, t) is a
Maxwellian distribution. See, for example, [CIP94] and [Vi03].

A different entropy functional is frequently considered in the kinetic litera-
ture. It is inspired by the Fisher amount of (statistical) information. Let f be
a probability function on Rn which, besides satisfying the above moment con-
dition, is continuously differentiable; then, this new measure of information,
denoted by Ln, is defined as

Ln(f) =
∫

Rn

∣∣∇v log f(v)
∣∣2f(v) dv, (2.2.5)

where, as usual, ∇ denotes the gradient vector. It should be recalled that, on
the difference of Ln, the Fisher information aims at quantifying the content of
information of a statistical sample drawn to estimate an unknown parameter
ϑ in Rd. More precisely, let f(·, ϑ) be the probability density function (on Rn)
of a sample of size n, depending on the parameter ϑ. In this framework, Fisher
provided deep motivations for the adoption of the (d× d) matrix
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F(f ;ϑ) =
∫

Rn

(
∇ϑ log f(x;ϑ) · (∇ϑ log f(x;ϑ))

)T
f(x;ϑ) dx

as a measure of statistical information; see Fisher ([Fi22], [Fi25]).
To point out an actual relationship between the measures Ln and F , notice

that if ϑ is a location parameter—i.e., d = n and f(x;ϑ) = f(x − ϑ)—then
Ln(f) turns out to be the same as the trace of the Fisher information matrix
F(f ;ϑ).

In particular in the one-dimensional case (see equation (2.1.13)), Ln(f)
becomes the well-known Linnik’s information (see [Li59]):

L1(f) =: L(f) =
∫

R

1
f(v)

(
f ′(v)

)2 dv.

As to the connection between entropy and Linnik information, remember
that

lim
δ→0+

2
δ

{
H(fδ)−H(f)

}
= L(f),

where fδ is the density one obtains by convolving f with the one-dimensional
Maxwell density with variance δ.

2.2.2 Distances between probability measures and McKean trees:
an overview

As recalled repeatedly in foregoing paragraphs, the ultimate goal of the papers
to be reviewed is the study of convergence to equilibrium in the L1-norm for
probability density functions. Such an object is achieved through the study
of the convergence of probability measures in a weaker norm. Moreover, the
proofs are based, in part, on some suitable discrete probabilistic structures.
Then, it seems right to provide a concise description both of the distances
to be used and of the McKean binary tree graphs, before tackling the main
subject.

Given two probability measures P and Q on the same measurable space
(Ω,F), the variational distance between P and Q is defined as

d1(P,Q) = sup
A∈F

|P (A)−Q(A)|.

In particular, if Ω = Rn, if F is the Borel class on Rn and if P and Q
are absolutely continuous with respect to the Lebesgue measure on Rn with
density functions p and q, respectively, then d1(P,Q) reduces to

d1(P,Q) =
1
2

∫
Rn

|p(x)− q(x)| dx

=
1
2
‖p− q‖L1(Rn).
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Now denote the Fourier transforms of p and q by p̂ and q̂ respectively, and
assume that conditions∫

Rn

|x|4
(
p(x) + q(x)

)
dx < +∞,

∫
Rn

πi(x)k
(
p(x)− q(x)

)
dx = 0 (2.2.6)

hold true for πi(x) = xi if x = (x1, . . . , xn) ∈ Rn, i = 1, . . . , n, k = 1, 2, 3.
Then from elementary properties of the characteristic functions the quantity

|||p̂− q̂||| := sup
ξ∈Rn

|p̂(ξ)− q̂(ξ)|
|ξ|4 (2.2.7)

turns out to be well defined. In Section 14.2 of [Ra91], it is designated by
the term weighted χ-metric and it has been diffusely utilized in kinetic the-
ory starting from the publication of [GTW95]. This metric—when it is well
defined—is topologically weaker than d1.

After saying how one intends to study the relaxation to the equilibrium of
the solution of (2.1.1) or of (2.1.13), it is worth recalling the sole representation
at our disposal of that solution, i.e., the Wild series. See Wild ([Wi51]). More
precisely, what is needed here is the McKean version ([MK66], [MK67]) of
this series. To make these concepts precise start by defining integral (2.1.8) to
be the Wild convolution of f and g, f ◦ g in symbols. Accordingly, operation
(2.1.11) will be indicated by the same symbol. Then, recall that Wild proved
that the solution of the equation at issue, when f0 is the initial density, is
given by

f(v, t) =
∑
n�1

e−t
(
1− e−t

)n−1
Q+

n (v; f0)(v),

where, following McKean, Q+
n can be written as

Q+
n (v; f0) =

∑
γ∈G(n)

pn(γ)Cγ(v; f0) (n = 1, 2, . . . ), (2.2.8)

where Cγ denotes the n-fold Wild convolution performed according to a pro-
cedure which can be described in a complete way by means of the “structure”
of a tree γ belonging to the set G(n) of all McKean’s trees with n leaves.

These trees are characterized by the fact that each node has either zero
or two “children”: a “left child” and a “right child.” To illustrate this circum-
stance, two elements of G(8) are visualized in Figure 2.1. In each tree γ in
G(n), leaves—i.e., shaded circles—can be labelled from left to right by the
integers from 1 to n, according to a natural left-to-right order. Imagine now
that f0 is set in each of the leaves of γ and assume that the deepest level in
γ is i. At this stage, to go from γ to the corresponding convolution Cγ , find
the leftmost pair of leaves at level i, erase this pair of leaves which makes the
former “parent” node a leaf, and write down Q1 := Q(f0, f0) in the new leaf.
After erasing all the leaves at level i, in this way, proceed to erase pairs of
leaves at level (i− 1) and, for any pair, write down
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Fig. 2.1. Shaded (unshaded) circles stand for leaves (nodes).

Q2 = Q
(
Ql(f0, f0), Qr(f0, f0)

)
(2.2.9)

in the leaf which replaces the corresponding “parent” node, where l (r, respec-
tively) can be 0 or 1 according to whether the left (right, respectively) leaf of
the pair was a leaf of γ or the “parent” node of a pair erased in the previous
step, with the proviso that Q0 := f0. Then, after erasing all the leaves at level
(i− 1), proceed to erase pairs of leaves at level (i− 2) in the same way and,
for any pair, write down (2.2.9) in the leaf which replaces the “parent” node
of the pair at issue, keeping in mind that both l and r can belong to {0, 1, 2}.
Once this has been done until only the “root” of γ is left, one has written Cγ

in the “root.” This process can be described by a proper use of brackets. As
an example, the Cγ associated with graph γ1 in Figure 2.1 can be represented
as ((

f0 ◦
((
f0 ◦ (f0 ◦ f0)

)
◦ f0

))
◦ f0

)
◦ (f0 ◦ f0)

and, analogously,(
(f0 ◦ f0) ◦ (f0 ◦ f0)

)
◦
(
(f0 ◦ f0) ◦ (f0 ◦ f0)

)
gives the convolution corresponding to tree γ2 in the same figure. From a well-
known result from enumerative combinatorics it turns out that the number of
elements of G(n) is the Catalan number

(
2n−2
n−1

)
/n; see, for example, [Co70].

It follows from the previous description that the level reached by leaves of
a tree plays an important role in determining convolutions. To quantify this
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fact, the concepts of depth of a leaf and depth of a tree are very useful. By
depth of a leaf of γ in G(n) here one means the number of generations which
separate the leaf from the root of γ. For example, the depth of leaf 2 in γ1 of
Figure 2.1 is 5. From now on the depth of leaf j in γ will be denoted by δj(γ).
The quantities

δ(1)(γ) := min{δ1(γ), . . . , δn(γ)}
and

δ(n)(γ) := max{δ1(γ), . . . , δn(γ)}
are said to be the depth and the height, respectively, of tree γ. Tree γ1 has
depth 2 and height 6; in graph γ2, depth and height are the same (= 3) and
the graph is said to be balanced.

As to the coefficients pn in (2.2.8), it suffices that pn(γ) is the (conditional)
probability that a distinguished random walk on G passes through G(n) at the
nth step. So, given n, δj and δ(1), δ(n) can be viewed as random variables with
respect to such a random walk. Clearly, pn(·) induces a probability distribution
for depths of leaves and trees. In studying the probability distribution of a
leaf, through probability generating functions as in [GR05], one encounters
the expectation of the random variable

n∑
j=1

ξjxδj ,

where x and ξ are arbitrary numbers. This expectation, denoted by Vn(x, ξ),
has an explicit form given by

Vn(x, ξ) =
n∑

j=1

ξj 1
(n− j)!(j − 1)!

∑
d�0

∑
k

∣∣s(n− j, k)
∣∣ · ∣∣s(j − 1, d− k)

∣∣,
where s(n, k) stands for a Stirling number of the first kind; see [GR05]. From a
different viewpoint, Vn was introduced, with ξ = 1 and x = c/2 with c in (0, 1),
in [CCG00] to get a concise measure of the location of the joint distribution
of the depths of the leaves of trees in G(n). In fact, Vn(c/2, 1) is the same as
the quantity T (n) as defined in [CCG00]. It is clear that small values of T (n)
indicate that the distribution of (δ1, . . . , δn) is located around great values
for the depths of leaves and this, in turn, entails analytical regularity for the
Wild convolutions. This point will be discussed in Section 2.4.

2.3 Optimal exponential convergence results under
Sobolev regularity and moments

An early result about the explicit determination of the rate of trend, in total
variation, toward equilibrium of the solution of a kinetic equation was obtained
by McKean in 1966 (see [MK66]) who dealt with the Kac equation.



2 Optimal rate of convergence to equilibrium 29

He stated, under the hypotheses of boundness both of the third moment
and the Linnik information of the initial datum,

‖f −M‖L1 � ct3/2e−λt

(
λ :=

2
9

(
− 8

3π
+ 1
)
≈ 0, 04

)
,

i.e., the geometrically fast approach to the Maxwellian at the rate λ. Moreover
he suggested that this bound could be improved, as recalled in Subsection
2.2.1.

Previously Ikenberry and Truesdell ([IT56]) had proven that all moments
of the solution of this spatially homogeneous Maxwell equation, that exist
initially, converge exponentially to the corresponding ones of the equilibrium
distribution. More recent works on the convergence to equilibrium, in the
case of intermolecular forces harder than Maxwellian ones and in the case
of pseudo-Maxwellian molecules, are due to Arkeryd ([Ar88]) and Wennberg
([We93]) respectively. These authors based their arguments on the spectral
theory of the linearized collision operator L (see Subsection 2.2.1). On the
one hand, they obtained exponential convergence to equilibrium under the
additional hypothesis that the initial distribution belongs to a suitable neigh-
borhood of the equilibrium itself. On the other hand, they did not explicitly
compute the spectrum of L in the specific space where they studied the sub-
ject. Notice that their space is different from the one evocated in Subsection
2.2.1.

In view of these remarks, Carlen, Gabetta and Toscani ([CGT99]) proposed
to provide a proof for McKean’s conjecture both for the Kac and the Maxwell
models. The main problem was the one of showing that L governs the rate of
approach to equilibrium in the spatially homogeneous case for initial data far
from equilibrium. This fact has been ascertained by Cercignani, Lampis and
Sgarra ([CLS88]) when the initial distribution belongs to a sufficiently small
neighborhood of the limiting distribution, by determining an upper bound for
the nonlinear term in (2.1.10). Direct extensions of the CLS argument to the
case in which initial data are far from equilibrium are made difficult by the
determination of uniform bound (in t) for some specific neighborhood of the
Maxwellian distribution. Therefore [CGT99] tried to bound the Hm norm (see
Subsection 2.2.1) of solutions of (2.1.1) uniformly in time. This has been done
on the basis of the fact that bounds for the total variation distance can be
expressed as geometric means of Hm and |||·||| bounds (see Subsection 2.2.2). So,
to prove that the total variation distance decays exponentially to zero it would
be enough to show that the |||·||| term converges to zero exponentially as t→∞
and the Hm norm is uniformly bounded with respect to time. Moreover, in
view of (2.1.10) the latter circumstance would follow, under the hypothesis
that ‖f0‖Hm is finite, from the combination of the following occurrences: (a)
‖Q+(f)‖2Hm is bounded when ‖f‖2Hm is finite, f being any probability density
function with finite second moments; (b) if ‖f0‖Hm is finite, then the solution
of (2.1.10) can be bounded uniformly with respect to time and, therefore,
from (a) it follows that ‖Q+(f(·, t))‖Hm turns out to be uniformly bounded.
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For the sake of clarity, recall that Section 4 of [CGT99] establishes the
aforesaid bound for the total variation distance, in terms of geometric means,
as

‖f −Mf − S‖L1 � Cε|||f −Mf − S|||1−ε‖f −Mf − S‖εHm
, (2.3.1)

where: Mf denotes the Maxwellian density with the same mean and variance
as f ; S is a subtraction term that is inserted in such a way that (f −Mf −S)
satisfies conditions (2.2.6) in order to get a definition of |||f−Mf−S||| consistent
with the framework described in Section 2.2.2.

As to the ||| · ||| term in (2.3.1), Theorem 1.3 in [CGT99] establishes expo-
nential decay when f(·, t) is the solution of (2.1.10), the pseudo-Maxwellian
molecules equation, in the following terms.

Theorem 2.3.1 Let f0 be any probability density with
∫

R3 |v|4f0(v) d3v <
+∞ and let ε > 0 be given. Then there are constants B and C and a function
S(·, t) such that

|||f(·, t)−Mf (·)− S(·, t)||| � Bte−t(1−ε)Λ|||f(·, 0)−Mf (·)− S(·, 0)|||

for all t � 0, and with |||f(·, 0)−Mf (·)− S(·, 0)||| <∞, such that for all m

etΛ(‖S(·, t)‖L1 + ‖S(·, t)‖Hm) � C

for all t � 0.

The meaning of Λ has been explained in Subsection 2.2.1.
In the ambit of the Kac equation (2.1.13), the previous result can be

improved according to Theorem 3.1 in [CGT99].

Theorem 2.3.2 Let f0 be a probability density with
∫

R
|v|4f0(v) dv < +∞.

Then there are constants B and C and a function S(·, t) such that

|||f(·, t)−Mf (·)− S(·, t)||| � Bte−tΛ|||f(·, 0)−Mf (·)− S(·, 0)|||

for all t � 0 and with |||f(·, 0)−Mf (·)− S(·, 0)||| <∞ such that for all m

etΛ(‖S(·, t)‖L1 + ‖S(·, t)‖Hm) � C

for all t � 0. Here, Λ = 1/4 is the spectral gap in the linearized collision
operator for the Kac model.

Now, as for the ‖ · ‖Hm term in (2.3.1), by an easy argument it can be
seen that the circumstance mentioned in point (b) comes true; see p. 525 in
[CGT99]. Harder is the problem of proving (a) and, then, of bounding the
‖ · ‖Hm term in (2.3.1) by

‖f −Mf − S‖Hm � 2‖Q+(f, f)‖Hm + ‖f‖Hm + ‖M + S‖Hm .

The crucial point is solved by Theorem 7.1 in [CGT99] for equation (2.1.10),
in the following terms.
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Theorem 2.3.3 Let f be any probability density with finite second moments
on R3 such that ‖f‖Hm is finite. Then there is a constant C(m,T ) so that

‖Q+(f)‖2Hm � (1/2)‖f‖2Hm + C(m,T )

whenever

‖f −Mf‖2L1 � 2−(m+5).

There are several useful variants of this result. For example, one can mention
a version which can be called entropic since it involves the entropy defined by
(2.2.8).

Theorem 2.3.4 Let f be any probability density on R3 with finite second
moments such that ‖f‖Hm is finite. Then there is a constant C(m,T ) so that

‖Q+(f)‖2Hm � (1/2)‖f‖2Hm + C(m,T )

whenever (
H(Mf )−H(f)

)
� 2−(m+4).

Another variant is based on the measure of information L3(f) defined by
(2.2.5).

Theorem 2.3.5 Let f be any probability density on R3 with finite second mo-
ments and such that ‖f‖Hm is finite. Then there is a constant C(m,T, L3(f))
so that

‖Q+‖2Hm � (1/2)‖f‖2Hm + C(m,T, L3(f)).

Analogous results also hold true, with slight improvements, for the one-
dimensional case (Kac equation); see Section 2 of [CGT99]. Note that in the
last theorem, L3(f) is replaced by the Linnik functional according to the
remarks made in Subsection 2.2.1.

Now, the previous statements can be combined to get the main results. In
particular, for the Kac equation we have the following.

Theorem 2.3.6 Let f0 be any probability density on the real line with unit
variance, finite fourth moment m4 and finite Linnik functional L(f0). Then,
for any ε > 0 there is a fixed constant m, depending only on ε, so that if∫

R

f(v)|v|2m dv + ‖f‖Hm � K,

there is a universal, computable constant C depending only on ε, m4, L(f0)
and K so that the solution of the Kac equation f(·, t) with initial data f0(·)
satisfies

‖f(·, t)−Mf (·)‖L1 � Ce−(1−ε)Λt,

where Λ is the spectral gap in the linearized collision operator L for the Kac
equation: i.e., Λ = 1/4. Moreover, increasing m we obtain the same result if
the L1 norm is replaced by any Hk norm.
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Its extension to Maxwellian collisions proceeds in the same form.

Theorem 2.3.7 Let f0(v) be the initial data for (2.1.10). Suppose that the
bulk velocity u = 0, and the temperature T = 1. Let ε > 0 be given. Then
there is a number n depending only on ε so that whenever∫

R3
|v|2nf0(v) d3v + ‖f‖Hm <∞

then it holds that

‖f(·, t)−M‖L1 � Cεe−(1−ε)Λt.

Here Λ is the spectral gap of the linearized collision operator and Cε is a
computable constant.

2.4 Sharp exponential convergence exclusively based on
moments

It is time to analyse convergence to equilibrium without assuming smooth-
ness hypotheses—such as the Sobolev regularity in Section 2.3—on the initial
data, besides existence of moments. The essence of the problem is that, if f0

does not possess a certain degree of smoothness, then, in general, neither will
Q+

n (f0, f0), no matter how large n is. So, it would be strategic to be able to de-
compose the probability density Q+

n as a convex combination of two densities
and to show that the weight of the one which attracts the initial irregularity
becomes negligible as n goes to infinity. A decomposition of this kind has
been advanced in [CCG05] on the basis of the correspondence between Wild
convolutions and McKean graphs overviewed in Subsection 2.2.2. To start, for
every positive integer n, consider the class Bn,k of all trees with n leaves (see
notation in the aforesaid subsection) and with depth not smaller than k, i.e.,

Bn,k := {γ ∈ G(n) : δ(1)(γ) � k}.

Through Lemma 1.4 in [CCG00], the same authors show in [CCG05] that
the probability of Bn,k—induced by the coefficients pn(γ) in (2.2.8)—goes to
one as n diverges. More precisely, the statement at issue can be formulated
according to the final part of [GR05] as follows:

If pn,k stands for the probability of the complement of Bn,k (Un,k), then

0 � pn,k � C
(logn)k

n

holds for a suitable constant C, for every n � 2. Compare also [BGR05].

Now consider the decomposition of Q+
n (f0, f0) given by
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Q+
n (f0, f0) = (1− pn,k)Bn,k(f0) + pn,kUn,k(f0) (2.4.1)

with

Bn,k(f0) =
1

1− pn,k

∑
γ∈Bn,k

pn(γ)Cγ(·; f0). (2.4.2)

As stated by Theorem 3.1 in [CCG05], the distribution Bn,k(f0) incorporates
a regularity of the same type as the one assumed, by hypothesis, in [CGT99],
i.e.,

If f0 has finite Linnik information L(f0), then there is a constant C depending
only on k and L(f0) for which

‖Bn,k(f0)‖Hk/2(R) � C.

In view of this fact, in [CCG05] the set Bn,k (Un,k, respectively) is called
the set of the “beautiful” (“ugly” respectively) trees.

Next, since pn,k becomes negligible as n diverges, in order that the new
approach may be successful it would suffice to show that the “discrepancy”
between Un,k and the Maxwell distribution is bounded in a sense to be speci-
fied. In the chapter we are overviewing here, discrepancy is measured through
the weighted χ-metric defined by (2.2.7), while the upper bound is fixed in
terms of a specific functional Φ which plays an important role throughout
the chapter. Such a functional is defined for probability densities f with
finite fourth moment; let mk(f) be the kth moment of f , k = 1, 2, 3, 4,
with m2(f) = 1. Set μ(f) := (m1

2(f) + m3
2(f))1/2 and, for any ξ in R,

p̂f (ξ) := (im1(f)ξ − im3(f)ξ3/6)ψ(|ξ|), where ψ is a C∞ monotone decreas-
ing function on [0,+∞) such that for r � L1, ψ(r) = 1, while ψ(r) = 0 for
r � L2, and where 0 < L1 < L2 are specific constants. Indicate by Pf the
inverse image of p̂f and define Φ(f) by

Φ(f) = |||(f − Pf )−M |||+ kμ(f),

where M denotes, here and through the rest of the chapter, the univariate
Maxwell density with T = 1 and k is a specific constant.

Going back to the problem of bounding the ugly piece of (2.4.1), we are
now in a position to report the remaining part of Theorem 3.1 [CCG05]:

If f0 has finite Linnik information L(f0) and finite fourth moment, with
m2(f0) = 1, then

|||Un,k(f0)−M ||| � Φ(f0).

Some interpolation inequalities, proved in Section 4 of [CCG05], show that
the ‖ · ‖L1(R) norm (used to define the variational distance between probabil-
ities) can be majorized in the form of a product of the ||| · ||| norm and terms



34 Ester Gabetta

which, in view of the properties, above described, of the pieces of decompo-
sition (2.4.1)–(2.4.2), turn out to be bounded. So, to conclude, it remains to
prove that the ||| · ||| norm behaves well. In fact, by the definition of Φ, one gets

|||Q+
n (f0, f0)−M ||| = Φ

(
Q+

n (f0, f0)
)
. (2.4.3)

Moreover, Φ is a “strictly convolution-convex” functional, which entails

Φ
(
Q+

n (f0)
)

= Φ

⎛⎝ ∑
γ∈G(n)

pn(γ)Cγ(f0)

⎞⎠
�
∑

γ∈G(n)

pn(γ)Φ
(
Cγ(f0)

)
�
∑

γ∈G(n)

pn(γ)Φ(f0)
n∑

j=1

(
1− Λ

2

)δj(γ)

, (2.4.4)

where Λ is the spectral gap as defined in Subsection 2.2.1; see Section 2 in
[CCG05] and Lemma 1.5 in [CCG00]. Now, it should be observed that

T (n) :=
∑

γ∈G(n)

pn(γ)
n∑

j=1

(
Λ

2

)δj(γ)

is the expectation of the random variable W (·) :=
∑n

j=1

(
Λ
2

)δj(·), with respect
to the probability law induced by the coefficients pn(·). According to Lemma
1.4 in [CCG00], T (n) goes to zero as n diverges. Notice that, as mentioned in
Subsection 2.2.2, T (n) is the same as Vn(c/2, 1). So, combining of (2.4.3) and
(2.4.4) with Proposition 8 in [GR05] yields

For every initial data f0 with finite fourth moment, one has

|||Q+
n (f0, f0)−M ||| � An−Λ.

This, in turn, due to the above-mentioned interpolation inequalities, gives
the main Theorem in [CCG05].

Theorem 2.4.1 Let f0 be a probability density, with finite Linnik informa-
tion, possessing moments of every order. Then, for any ε > 0, there is a finite
constant C depending only on the moments of f0 and on ε, so that

‖Q+
n (f0, f0)−M‖L1(R) � Cnε−Λ.

With this result in hand, one can write

‖f(t, ·)−M‖L1 =
∥∥∥ ∞∑

n=1

e−t(1− e−t)n−1{
Q+

n (f0, f0)−M
}∥∥∥

L1
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�
∑
n�1

e−t(1− e−t)n−1‖Q+
n (f0, f0)−M‖L1

� c
∑
n�1

e−t(1− e−t)n−1
n−Λ+ε

= c e−t
∑
n�1

(1− e−t)n

(1 + n)Λ−ε
= c e−tL

(
1− e−t, Λ− ε, 1

)
,

where L is Lerch’s transcendent. Finally, from the well-known limiting prop-
erties of L(z, 1, α) as z → 1 (see, for example, [MOS66], p. 33), one gets

c e−tL
(
1− e−t, Λ− ε, 1

)
∼ c Γ (1− Λ + ε)e−t(Λ−ε) t→ +∞,

Γ standing, as usual, for the Euler gamma function. This can be formalized
in the following.

Theorem 2.4.2 Let f0 be a probability density, with finite Linnik information
such that

∫
R
v2f0(v) dv = 1, and possessing moments of every order. Let

ε > 0, and C be the constant in Theorem 2.4.1 and let f(·, t) be the solution
of (2.1.13) with initial data f0; then

‖f(·, t)−M‖L1(R) � C Γ (1 + Λ + ε)e−t(Λ−ε).

2.5 Further research

There are at least two lines of research that could be viewed as the natural
developments of the subject analysed in the previous sections. The former
could point to extending the concluding result in the last section to pseudo-
Maxwellian molecules. In other words, one could try to deduce the thesis of the
main result reviewed in Section 2.4 for equation (2.1.10), without assuming
Sobolev regularity for the initial data.

The latter line of research could be directed towards the analysis of how
far from necessity the hypothesis of existence of moments of every order and
of Linnik information is. A study of this kind could start by determining nec-
essary and sufficient conditions for convergence to equilibrium in the topology
of weak convergence of probability measures, and continue with the assess-
ment of the rate of convergence, established as a function of the maximum
moment order admitted, with respect to the various measures of discrepancy
such as: uniform metric for distribution functions (Kolmogorov); Wasserstein
(Kentorovich) metrics or, more properly, dissimilarity metrics (Gini); varia-
tional distance. This way of proceeding could indicate the minimum moment
order which guarantees the optimal rate of convergence. At the state of things,
this part of the program would profit by an interpretation of the solution of
the equations of interest as the law of a sum of a (random) number of random
numbers, which follows from the McKean representation of the Wild sum.
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With these elements in hand one could rely on some adaptation (necessary
because of the lack, in the present case, of independence of the summands) of
the classical central limit theorem in order to “initialize” the program sketched
above.
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3.1 Mean-field equations of Vlasov type

The Vlasov equation governs the number density in single-particle phase space
of a large particle system (typically a rarefied ionized gas or plasma), subject
to some external force field (for instance the Lorentz force acting on charged
particles). Most importantly, collisions between particles are neglected in the
Vlasov equation, unlike the case of the Boltzmann equation. Hence the only
possible source of nonlinearity in the Vlasov equation for charged particles
is the self-consistent electromagnetic field created by charges in motion: each
particle is subject to the electromagnetic field created by all the particles other
than itself.

The Vlasov equation reads

∂tf + divx(v(ξ)f) + divξ(F(t, x)f) = 0, (3.1.1)

where f ≡ f(t, x, ξ) ∈ MN (R) is the diagonal matrix of number densities for
the system of particles considered. Specifically, there are N different species
of particles in the system, and

f(t, x, ξ) =

⎛⎜⎝f1(t, x, ξ) 0 0

0
. . . 0

0 0 fN (t, x, ξ)

⎞⎟⎠ ,

where fj(t, x, ξ) is the density of particles of the jth species located at the
position x ∈ R3 with momentum ξ ∈ R3 at time t. Likewise

v(ξ) =

⎛⎜⎝v1(ξ) 0 0

0
. . . 0

0 0 vN (ξ)

⎞⎟⎠ ,

where vj(ξ) is the velocity of particles of the jth species with momentum ξ,
while
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F(t, x) =

⎛⎜⎝F1(t, x) 0 0

0
. . . 0

0 0 FN (t, x)

⎞⎟⎠ ,

where Fj(t, x) is the force field at time t and position x acting on particles of
the jth species. The divergence operators act entrywise on their arguments,
meaning that

divx(v(ξ)f(t, x, ξ))

=

⎛⎜⎝divx(v1(ξ)f1(t, x, ξ)) 0 0

0
. . . 0

0 0 divx(vN (ξ)fN (t, x, ξ))

⎞⎟⎠ ,

while

divξ(F(t, x)f(t, x, ξ))

=

⎛⎜⎝divξ(F1(t, x)f1(t, x, ξ)) 0 0

0
. . . 0

0 0 divξ(FN (t, x)fN (t, x, ξ))

⎞⎟⎠ .

Henceforth

m =

⎛⎜⎝m1 0 0

0
. . . 0

0 0 mN

⎞⎟⎠ , q =

⎛⎜⎝q1 0 0

0
. . . 0

0 0 qN

⎞⎟⎠ ,

where mj and qj are respectively the mass and the charge of particles of the
jth species.

The relativistic Vlasov–Maxwell model

This is the fundamental model for relativistic particles with strong electro-
magnetic coupling. Hence, denoting by c the speed of light in a vacuum,

v(ξ) = ∇ξe(ξ) , F(t, x) = E(t, x)q− 1
cB(t, x)×∇ξe(ξ)q , (3.1.2)

where

e(ξ) = (m2c4 + c2|ξ|2I)1/2, (3.1.3)

while E ≡ E(t, x) ∈ R3 and B ≡ B(t, x) ∈ R3 are respectively the electric
and the magnetic field at time t and position x. They are governed by the
system of Maxwell’s equations

divx B = 0 , ∂tB + c curlx E = 0 ,
divx E = ρ , ∂tE − c curlx B = −j .

(3.1.4)
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The charge density ρ is defined as

ρ(t, x) =
∫

R3
trace(qf(t, x, ξ))dξ , (3.1.5)

while the current density j ≡ j(t, x) ∈ R3 is given by

j(t, x) =
∫

R3
trace(qv(ξ)f(t, x, ξ))dξ . (3.1.6)

The main mathematical problem concerning the Vlasov–Maxwell system
is the question of global existence and uniqueness of smooth solutions of the
Cauchy problem, which remains open at the time of this writing.

Since the time-dependent vector field

R3 × R3 � (x, ξ) �→ (vj(ξ), Fj(t, x)) ∈ R3 × R3

is divergence free for each j = 1, . . . , N , the quantity

‖fj(t, ·, ·)‖Lp(R3×R3) = Const.

is an invariant of the motion for each j = 1, . . . , N and each 1 ≤ p ≤ ∞.
The total energy of the particle system is also an invariant of the motion.

It reads

1
2

∫∫
R3×R3

trace(e(ξ)f(t, x, ξ))dxdξ +
1
2

∫
R3

(|E|2 + |B|2)(t, x)dx = Const.

Since all the matrices m, e(ξ) and f(t, x, ξ) have nonnegative entries, there
are no cancellations in the expression above, so that the energy conservation
implies a priori estimates of the form∫∫

R3×R3

√
m2

jc
4 + c2|ξ|2fj(t, x, ξ)dxdξ ≤ Const.

and ∫
R3

(|E|2 + |B|2)(t, x)dx ≤ Const.

for the Vlasov–Maxwell system.

3.2 A kinetic formulation of the Maxwell equations

Henceforth, we consider a classical solution (f , E,B) of the relativistic Vlasov–
Maxwell system (3.1.1), (3.1.2), (3.1.4), (3.1.5), (3.1.6), with initial data

f
∣∣
t=0

= f in , E
∣∣
t=0

= Ein , B
∣∣
t=0

= Bin , (3.2.1)
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where f in, Ein and Bin are at least of class C∞ in all their variables, and
satisfy the compatibility conditions

divx E
in =

∫
R3

trace(qf in)dξ , divx B
in = 0 . (3.2.2)

For simplicity, we shall assume moreover that f in, Ein and Bin are compactly
supported.

It will be especially convenient to represent the electromagnetic field in
terms of the distribution of Liénard–Wiechert potentials created by each one
of the moving charged particles in the system considered. For a classical pre-
sentation of Liénard–Wiechert potentials, see for instance §14.1 in [14], or §63
in [16]. Here, we propose a slightly different (and yet equivalent) formulation
of that notion.

Define u ≡ u(t, x, ξ) ∈MN (R) to be the solution of

�t,xu = f , t > 0 , x, ξ ∈ R3 ,

u
∣∣
t=0

= ∂tu
∣∣
t=0

= 0 ,
(3.2.3)

where �t,x = ∂2
t − c2Δx is the d’Alembert operator. The jth diagonal entry

of u(t, x, ξ) is exactly the distribution of Liénard–Wiechert potentials created
at time t by particles of the jth species distributed under f in

j ≡ f in
j (x, ξ)

initially.
Define then the electromagnetic potential

ΦΦΦ(t, x) =
∫

R3
qu(t, x, ξ)dξ ,

A(t, x) =
∫

R3
qv(ξ)u(t, x, ξ)dξ .

(3.2.4)

We also define (a diagonal matrix of) vector potentials A0 ≡ A0(t, x) so that

�t,xA0 = 0 (3.2.5)

with the following compatibility conditions:

divx A0
∣∣
t=0

= 0 , divx ∂tA0
∣∣
t=0

= −
∫

R3
qf in(x, ξ)dξ , (3.2.6)

as well as

curlx trace(A0)
∣∣
t=0

= Bin , trace(∂tA
0)
∣∣
t=0

= −Ein . (3.2.7)

One easily checks that (ΦΦΦ,A0 + A) is the electromagnetic potential leading
to the electromagnetic field (E,B) by the formulas

E = −∂t trace(A0 + A)−∇xΦΦΦ , B = curlx trace(A0 + A)
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and satisfying the Lorentz gauge entrywise:

∂tΦΦΦ + divx(A0 + A) = 0 .

Hence one can replace the Vlasov–Maxwell system (3.1.1), (3.1.2), (3.1.4),
(3.1.5), (3.1.6) with the equivalent system (3.1.1), (3.2.3) with the following
formula for the Lorentz force:

F(t, x) = −1
c curlx trace

(
A0 +

∫
R3

qv(ξ)u(t, x, ξ)dξ
)
×∇ξe(ξ)q

− trace
(
∂tA0 + ∂t

∫
R3

qv(ξ)u(t, x, ξ)dξ +∇x

∫
R3

qu(t, x, ξ)dξ
)

q .

(3.2.8)

Observe that the (diagonal matrix of) vector potentials A0 can be chosen as
smooth as the initial data (f in, Ein, Bin), i.e., of class C∞ in all its variables,
since the wave equation (3.2.5) propagates the regularity of the initial data
(3.2.6), (3.2.7) of A0. Hence the only possibility for a finite time blow-up of
classical solutions of the relativistic Vlasov–Maxwell model would therefore
come from the f -u coupling in the system (3.1.1), (3.2.3). In the next section,
we shall analyze carefully some conditional smoothing mechanisms for such
systems.

3.3 Nonresonant velocity averaging for transport+wave
systems

Throughout this section, we set c = 1. We are concerned with coupled trans-
port+wave systems of the form

�t,xu(t, x, ξ) = f(t, x, ξ)
(∂t + v(ξ) · ∇x)f(t, x, ξ) = P (Dξ)g(t, x, ξ),

(3.3.1)

where P (Dξ) is a differential operator of order m ≥ 0. Specifically, we are
interested in the local regularity in (t, x) of averages of u of the form

U(t, x) =
∫

RD

u(t, x, ξ)φ(ξ)dξ .

Observe that the expression of the Lorentz force in (3.2.8) involves precisely
averages of u of this type, instead of u itself.

For simplicity, we consider first regularity estimates in L2-based Sobolev
spaces. Assume that f, u, g ∈ L2

loc(R×RD ×RD) while v ∈ C∞(RD; RD) and
φ ∈ C∞

c (RD).
Under the full-rank condition

rank∇ξv(ξ) = D for each ξ ∈ suppφ, (3.3.2)
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the classical velocity averaging lemma implies that∫
RD

f(t, x, ξ)φ(ξ)dξ ∈ H
1/2(m+1)
loc (R× RD) .

On the other hand
�t,xU =

∫
RD

fφdξ

and the usual energy estimate for the wave equation on u, obtained by mul-
tiplying each side of that equation by ∂tU , leads to

∂t
1
2
(
|∂tU |2 + |∇xU |2

)
− divx(∂tU∇xU) = ∂tU

∫
RD

fdξ .

After localizing in (t, x) and integrating in x, this clearly shows that U gains
one derivative in L2 in each variable t, x over the average of f :∫

RD

f(t, x, ξ)φ(ξ)dξ .

Hence
U ∈ H

1+ 1
2(m+1)

loc (R× RD) .

Going back to our formulation (3.1.1), (3.2.3), we see that, in order for the
vector field

R3 × R3 � (vj(ξ), Fj(t, x)) ∈ R3 × R3

to generate a unique characteristic flow, Fj should be locally Lipschitz contin-
uous in x uniformly in t, for each j = 1, . . . , N . In terms of the distribution of
Liénard–Wiechert potentials u, this amounts precisely to controlling second-
order derivatives of averages of u, as can be seen from (3.2.8). Unfortunately,
the strategy based on the classical velocity averaging lemma as explained
above (in the most favorable L2 setting) fails to gain that much regularity—
in fact, m = 1 in the Vlasov equation, so that the best one can hope for with
this method is a gain of 1 + 1

4 derivatives in (t, x), which is not enough to
allow us to define characteristics for the Vlasov–Maxwell system.

However, this approach to the regularity question leaves aside an important
feature of the Vlasov–Maxwell system. The electromagnetic field consists of
waves that propagate at the speed of light, whereas the charged particles, all
of which have positive mass, move at a lesser speed. Indeed, the speed of a
particle of mass m and momentum ξ is

c2|ξ|√
m2c4 + c2|ξ|2

< c .

The fact that the speed of propagation in the wave equation (3.2.3) is larger
than the speed of particles v(ξ) in the Vlasov equation (3.1.1) leads to a new
regularizing mechanism, which we now explain.

Consider the system (3.3.1). We shall call this system nonresonant if

|v(ξ)| < 1 , for each ξ ∈ RD . (3.3.3)
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Theorem 3.3.1 (Bouchut-Golse-Pallard [2]) Let u, f, g in L2
loc(Rt×RD

x ×
RD

ξ ) satisfy (3.3.1) with v ∈ C∞(RD; RD). Assume that this system is non-
resonant. Then, for each φ ∈ C∞

c (RD
ξ ), one has

U(t, x) =
∫

RD

u(t, x, ξ)φ(ξ)dξ ∈ H2
loc(R× RD) .

This result generalizes the fact that the operator �t,x is microlocally el-
liptic on the null space of the transport operator whenever |v(ξ)| < 1.

There is also an interesting difference with the strategy based on the usual
velocity averaging lemma described above. Indeed, this new method leads to
a gain of 2 derivatives on momentum averages of u in the nonresonant case—
without gaining more than 1 + 1

2(m+1) derivatives in (t, x) on momentum
averages of f itself.

To see the importance of the nonresonance condition (3.3.3), we briefly
sketch the proof of Theorem 3.3.1.

Proof (Sketch of the proof). Set T±
ξ = ∂t± v(ξ) ·∇x and consider the second-

order differential operator

Qξ = �t,x − λT−
ξ T+

ξ .

First, one checks that

Qξu = f − λT−
ξ �−1

t,xD
m
ξ g = f − λDm

ξ �−1
t,xT

−
ξ g − λ�−1

t,x[T−
ξ , Dm

ξ ]g

= f − λDm
ξ �−1

t,xT
−
ξ g − λ�−1

t,xD
m
ξ v(ξ)·∇xg

= a + dm
ξ b ∈ L2

loc(dtdxdξ) + Dm
ξ L2

loc(dtdxdξ).

Here, we have denoted by �−1
t,x the operator defined by �−1

t,xψ = Ψ where Ψ is
the solution of the Cauchy problem

�t,xΨ = 0 , x ∈ RD , t > 0 ,

Ψ
∣∣
t=0

= 0 ,

∂tΨ
∣∣
t=0

= ψ .

Next, we observe that, for ξ ∈ suppφ and λ such that

sup
ξ∈supp φ

|v(ξ)| < λ < 1,

the operator Qξ is elliptic for each ξ ∈ suppφ.
More precisely, denoting by qξ(ω, k) the symbol of Qξ, one has

sup
ξ∈supp φ

∣∣∣∣Dm
ξ

(
1

qξ(ω, k)

)∣∣∣∣ ≤ Cm

ω2 + |k|2 ,

where Cm may depends on m but is uniform in ξ. Then
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RD

ûφ(ξ)dξ =
∫

â

qξ(ω, k)
φ(ξ)dξ + (−1)m

∫
RD

Dm
ξ

(
φ(ξ)

qξ(ω, k)

)
b̂dξ

with â and b̂ ∈ L2
ω,k,ξ have H2-decay in ω, k.

Remarks
(a) First, one easily checks that none of the assumptions in Theorem 3.3.1

can be dispensed with.
(b) That one gains 2 derivatives is special to the L2-case, since �−1

t,x gains
1 derivative in (t, x) by the energy estimate for the wave equation.

In Lp with 1 < p <∞, �−1
t,x gains 1−(D−1)|12−

1
p | derivatives in (t, x)—see

for instance [18], [19])—whenever |12 −
1
p | ≤

1
D−1 .

Using this result and the Mihlin-Hörmander theorem on Lp multipliers—
see for instance Theorem 3 on p. 96 of [20]—the same method as above shows
that∫

RD

u(t, x, ξ)φ(ξ)dξ ∈W 1+γ,p
loc (R× RD) with γ = 1− (D − 1)

∣∣∣∣12 − 1
p

∣∣∣∣ .
This result, due to C. Pallard [17] suggests a gain of 1 derivative in L1 or L∞

in space dimension 3. The regularity statement above is still true in these lim-
iting cases of nonresonant velocity averaging; however, the proof rests on the
explicit formula for �−1

t,x—the forward fundamental solution of the d’Alembert
operator—in physical (instead of Fourier) space. In the case of 3 space dimen-
sions, this fundamental solutions turns out to be a measure, and thus behaves
nicely with L∞ data. The proof also uses a “division lemma” discussed in the
next section. See [17] for a complete proof of the Lp variant of nonresonant
velocity averaging, including the aforementioned limiting cases.

3.4 Applications to the Vlasov–Maxwell system

3.4.1 A conditional regularity result

R. DiPerna and P.-L. Lions [4] have proved that the Cauchy problem for
the Vlasov–Maxwell system has globally defined renormalized solutions for
initial data with finite energy. However, their method does not allow defining
characteristic curves for the Vlasov equation; i.e., trajectories for the charged
particles governed by the Vlasov–Maxwell system. Their analysis, written in
the case of the classical Vlasov–Maxwell system, i.e., for

v(ξ) = m−1ξ,

obviously applies to the relativistic Vlasov–Maxwell system considered here,
which is somewhat more consistent on physical grounds, since the Maxwell
equations are themselves a relativistic model.
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By using both the standard velocity averaging argument for large mo-
menta and the nonresonant velocity averaging method for momenta below
some threshold R, one arrives at the following conditional result, upon opti-
mizing in R.

Theorem 3.4.1 (Bouchut-Golse-Pallard [2]) Consider the relativistic
Vlasov–Maxwell system (3.1.1), (3.1.2), (3.1.4), (3.1.5), (3.1.6) with initial
condition (3.2.1). Assume that the initial data satisfy

0 ≤ f in ∈ L∞(R3 × R3) , Ein and Bin ∈ H1
loc(R

3)

with the compatibility condition

divBin = 0 , divEin =
∫

R3
trace(qf(t, x, ξ))dξ

and the finite energy condition∫∫
R3×R3

trace(e(ξ)f in(x, ξ))dξdx +
1
2

∫
R3

(|Ein|2 + |Bin|2)(x)dx <∞ .

Let (f,E,B) be a renormalized solution of the Vlasov–Maxwell system with
those initial data. If the macroscopic energy density satisfies∫ 3

R

trace(e(ξ)f in(t, x, ξ))dξ ∈ Lp
loc(R+ × R3) with

3
2
< p ≤ 2,

then the electromagnetic field has Sobolev regularity

(E,B) ∈ Hs
loc(R

∗
+ × R3) with s <

4p− 6
4p + 3

.

See [2] for a proof of this result. The theorem above falls short of pro-
viding the amount of regularity on the electromagnetic field that one would
need in order to define a characteristic flow, even in a generalized sense—see
[1], [5]. Perhaps, its main interest is to indicate the relevance of the idea of
nonresonant velocity averaging in the context of the Vlasov–Maxwell system.
Most likely, further ideas are needed in order to apply the method of nonreso-
nant velocity averaging to the Vlasov–Maxwell system with more convincing
output.

3.4.2 A new proof of the Glassey–Strauss theorem

Consider the Cauchy problem for the Vlasov–Maxwell system (3.1.1), (3.1.2),
(3.1.4), (3.1.5), (3.1.6) with initial condition (3.2.1). As mentioned above, R.
DiPerna and P.-L. Lions [4] have proved that this Cauchy problem has globally
defined renormalized solutions for initial data with finite energy.
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However, such solutions are not known to be uniquely defined by their ini-
tial data. Besides, one would expect that the regularity of initial data propa-
gates, so that it seems reasonable to seek classical solutions, with (f,E,B) at
least of class C1. The benefit of dealing with classical solutions is twofold: first,
such solutions are uniquely defined by their initial data. Furthermore, one can
define characteristic curves of the Vlasov equation (3.1.1) for C1 solutions by
a simple application of the Cauchy–Lipschitz theorem.

Unfortunately, global existence of classical solutions of the Vlasov–Maxwell
system for any C1 initial data of arbitrary size with good enough decay prop-
erty at infinity remains an open problem. The best result in that direction is
the following theorem.

Theorem 3.4.2 (R. Glassey-W. Strauss [13]) Let f ∈ C1([0, T ) × R3 ×
R3) and E,B ∈ C1([0, T ) × R3) be a solution of the Vlasov–Maxwell system
(3.1.1), (3.1.2), (3.1.4), (3.1.5), (3.1.6) with initial condition (3.2.1). Assume
that f in ∈ C1

c (R3 × R3) and that Ein, Bin ∈ C2
c (R3) with

divx E
in =

∫
R3

trace(qf in)dξ , divx B
in = 0.

If
lim t→T−‖f(t)‖Lipx,ξ

+ ‖(E,B)(t)‖Lipx = +∞,

then
lim t→T−Rf (t) = +∞,

where

Rf (t) = inf{r > 0 | f(t, x, ξ) = 0 for each x ∈ R3 and |ξ| > r} .

The original proof of this result is fairly hard to read in detail, although the
general strategy is very clearly explained in [13]. For this reason, together with
the considerable interest in the result itself, there have been some attempts
at finding alternatives to the original proof. One is due to S. Klainerman and
G. Staffilani [15]; although perhaps not very much simpler than the original
proof, it is based on a completely new and different idea which may be of
great interest in further understanding the Vlasov–Maxwell system.

The proof of the Glassey–Strauss theorem sketched below originates from
[3]. The underlying strategy is essentially the same as in the original proof;
however, it is much simpler in two very different respects. A first, considerable
simplification over [13] comes from the representation of the electromagnetic
field (E,B) in terms of the number densities f : whereas the original argument
led the reader through complicated manipulations of integrals involving vector
analysis, using the kinetic formulation of the Maxwell equations in terms of
the distribution of Liénard–Wiechert potentials as in Section 3.2 reduces that
burden to performing similar manipulations on scalar solutions of the wave
equation.
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But the most important part of the Glassey–Strauss analysis was a subtle
decomposition of the vector fields corresponding to space- and time-derivatives
into their projection on the wave cone and the free streaming operator. This
decomposition was then used in the representation of the electromagnetic
field with several integrations by parts to smooth out the singularities of the
integral kernels involved.

In our analysis, this last step is replaced by a “division lemma” bearing on
the fundamental solution of the d’Alembert operator, which is vaguely rem-
iniscent of the classical “Preparation Theorem.” The main advantage of this
argument is that it does not depend at all on the explicit form of the funda-
mental solution, and remains the same for other space dimensions—whereas
the 2-dimensional analogue of the Glassey–Strauss analysis required a differ-
ent argument, since the 2-dimensional fundamental solution of the d’Alembert
operator is not concentrated on the wave cone in even space dimensions.

The division lemma

At variance with the Glassey–Strauss analysis, our argument uses only the
following symmetries of the d’Alembert operator. Denote the Lorentz boosts
on Rt × RD

x by
Lj = xj∂t + t∂xj , j = 1, . . . , D .

We recall that these Lorentz boosts commute with the d’Alembert operator
�t,x on Rt × RD

x :
[�t,x, Lj ] = 0 , j = 1, . . . , D .

Let Y be the forward fundamental solution of �t,x, i.e.,

�t,xY = δ(0,0) , suppY ⊂ R+ × RD

—for instance, in space dimension D = 3, one has

Y (t, x) = 1t≥0
δ(t− |x|)

4πt
.

Then, since Lj commutes with �t,x, one finds that

�t,xLjY = Ljδ(0,0) = 0 , suppLjY ⊂ R+ × RD,

whence, by the uniqueness of the solution to the Cauchy problem for the wave
equation,

LjY = 0 , j = 1, . . . , D .

Lemma 3.4.3 Let D ≥ 2. For each ξ ∈ RD, there exists bk
ij ≡ bk

ij(t, x, ξ) in
C∞ on RD+1 \ 0 and homogeneous of degree −k in (t, x) such that

(i) the homogeneous distribution b2ijY of degree −D − 1 on RD+1 \ 0 has
null residue at the origin, and
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(ii) there exists an extension of b2ijY as a homogeneous distribution of
degree −D − 1 on RD+1 \ 0, still denoted b2ijY , that satisfies

∂ijY = T 2(b0ijY ) + T (b1ijY ) + b2ijY , i, j = 0, . . . , D .

Here T denotes the advection operator T = ∂t + v(ξ) · ∇x.

Remark. The null residue condition reads∫
S2

b2ij(1, y)dσ(y) = 0 if D = 3 ,∫
|y|≤1

b2ij(1, y)
dy√

1−|y|2 = 0 if D = 2 .

In the first formula, dσ designates the surface element on the unit sphere.

Proof (Sketch of the proof). Observe that
D∑

j=1

vj(ξ)Lj = v(ξ) · x∂t + tv(ξ) · ∇x = (v(ξ) · x− t)∂t + tT .

Since LjY = 0 for j = 1, . . . , D, one has

(t− v(ξ) · x)∂tY = tTY .

Furthermore, since supp ∂tY ∩ {t− v(ξ) · x = 0} = {(0, 0)},
∂tY − a0

0TY = 0 .

Indeed, Y is a homogeneous distribution of degree 1 − D on RD+1, so that
∂tY − a0

0TY is a homogeneous distribution of degree −D on RD+1 \ 0. It has
therefore a unique extension to RD+1 as a distribution of degree −D; since
this distribution is supported at the origin, it is a linear combination of δ(0,0)

and its derivatives. Because δ(0,0) is homogeneous of degree −D− 1 on RD+1,
this linear combination must be 0. Hence

∂tY = T (a0
0Y )− (Ta0

0)Y .

One finds analogous formulas for ∂xj
Y with j = 1, . . . , D by combining the

formula above with the fact that LjY = 0 for j = 1, . . . , D.
Statement (ii) is obtained by iterating the argument above once in each

variable.
As for statement (i), observe that bk

ijY is a homogeneous distribution of
degree 1 − k −D on RD+1 \ 0. Hence, whenever k = 0, 1, bk

ijY has a unique
extension as a homogeneous distribution of degree 1− k −D on RD+1. Since

β2
ijY = ∂ijY − T 2(b0ijY )− T (b1ijY )

and the right-hand side is a homogeneous dsitribution on RD+1, the left-hand
side is a homogeneous distribution of degree −1−D on RD+1 \ 0 that has a
homogeneous extension to RD+1. Hence, it has null residue at (0, 0): see for
instance §3 in chapter 3 of [6].
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Application to the Glassey–Strauss theorem

We use the division lemma above to estimate the first-order derivatives of the
electromagnetic field. This amounts to estimating the second-order derivatives
of the momenum averages of the distribution of Liénard–Wiechert potentials:

∂ij

∫
m(ξ)u(t, x, ξ)dξ =

2∑
k=0

∫
m(ξ)

(
bk−l
ij Y � T l(1t≥0f)(t, x, ξ)

)
dξ.

Here, m denotes any C∞ function with compact support that coincides with
either 1 or each component of v(ξ) on the ξ-support of f .

The idea is to use the Vlasov equation to compute T l(1t≥0f) and integrate
by parts to bring the ξ-derivatives to bear on bk−l

ij and m.
In fact, the worst term is for l = 0:∫

m(ξ)
(
b2ijY � (1t≥0f)(t, x, ξ)

)
dξ .

By using the null residue condition, we write this term in the form∫
m(ξ)

∫ t

ε

∫
S2

b2ij(1, ω, ξ)f(t− s, x− sω, ξ)
dσ(ω)
4πs

dsdξ

+
∫

m(ξ)
∫ ε

0

∫
S2

b2ij(1, ω, ξ)
f(t− s, x− sω, ξ)−f(t, x, ω)

4πs
dσ(ω)dsdξ.

If the size Rf (t) of the ξ-support of f is bounded on [0, T ), i.e., if

lim t→T−Rf (t) < +∞,

this term is bounded by

C(1 + ln+(t‖∇xf‖L∞)).

Hence, the Lipschitz semi-norm N(t) = ‖∇x,ξf(t, ·, ·)‖L∞ satisfies a logarith-
mic Gronwall inequality of the form

N(t) ≤ N(0) +
∫ t

0

(1 + ln+ N(s))N(s)ds , t ∈ [0, T ) .

Therefore, N is uniformly bounded on [0, T ], which implies in turn that the
fields (E,B) ∈ L∞([0, T ];W 1,∞(R3)).
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4.1 Introduction

The modeling of semiconductor devices, which is a very active and intense
field of research, has to keep up with the speed at which the fabrication tech-
nology proceeds; the devices of the last generations have become increasingly
smaller, reaching a size so small that quantum effects dominate their be-
haviour. Quantum effects such as resonant tunneling and other size-quantized
effects cannot be described by classical or semiclassical theories; they need a
full quantum description [Fre90, JAC92, KKFR89, MRS90, RBJ91, RBJ92].
A very important feature, which has appeared in the devices of the last gen-
eration and which requires a full quantum treatment, is the presence of the
interband current: a contribution to the total current which arises from transi-
tions between the conduction and the valence band states. Resonant interband
tunneling diodes (RITDs) are examples of semiconductor devices which ex-
ploit this phenomenon; they are of big importance in nanotechnology for their
applications to high-speed and miniaturized systems [YSDX91, SX89]. In the
band diagram structure of these diodes there is a small region where the va-
lence band edge lies above the conduction band edge (valence quantum well),
making interband resonance possible.

So far, most of the existing literature has been devoted to quantum trans-
port models where only conduction band electrons contribute to the current
flow and under the parabolic band approximation, with only a small region
of the Brillouin zone near the minimum of the band being populated. In
bipolar models, the contribution of the valence band (the current due to the
holes) is also included at the macroscopic level. Quantum models which in-
clude the interband resonance process are called “multiband models” and have
largely been formulated and analyzed only in the last five to ten years. Like
other models for semiconductor devices, they can essentially be divided into
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two classes: Schrödinger-based models and Wigner function-based (or density
matrix-based) models. The former aim at the calculation of the wave function
for the system or device under study, and contain no statistics. The latter
involve electron statistics or transport theory concepts.

Hydrodynamic models have also been formulated and discussed [Gar94];
again, for the most part only single-band hydrodynamics has received atten-
tion. Only recently, multiband hydrodynamic models, based on the multiband
kinetic models mentioned above, have appeared.

In this review chapter, we describe the multiband models that have re-
cently been formulated in both classes. Attention is given to the definitions of
the relevant quantities which characterize each model and to the advantages
and disadvantages of each model compared to others. The technical details of
the derivations of the various models, as well as the rigorous proofs of consis-
tency and existence of the solutions, are diverted directly to the papers where
the models have been described.

This chapter is organized as follows: in Section 4.2 we briefly recall the
Bloch theory of electrons moving in a periodic potential; Section 4.3 is devoted
to the envelope function theory; in Section 4.4 we deal with the multiband
models based on the Schrödinger equation; Section 4.5 contains the statistical
kinetic models based on the Wigner function approach and in Section 4.6 we
give an outline of the hydrodynamic models.

4.2 The Schrödinger equation and the wave function in a
periodic potential

The starting point of any theoretical description of a quantum system is the
Schrödinger equation, which we now discuss for a periodic Hamiltonian [RS72,
MRS90].

We consider an ensemble of electrons moving in a semiconductor crystal.
The electrostatic potential generated by the crystal ions is represented by a
periodic potential VL(x), the periodicity being described as follows:

VL(x + a) = VL(x), ∀a ∈ L,

where L is the periodic lattice of the crystal. The quantum dynamics of a
single electron is, therefore, generated by the Hamiltonian

H = H0 + V (x), (4.2.1)

where H0 = p2/2m + VL(x) is the periodic part of the Hamiltonian, which
contains the kinetic energy and the periodic potential. Also, p = −i�∇ is
the momentum operator, m is the electron mass, � is Planck’s constant over
2π and V (x) is the potential due to external fields, such as barriers or bias.
The periodic Hamiltonian H0 has a complete system of generalized eigenfunc-
tions bn(x, k), called Bloch waves, where the “pseudomomentum” or “crystal
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momentum” variable k runs over the Brillouin zone. This is defined as the
centered fundamental domain of the reciprocal lattice L∗, i.e.,

B =
{
k ∈ R3

∣∣ k is closer to 0 than to any other point of L∗} .
The Bloch waves satisfy the generalized eigenvalue equation

H0bn(x, k) = εn(k)bn(x, k), (4.2.2)

(or H0 | nk〉 = εn(k) | nk〉 in Dirac’s notation), where the generalized eigen-
functions εn(k) are the energy bands of the crystal. Accordingly, the integer n
is called the “band-index.”

Using Dirac’s notation, we choose the following normalization of the Bloch
functions:

〈nk | n′k′〉 = |B| δnn′ δ(k − k′), (4.2.3)

so that any wave function Ψ can be decomposed as

Ψ(x) =
∑

n

∫
B

σn(k) bn(x, k), (4.2.4)

where

σn(k) =
∫

R3
dx bn(x, k)Ψ(x). (4.2.5)

It is well known that the Bloch waves can be written in the form

bn(x, k) = eik·xun(x, k), (4.2.6)

where un(x, k), called Bloch functions, are L-periodic in x and have the prop-
erty that {un(·, k) | n ∈ N} is an orthonormal basis of L2(C) for any fixed
k ∈ B, where C denotes the fundamental cell of the direct lattice L. In par-
ticular, ∫

C

un(x, k)un′(x, k) dx = δnn′ , k ∈ B. (4.2.7)

The electron population of the semiconductor material is partitioned into
the energy bands of the Hamiltonian. The highest occupied energy band usu-
ally contains only a small electron population and therefore it has many un-
occupied states; this is the conduction band. The states of all other (lower
energy) bands are instead fully occupied and form the valence bands. In the
older devices, based on resonant tunneling, only the electrons of the conduc-
tion band contribute to the flow of the current across the device. In some
of the devices of the last generation, instead, the resonant tunneling occurs
between states belonging to different bands, so that the carrier population of
the valence band also contributes to the flow of current. For the description
of these devices, multiband models must be used.
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4.3 Envelope function theory

The wave function of an electron moving under the action of a periodic po-
tential, which we have described in the previous section, is a fast-oscillating
object (both in time and space) and is therefore not well suited for numeri-
cal computations. A widely used methodology is that of smoothing out these
fast oscillations, thus leading to the “envelope function” approach. Envelope
functions can be introduced in basically two different ways, one due to Wan-
nier [Wan62] (called the Wannier–Slater envelope functions) and one due to
Luttinger and Kohn [LK55] (called the Luttinger–Kohn envelope functions).
The Luttinger–Kohn envelope functions are the building blocks of the Kane
model, which will be described in the next section. Here, we introduce the def-
initions and outline the most important properties of both kinds of envelope
functions.

4.3.1 Wannier–Slater envelope functions

The Wannier–Slater (W-S) envelope functions [Wan62] are defined as follows:

fn(x) =
1

(2π)3/2

∫
B

σn(k) eix·kdk, (4.3.1)

where σn(k) is given by (4.2.5). Note that the W-S envelope functions are
inverse Fourier transforms to which fast oscillations due to the periodic po-
tential have been removed. In other words, each envelope function fn has the
property that its Fourier transform is supported in the Brillouin zone B. The
W-S envelope functions are easily expressed in terms of the wave function by
introducing “continuous-index Wannier functions”

an(x, x′) =
1

(2π)3/2

∫
B

bn(x, k)e−ix′·kdk. (4.3.2)

Using (4.2.5), (4.3.1) and (4.3.2) we get

fn(x) =
∫

R3
an(x′, x)Ψ(x′) dx′, (4.3.3)

and, conversely,

Ψ(x) =
∑

n

1
|B|

∫
R3

an(x, x′)fn(x′) dx′. (4.3.4)

To better understand the meaning of the W-S envelope functions, consider
the (discrete-index) Wannier functions [Wan62], which are the Fourier com-
ponents of the Bloch waves with respect to k:

an(x− λ) =
∫

B

bn(x, k)e−ik·λ =
∫

B

un(x, k)eik·(x−λ), (4.3.5)
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where λ is a point of the periodic lattice L. The most important property of
the Wannier functions is that they are localized at the sites of the lattice, with
an exponential decay away from those sites. The Bloch waves, on the contrary,
are delocalized and maintain their highly oscillatory behaviour throughout R.
The Wannier functions, like the Bloch waves, form a complete, generalized,
orthonormal basis and any wave function can be expanded as

Ψ(x) =
∑

n

∑
λ∈L

fn(λ)an(x− λ),

where
fn(λ) =

∫
B

dk

|B|σn(k)eik·λ.

If the length scale of the crystal lattice is small with respect to the macroscopic
scale described by the variable x, the Brillouin zone becomes very large and the
Fourier coefficients fn(λ) can be replaced by the continuous Fourier transform,
yielding definition (4.3.1).

The dynamics of the W-S envelope functions can be deduced from (4.3.3)
and (4.3.4), and from the Schrödinger equation

i�
∂

∂t
Ψ(x, t) = HΨ(x, t),

where H is the Hamiltonian operator (4.2.1). This yields (see [Bar03b] for the
details of the derivation)

i�
∂

∂t
fn(x, t) = ε̃n (−i∇) fn(x, t) +

∑
n′

∫
R3

V WS
nn′ (x, x′)fn′(x′, t) dx′. (4.3.6)

Here,

V WS
nn′ (x, x′) =

1
|B|

∫
R3

an(y, x)V (y) an(y, x′) dy (4.3.7)

are matrix elements of the external potential with respect to the continuous-
index Wannier functions and ε̃n (−i∇) are pseudo-differential operators asso-
ciated to the energy bands with a cut-off outside the Brillouin zone, namely

ε̃n (−i∇) fn(x, t) =
1

(2π)3

∫
R6

1IB(k) εn(k) fn(x′) eik·(x−x′)dx′dk.

where 1IB is the characteristic function of the Brillouin zone B.

4.3.2 Luttinger–Kohn envelope functions

A general definition of envelope functions in the sense of Luttinger and Kohn
[Bur92, LK55] may be given as follows. Let {vn(x) | n ∈ N} be L-periodic
functions that form an orthonormal basis of L2(C). Then, the Luttinger–Kohn
(L-K) envelope functions of a wave function Ψ , with respect to the basis vn(x),
are functions Fn(x) such that
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(i) Ψ(x) =
∑

n Fn(x) vn(x);
(ii) the Fn are slowly varying with respect to the lattice periodicity, namely

supp
(
F̂n

)
⊂ B, n ∈ N , (4.3.8)

where F̂n denotes the Fourier transform of Fn.

Usually the basis functions vn are chosen to be the Bloch functions un(x, k)
evaluated at k = 0, so that

Ψ(x) =
∑

n

Fn(x)un(x, 0),

but, of course, other choices are possible. It can be proved that the L-K
envelope functions are uniquely determined by the two conditions (i) and (ii)
and that the Parseval-like equality

‖Ψ‖2 =
1
|C|

∑
n

‖Fn‖2 (4.3.9)

holds. It is not difficult to see that the L-K envelope functions are easily
expressed in terms of the wave function as follows:

fn(x) =
∫

B

dk

|B|1/2

∫
R3

dyXn(y, k) eik·x Ψ(y), (4.3.10)

where

Xn(y, k) =
1

|B|1/2
vn(y) eik·y, y ∈ R3, k ∈ B, n ∈ N (4.3.11)

is a (generalized) Luttinger–Kohn basis [LK55]. By using the above relations
it is possible to deduce the dynamics of L-K envelope functions. In the case
vn(x) = un(x, 0) we have [Wen99]

i�
∂

∂t
Fn(x, t) = εn(0)Fn(x, t)− �2

2m
ΔFn(x, t)− �2

m

∑
n′

Knn′ · ∇Fn′(x, t)

+
∑
n′

∫
R3

V LK
mn′(x, x′)Fn′(x′, t) dx′. (4.3.12)

Here, εn(0) is the mth energy band evaluated at k = 0 and

Knn′ =
∫

C

un(x, 0)∇un′(x, 0) dx = −Kn′n (4.3.13)

are the matrix elements of the gradient operator between Bloch functions
(which, we recall, are real valued). The matrix elements of the external po-
tential are given by
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V LK
nn′ (x, x′) =

1
(2π)3

∫
B

dk

∫
R3

dy

∫
B

dk′

×
{

eik·x Xn(y, k)V (y)Xn′(y, k′) e−ik′·x′}
, (4.3.14)

where, of course, un has to be used in definition (4.3.11) in place of vn .

4.4 Pure-state multiband models

The equations of envelope function dynamics, equations (4.3.6) and (4.3.12),
are still too complicated for modeling purposes and, therefore, they should be
considered as starting points for building simpler models rather then models
per se.

First of all we note that, if the external potential is slowly varying with
respect to the lattice period, then the L-periodic function un(y, 0)un′(y, 0)

in (4.3.14) (see definition (4.3.11)) can be substituted by its average on a
periodic cell. Hence, we can write

V LK
nn′ (x, x′) ≈ 1

|B| |C| (2π)3

∫
C

un(z)un′(z) dz

×
∫

B

dk

∫
R3

dy

∫
B

dk′
{

eik′·xe−iy·(k−k′)e−ik′·x′
V (y)

}
and so, using (4.2.7), |C| |B| = (2π)3, and B ≈ R3,

V LK
nn′ (x, x′) ≈ δnn′δ(x− x′)V (x− x′). (4.4.1)

In other words, if the potential V is smooth enough, the complicated potential
term in eq. (4.3.12) can be approximated by the simple multiplication by V (x)
of each Fn. The same property holds for V WS

nn′ (x, x′) (see definition (4.3.7))
and the proof is similar.

Another typical approximation is the effective mass dynamics. This can be
easily deduced from the Wannier–Slater equations (4.3.6) by simply substitut-
ing the energy-band function εn(k) with its parabolic approximation near a
stationary point (that we assume to be always k = 0 for the sake of simplicity).
This, together with the approximation (4.4.1) yields a completely decoupled
dynamics of the form

i�
∂

∂t
fn(x, t) = −�2

2
∇ ·M−1

n ∇fn(x, t) + V (x) fn(x, t),

where M is the effective mass tensor:

M−1
n = ∇⊗∇ εn(k) |k=0.

The effective mass model is widely used in semiconductor modeling and it has
been rigorously studied, as an asymptotic dynamics, in Refs. [AP05], [BLP78]
and [PR96]. However, if interband effects have to be included, then we have to
go beyond the effective mass approximation and include at least two coupled
bands.
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4.4.1 The two-band Kane model

A simple multiband model was introduced by Kane [Kan56] in the early 1950s
in order to describe the electron transport with two allowed energy bands
separated by a forbidden region. The Kane model is a simple two-band model
capable of including one conduction band and one valence band and it is
formulated as two coupled Schrödinger-like equations for the conduction-band
and valence-band envelope functions [BFZ03]. The coupling term is treated
by the k · P perturbation method [Wen99], which gives the solutions of the
single electron Schrödinger equation in the neighborhood of the bottom of the
conduction band and the top of the valence bands, where most of the electrons
and holes, respectively, are concentrated. The Kane model is very important
for modeling of RITD devices, and is widely discussed in the the literature
[SX89, YSDX91].

From our point of view, the Kane model can be viewed as an approximate
evolution equation for L-K envelope functions arising from equation (4.3.12)
when using the following approximations:

1. the external potential kernel (4.3.14) is substituted by the local and diag-
onal approximation (4.4.1);

2. only two bands (conduction and valence) are included;
3. the bottom of the conduction band Ec = εc(0) and top of the valence

band Ev = εv(0) are viewed as functions of the position x (this allows one
to model band heterostructures).

Thus, using the indices c for conduction and v for valence, we have a two-term
L-K envelope function expansion

Ψ(x) = Ψc(x)uc(x) + Ψv(x)uv(x)

of the wave function Ψ and the following evolution equations for Ψc and Ψv:

i�
∂

∂t
Ψc(x, t) = (Ec + V ) (x)Ψc(x, t)−

�2

2m
ΔΨc(x, t)−

�2

m
K · ∇Ψv(x, t),

i�
∂

∂t
Ψv(x, t) = (Ev + V ) (x)Ψv(x, t)− �2

2m
ΔΨv(x, t) +

�2

m
K · ∇Ψc(x, t),

(4.4.2)

which is the two-band Kane model. Note that the quantity K, called the Kane
momentum, is given by

K = Kcv = −Kvc =
∫

C

uc(x)∇uv(x) dx

(see (4.3.13) and recall that the Bloch functions uc and uv are real valued).
A word of caution on the notation: Ψc and Ψv are not really band projections
(spectral projections) of the wave function, not only because of the envelope
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function approximation but also because the Hamiltonian operator defined by
the right-hand side of equation (4.4.2) is not diagonal, even in the absence of
external potentials. The identification of Ψc and Ψv with spectral projections
is only approximately true for k ≈ 0.

The Kane model in the Schrödinger-like form (4.4.2) has been recently
studied by J. Kefi, [Kef03], and in the Wigner equation form by Borgioli,
Frosali and Zweifel [BFZ03].

4.4.2 The Morandi–Modugno multiband model

In this section we briefly introduce the multiband envelope function model,
introduced recently by Modugno and Morandi (M-M); for the complete deriva-
tion of the model we refer the reader to [MM05].

The starting point is the W-S envelope function dynamics (4.3.6). When
the potential V is smooth enough, we can approximate the matrix elements
V WS

nn′ in the same way as we deduced equation (4.4.1), obtaining

V WS
nn′ (x, x′) ≈ 1

|B| (2π)3/2

∫
R3

dk

∫
R3

dk′
{

eik·xBnn′(k, k′) V̂ (k − k′) e−ik′·x′}
,

(4.4.3)

where

Bnn′(k, k′) =
1
|C|

∫
C

un(z, k)un′(z, k′) dz. (4.4.4)

By using the eigenvalue equation (4.2.2) one obtains

Bnn′(k, k′) =
1
|C|

�

m
(k − k′)

Pnn′(k, k′)
ΔEnn′(k, k′)

, for n �= n′,

where

Pnn′(k, k′) =
∫

C

un(x, k)(−i�∇)un′(x, k′) dx (4.4.5)

and

ΔEnn′(k, k′) = εn(k)− εn′(k′)− �2

2m
(k2 − k′2).

Moreover, as can be deduced from equation (4.2.3), the diagonal terms are
simply given by

Bnn(k, k′) =
|B|

(2π)3
=

1
|C| . (4.4.6)

Using (4.4.3), (4.4.4) and (4.4.6) in equation (4.3.6) (and recalling that B ≈
R3) we get
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i�
∂

∂t
fn(x, t) = εn (−i∇) fn(x, t) + V (x) fn(x, t)

+
�

m

∑
n′ 
=n

∫
R3

dk

∫
R3

dk′
eik·x

(2π)3
Pnn′(k, k′)
ΔEnn′(k, k′)

V̂ (k − k′) f̂n′(k′, t),

where a diagonal part and a nondiagonal part of the dynamics can be clearly
distinguished. Assuming, for the sake of simplicity, that the stationary point
of each band is k = 0 and that the crystal momentum k remains small during
the whole evolution, we can expand the term Pnn′/ΔEnn′ , which characterizes
the interband coupling, to first order in k and k′. After some manipulations
by means of standard perturbation techniques, we get the multiband equation

i�
∂

∂t
fn(x, t) = εn (−i∇) fn(x, t) + V (x) fn(x, t)

− i�

m
∇V (x) ·

∑
n′ 
=n

Pnn′

ΔEnn′
fn′(x, t)− �

m
∇V (x) ·

∑
n′ 
=n

M∗
nn′

ΔEnn′
∇fn′(x, t)

− �

m

∑
n′ 
=n

Mnn′

ΔEnn′

[
∇2V (x)fn′(x, t) +∇V (x) · ∇fn′(x, t)

]
, (4.4.7)

where we set Pnn′ ≡ Pnn′(0, 0), ΔEnn′ ≡ ΔEnn′(0, 0) and

Mnn′ =
�

m

∑
n′′ 
=n′

Pnn′′Pn′′n′

En − En′′
, M∗

n′n =
�

m

∑
n′′ 
=n′

Pnn′′Pn′′n′

En′ − En′′

are effective mass terms. A simple two-band model can be built using the
following assumptions:

1. only two bands (c and v) are included;
2. the energy band operator εn (−i∇) is substituted by its parabolic approx-

imation (effective mass energy band);
3. the interband terms of order greater than 2 in k are neglected (this

amounts to neglecting
terms proportional to the matrices Mnn′);

4. the bottom of the conduction band and the top of the valence band are
functions of the position x (as in the two-band Kane model).

This yields

i�
∂

∂t
Φc(x, t) = (Ec + V )(x)Φc(x, t)−

�2

2
∇ ·M−1

c ∇Φc(x, t)

− i�

mEg(x)
∇V (x) · P Φv(x, t),

i�
∂

∂t
Φv(x, t) = (Ev + V )(x)Φv(x, t)− �2

2
∇ ·M−1

v ∇Φv(x, t)

− i�

mEg(x)
∇V (x) · P Φc(x, t),

(4.4.8)
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where Eg(x) = Ec(x)−Ev(x) is the band gap. In contrast to the Kane model
(4.4.2), in the the M-M model (4.4.8) the envelope functions Φc and Φv are
true band functions, to the extent that in the absence of external potentials
(V = 0) the dynamics is diagonal.

4.5 Statistical multiband models: density matrix and
Wigner function

We now turn our attention to the multiband models that make use of sta-
tistical concepts, mainly of the Wigner function approach [Wig32, MRS90,
BJ99, JBBB01, Bar03a]. A multiband model involving the density matrix was
already introduced by Krieger and Iafrate [KI87, IK86] by taking matrix ele-
ments of the density operator between Bloch states. Subsequently, a number
of multiband models based on Wigner function approach were developed. In
[Bar03b, Bar04a, BD02] envelope functions were used to construct the multi-
band Wigner function; in [BFZ03] a Wigner version of the Kane model was
introduced; in [DBBBJ02, DBBJ02, DBJ03a, DBJ03b] the multiband Wigner
function was obtained by using the Bloch-state representation of the density
matrix.

We recall that statistical states in quantum mechanics are described either
in terms of the density operator ρ or the Wigner function f(x, p), [Fey72].
The density operator is usually defined by a statistical mixture of states, say
{Ψj | j ∈ N}, where Ψj(x) are the wave functions that characterize each state
of the mixture. If λj ≥ 0 is the probability distribution of the states, then∑

j λj = 1 and the density operator is given by

ρ =
∑

j

λj | Ψj〉〈Ψj | (4.5.1)

in Dirac’s notation, and the density matrix in the space representation is given
by

ρ(x, x′) =
∑

j

λj Ψj(x)Ψ j(x′) =
∑

j

λj 〈x | Ψj〉〈Ψj | x′〉. (4.5.2)

The Wigner function f(x, p) is defined by the Wigner–Weyl transform of the
density operator, that is

f(x, p) =
∫

dη

(2π�)3
ρ
(
x +

η

2
, x− η

2

)
e−ipη/�. (4.5.3)

In the theoretical models based on the solution of the Schrödinger equation
(pure states), the calculation of the current across the device, j(x), follows the
standard quantum mechanical definition
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J(x) = − �

m
Im
(
Ψ(x)∇Ψ(x)

)
. (4.5.4)

In the statistical models, instead, the current is expressed in terms of the
density matrix or in terms of the Wigner function. In the first case the current
is

J(x) = − i�

2m
(∇x −∇x′) ρ(x, x′)|x=x′ , (4.5.5)

and, using the Wigner function, by

J(x) =
1
m

∫
pf(x, p) dp, (4.5.6)

an expression which is, remarkably, identical to the classical expression for the
current in statistical systems. It can be easily shown that, in the case of pure
states, these two expressions coincide with (4.5.4).

4.5.1 Wigner function-based statistical models

A suitable partition of the Wigner function among the energy bands can be
obtained by using the completeness of the Bloch states in equation (4.5.3). We
adopt hereafter Dirac’s notation and consider, for the sake of simplicity, the
one-dimensional case only. By defining the coefficients Φmn and the integral
kernel Wmn,

Φmn(k, k′, x, p) =
∫ ∫

dη

2π�

〈
x +

η

2

∣∣∣ nk〉〈nk′ ∣∣∣x− η

2

〉
e−ipη/� (4.5.7)

Wmn(x, p, x′, p′) =
∫

B2
dkdk′Φmn(k, k′, x, p)Φ∗

mn(k, k′, x′, p′), (4.5.8)

the Wigner function can be written as a sum of projections over the Floquet
subspaces of the energy bands (see [DBBJ02] for details):

f(x, p) =
∑
mn

fmn(x, p), (4.5.9)

where

fmn(x, p) =
∫

B2
dkdk′ρmn(k, k′)Φmn(k, k′, x, p). (4.5.10)

By expressing ρ as a function of f , we can write fmn = Pmnf , where Pmn is
the linear integral operator

(Pmnf) (x, p) ≡ 1
2π�

∫ ∫
dx′dp′Wmn(x, p, x′, p′)f (x′, p′) .
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Here, ρmn(k, k′) = 〈mk | ρ | nk′〉 are the matrix elements of the density
operator in the Bloch-state representation, and the linear integral operator
Pmn is a projection operator and yields the Wigner projections fmn from the
total Wigner function f .

The time evolution of the Wigner function is given by the sum of the time
evolutions of the band projections,

i�
∂f

∂t
(x, p, t) =

∑
mn

i�
∂fmn

∂t
(x, p, t),

given by [DBBJ02]

i�
∂fmn

∂t
=
∑
μ∈L

[
ε̂m(μ)fmn(x +

μ

2
, p, t)− ε̂n(μ)fmn(x− μ

2
, p, t)

]
eipμ/�

+
∫ ∫

dx′dηŴmn(x, p, x′,−η)δV (x′, η)f̂(x′, η, t), (4.5.11)

where Ŵmn is the Fourier transform of Wmn with respect to the momentum
variable:

Ŵmn(x, p, x′, η) =
1

2π�

∫
dp′Wmn(x, p, x′, p′)eip′η/�. (4.5.12)

Equation (4.5.11) is the equation that governs the time evolution of the Flo-
quet projections fmn of the Wigner function for an ensemble of electrons mov-
ing in a semiconductor crystal in the presence of external fields and allowing
for energy bands of arbitrary shape. The first term, containing the sum over
the lattice vectors, refers to the action of the periodic potential of the crystal
lattice, while the last term, written in the form of an integral operator, refers to
the action of the external or self-consistent fields acting on the electrons. The
first term, as shown in [DBBJ02], reduces to the usual free-streaming operator
in the case of a single parabolic band; for this reason we shall refer to this term
as the streaming term, while the second term will be called the force term, in
analogy with the corresponding force term of the Boltzmann equation. These
equations show that, in the absence of external fields, different bands remain
dynamically uncoupled and each contribution to the Wigner function evolves
independently. In the case V (x) ≡ 0, these equations were already written by
Markowich, Mauser and Poupaud [MRS90, MMP94] for a single band. It can
be shown that, in the case of a single parabolic band, eq. (4.5.11) reduces to
the usual Wigner equation in the effective mass approximation

∂f

∂t
+

p

m∗
∂f

∂x
+

i

�
Θ[δV ]f = 0,

where m∗ is the (one-dimensional) electron effective mass in the selected band
and
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(Θ[δV ]f) (x, p) =
1

2π�

∫
R2

e−i(p−p′)ξ/� δV (x, ξ) f(x, p′) dξ dp′ (4.5.13)

is a pseudo-differential operator with symbol

δV (x, ξ) = V
(
x +

ξ

2

)
− V

(
x− ξ

2

)
. (4.5.14)

A multiband model for electron transport in semiconductors, based on
the density matrix approach, was introduced by Krieger and Iafrate in [KI87,
IK86]. They considered a statistical ensemble of electrons moving under the
action of an external time-dependent electric field. Here, we briefly summarize
this model in a simplified form. Their model is obtained by expanding the
density matrix elements in Bloch functions:

ρ(y, z) =
∑
mn

∫
B2

dkdk′ρmn(k, k′)bm(k, y)bn(k′, z), (4.5.15)

where ρmn(k, k′) = 〈mk | ρ | nk′〉 are the already-introduced matrix elements
between Bloch functions, whose evolution is given by

i�
∂ρmn(k, k′)

∂t
= [εm(k)− εn(k′)] ρmn(k, k′)

+
∑

l

∫
B

dk′′ [Vml(k, k′′)ρln(k′′, k′)− Vln(k′′, k′)ρml(k, k′′)] . (4.5.16)

Here, Vmn(k, k′) = 〈mk | V | nk′〉 are the matrix elements of the external
potential in the Bloch representation. The main source of difficulty with this
approach lies exactly in these matrix elements, which are ill defined for most
potentials of practical interest.

The Wigner function formalism has also been used by Buot and Jensen
[Buo74, Buo76, Buo86, BJ90] to formulate multiband models within the
framework of the lattice Weyl transform, in which a noncanonical definition of
the Wigner function, based on a discrete Fourier transform, was introduced.
This definition of the Wigner function makes use of the Wannier functions
introduced by (4.3.5). Let {| mλ〉,m ∈ N, λ ∈ L} be the states corresponding
to the Wannier functions (see equation (4.3.5)); here, L is the direct lattice
and the vectors λ are elements of the direct lattice. We can consider matrix
elements of the density operator ρ in the Wannier representation,

ρmn(λ, μ) = 〈mλ | ρ | nμ〉

with λ, μ ∈ L. A Wigner function is then introduced by

fmn(k, λ) = N
∑
v∈L

ρmn(λ + v, λ− v)e2ikv, (4.5.17)
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where N is a normalization factor, λ ∈ L is a lattice vector and k ∈ B. This
definition of the Wigner function is sometimes called the discrete Wigner–
Weyl transform, and it has a similar structure to that of the definition given
in (4.5.3). There are however some important differences: the Wigner function
is only defined on the lattice points; it is defined by a Fourier series, rather
than the Fourier transform; it is a function of the crystal momentum, which
has not been integrated over. According to (4.5.6), the current density is then
given by

J(λ) =
∑
mn

∫
B

p

m
fmn(k, λ), (p = �k)

and is also defined on the lattice points.

4.5.2 Reduced Wigner–Bloch–Floquet models

Equations (4.5.11) are the most general time evolution equations that can
be written for the Floquet projections of the multiband Wigner function in
the presence of external fields and in the absence of collisions. The action
of the periodic potential is described by the first term, which contains the
Fourier coefficients of the energy bands, and which reduces to the usual free-
streaming operator in the parabolic band approximation. The second term
describes the action of the external potential. We note that, while the first
term requires only the knowledge of the energy band functions, the second
term requires the knowledge of the Bloch eigenfunctions of the material of
interest. Therefore, the model equations (4.5.11) are very hard to solve in full
generality in practical applications, and the derivation of a set of simplified
models is needed. In the following subsections, we outline some of the reduced
models which have been derived within the Bloch–Floquet approach.

Two-band model in the parabolic band approximation without
external fields

It is interesting to consider a simple two-band model in the parabolic band
approximation and without external fields, in order to study the off-diagonal
Floquet projections of the Wigner function, which arise in this case. In a
two-band model, the Wigner function and its evolution equation are given
by equations (4.5.9) and (4.5.11) without external fields, and with m = 0, 1
and n = 0, 1. The Wigner function is given by the sum of four contributions,
f00, f01, f10 and f11. It can be seen easily from equations (4.5.7), (4.5.10) and
(4.5.8) that f01 = f10, while f00 and f11 are real. Each of the four contributions
evolves according to equations (4.5.11). In the parabolic band approximation,
the differential equations for f00 and f11 are

∂f00

∂t
+

p− �k0

m0

∂f00

∂x
= 0,

∂f11

∂t
+

p− �k1

m1

∂f11

∂x
= 0, (4.5.18)
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where m0 and m1 are the effective masses for band 0 and band 1 respectively
and k0 and k1 are the values of the crystal momentum at which band 0 and
band 1 attain their minimum. The evolution equations for f01 and f10 = f01

have instead a different structure. A simple calculation shows that

i�
∂f01

∂t
=
{[

ε0(k0) +
(p− �k0)2

2m0

]
−
[
ε1(k1) +

(p− �k1)2

2m1

]}
f01(x, p)

− i�

2

(
p− �k0

m0
+

p− �k1

m1

)
∂f01

∂x
− 1

8

(
�2

m0
− �2

m1

)
∂2f01

∂x2
, (4.5.19)

which follows from equation (4.5.11) after expanding fmn(x ± η/2, p, t) in
Taylor series about μ = 0 and using parabolic profiles for the two bands. By
introducing the frequencies

ω01 = (ε0(k0)− ε1(k1))/�

Ω01(p) = ω01 + (p− �k0)2/(2m0�)− (p− �k1)2/(2m1�)

and the new function

g01(x, p, t) = f01(x, p, t)eiΩ01(p)t,

equation (4.5.19) can be cast in the more elegant form

∂g01

∂t
+

1
2

(
p− �k0

m0
+

p− �k1

m1

)
∂g01

∂x
− i�

8

(
1
m0
− 1

m1

)
∂2g01

∂x2
= 0.

(4.5.20)

Note that in the definition of the Wigner function (4.5.9) f01 and f10 appear
only in the combination f01+f10, consistently with the Wigner function being
real. Equation (4.5.19) shows that the time evolution of f01 is given by three
contributions: an oscillatory term, a free-streaming term and a diffusive term
with imaginary diffusion coefficient (Schrödinger-like term). The frequency of
the oscillatory term, Ω01, is proportional to the difference of the total energies
of the particles of the two bands; the velocity of the free streaming term is an
average of the relative velocities of the particle with respect to the two minima
and the imaginary diffusion coefficient vanishes when the two effective masses
are equal.

Equations (4.5.18) and (4.5.20) completely describe the time evolution of
all the components of the Wigner function in a two-band model with the
parabolic band approximation and in the absence of external fields. Note that
these evolution equations are uncoupled.

Multiband model in the Luttinger–Kohn approximation

As we have already seen in Section 4.3.2, the Luttinger–Kohn model [LK55]
considers the carrier populations near minima (or maxima) of the energy
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bands and it is therefore to be used in conjunction with the parabolic band
approximation. For the Bloch states near the minimum (or maximum) of
the band, the Bloch functions un(x, k) are replaced with the set of functions
un(x, kn), i.e., the Bloch functions at the bottom (or top) of the band, here
assumed at k = kn. The functions eikxun(x, kn), after a suitable normaliza-
tion, also form a complete set (see Ref. [LK55] and see also Section 4.3.2)
and any wave function can be expanded in their basis. In this section, we use
the Luttinger–Kohn basis for expressing the Floquet projections fmn of the
Wigner function and for writing the evolution equations. The action of the
free Hamiltonian is treated in the parabolic band approximation.

If the nth band has an extremum at k = kn, we can approximate the Bloch
waves as

〈x | nk〉 = bn(x, k) ≈ un(x, kn) eikx. (4.5.21)

Since the functions un(x, kn) are periodic functions with period a, we can
introduce their Fourier expansion,

un(x, kn) =
∞∑

n′=−∞
Ûn

n′eiKn′x,

where Kn = 2πn/a are vectors of the reciprocal lattice with K−n = −Kn.
After evaluating the coefficients Φmn and the integral kernel Wmn in this
basis, and after carrying out the integration over the momentum variables k
and k′, one obtains for the Floquet projection fmn of the Wigner function:

fmn(x, p) = 4π
∑

m′n′m′′n′′
Ûm

m′Ûn∗
n′ Ûm∗

m′′ Ûn
n′′ei(Km′−Kn′ )x

×H
(
π

a
−
∣∣∣∣p� − Km′ + Kn′

2

∣∣∣∣)
×
∫

dx′ sin 2[π/a− |p/�− (Km′ + Kn′)/2|](x− x′)
x− x′

× f

(
x′, p− �

Km′ + Kn′ −Km′′ −Kn′′

2

)
e−i(Km′′−Kn′′ )x′

,

where the integrals are performed over the whole real line and H is the Heav-
iside function. The evolution equations have been formulated for the case of
two energy bands in the parabolic band approximation. If m0 and m1 are
the effective masses for band 0 and band 1 respectively and k0 and k1 are
the values of the crystal momentum at which band 0 and band 1 attain their
minimum, we have that

∂f00

∂t
+

p− �k0

m0

∂f00

∂x
+

i

�
(Θ00f)(x, p) = 0 (4.5.22)
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∂f11

∂t
+

p− �k1

m1

∂f11

∂x
+

i

�
(Θ11f)(x, p) = 0, (4.5.23)

i�
∂f01

∂t
=
{[

ε0(k0) +
(p− �k0)2

2m0

]
−
[
ε1(k1) +

(p− �k1)2

2m1

]}
f01(x, p)

− i�

2

[
p− �k0

m0
+

p− �k1

m1

]
∂f01

∂x
− 1

8

(
�2

m0
− �2

m1

)
∂2f01

∂x2

+ (Θ01f)(x, p), (4.5.24)

where Θmn is an operator acting on the whole Wigner function f and, recalling
definition (4.5.13), is given by

(Θmnf)(x, p, t)

=
∫ ∫

dx′dηŴmn(x, p, x′,−η)δV (x′, η)f̂(x′, η, t)

= 4π
∑

m′n′m′′n′′
Ûm

m′Ûn∗
n′ Ûm∗

m′′ Ûn
n′′ei(Km′−Kn′ )xH

(
π

a
−
∣∣∣∣p� − Km′ + Kn′

2

∣∣∣∣)
×
∫

dx′e−i(Km′′−Kn′′ )x′ sin 2[π/a− |p/�− (Km′ + Kn′)/2|](x− x′)
x− x′

×
∫

dηδV (x′, η)e−i(p−(Km′+Kn′−Km′′−Kn′′ )/2)η/�f̂(x′, η, t). (4.5.25)

A two-band model with empty-lattice eigenfunctions

A different simplification of the transport equations can be obtained by using
the Bloch functions of the “empty lattice,” that is, periodic plane waves. Here,
we consider only the two lowest energy bands, given by

ε0(k) =
�2k2

2m
(4.5.26)

ε1(k) =
�2

2m
[H(k)(k −K)2 +H(−k)(k + K)2], (4.5.27)

with K = 2π/a and m the bare electron mass, and whose eigenfunctions are

Ψ0k(x) = 〈x | 0k〉 =
1√
2π

eikx (4.5.28)

Ψ1k(x) = 〈x | 1k〉 =
1√
2π

(H(k)e−iKx +H(−k)eiKx)eikx. (4.5.29)

By using this basis in the definition (4.5.10) of the multiband Wigner function,
one obtains for the band projections fmn (see [DBJ03b] for the details):

f00(x, p) =
1
π
H
(
K

2
−
∣∣∣p
�

∣∣∣) ∫ sin 2(K/2− |p/�|)(x− x′)
x− x′ f(x′, p)dx′

(4.5.30)
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f01(x, p) =
1
π

∫ [
H̃
(
−3�K

4
, p, 0

)
ei(α1+α2+K)(x−x′) sin(α2 − α1)(x− x′)

x− x′

+ H̃
(

0, p,
3�K

4

)
ei(α3+α4−K)(x−x′) sin(α4 − α3)(x− x′)

x− x′

]
× f(x′, p)dx′ (4.5.31)

f11(x, p) =
1
π

∫ [
H̃
(
−�K, p,−�K

2

)
sin 2(K/4− |p/� + 3K/4|)(x− x′)

x− x′

+ H̃
(

�K

2
, p, �K

)
sin 2(K/4− |p/�− 3K/4|)(x− x′)

x− x′

+ 2H
(
K

4
−
∣∣∣p
�

∣∣∣) sin 2(K/4− |p/�|)(x− x′)
x− x′ cos

3
2
K(x− x′)

]
× f(x′, p)dx′, (4.5.32)

where the function H̃(a, x, b) ≡ H(x− a)H(b− x) has been introduced, and

α1(p) = −K

2
+
∣∣∣∣p� +

K

2

∣∣∣∣ α2(p) =
K

4
−
∣∣∣∣p� +

K

4

∣∣∣∣
α3(p) = −K

4
+
∣∣∣∣p� − K

4

∣∣∣∣ α4(p) =
K

2
−
∣∣∣∣p� − K

2

∣∣∣∣ .
The time evolution of the Floquet projections of the Wigner function is given
by

∂f00

∂t
+

p

m

∂f00

∂x
+

i

�
(Θ00f)(x, p) = 0

∂f11

∂t
+

p

m

∂f11

∂x
+

i

�
(Θ11f)(x, p) = 0,

∂f01

∂t
+

p

m

∂f01

∂x
+

i

�
(Θ01f)(x, p) = 0,

where Θ is an operator acting on the total Wigner function f and is given by

(Θ00f)(x, p) =
1
π
H
(π
a
−
∣∣∣p
�

∣∣∣) ∫ sin 2(π/a− |p/�|)(x− x′)
x− x′

×
∫

δV (x′, η)f̂(x′, η, t)e−ipη/� dη dx′

(Θ01f)(x, p) =
1
π

∫ [
H̃
(
−3�K

4
, p, 0

)
ei(α1+α2+K)(x−x′) sin(α2 − α1)(x− x′)

x− x′

+ H̃
(

0, p,
3�K

4

)
ei(α3+α4−K)(x−x′) sin(α4 − α3)(x− x′)

x− x′

]
×
∫

δV (x′, η)f̂(x′, η, t)e−ipη/� dη dx′
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(Θ11f)(x, p) =
1
π

∫ [
H̃
(
−�K, p,−�K

2

)
sin 2(K/4− |p/� + 3K/4|)(x− x′)

x− x′

+ H̃
(

�K

2
, p, �K

)
sin 2(K/4− |p/�− 3K/4|)(x− x′)

x− x′

+ 2H
(
K

4
−
∣∣∣p
�

∣∣∣) sin 2(K/4− |p/�|)(x− x′)
x− x′ cos

3
2
K(x− x′)

]
×
∫

δV (x′, η)f̂(x′, η, t)e−ipη/� dη dx′.

Equations (4.5.30)–(4.5.32) show that the Floquet projections of the Wigner
function given by this model are functions with compact support and cover
different portions of the phase space. The support of the projection f00 on the
lower band, for example, corresponds to the first Brillouin zone; the supports
of the other projections are larger and extend beyond the first Brillouin zone.
The equations of this two-band model are very hard to approach numerically,
because of the presence of convolution integrals of highly oscillatory functions.

4.5.3 Envelope function-based statistical models

An alternative approach to statistical models based on the Wigner picture
starts from an envelope function model, such as the Kane model (4.4.2) or
the M-M model (4.4.8). Then the Wigner transformation (4.5.3) is applied
directly to the envelope functions (Ψc and Ψv in the former case, Φc and Φv

in the latter).
For a two-band model we need a 2×2 matrix of Wigner functions (Wigner

matrix), defined as the component-wise Wigner transform:

wij(x, p) = (W ρij) (x, p), i, j ∈ {c, v},

where W denotes the Wigner transformation (4.5.3) and ρij is an envelope
function density matrix (i.e., in the pure-state case, it is given by ρij(x, x′) =
Ψi(x)Ψ j(x′) for the Kane model and by ρij(x, x′) = Φi(x)Φj(x′) for the M-M
model). The self-adjointness of the density operator implies the Hermiticity
of the Wigner matrix for any fixed (x, p):

ρij(x, x′) = ρji(x′, x) =⇒ wij(x, p) = wji(x, p).

The evolution equation for the Wigner matrix in the case of the Kane model
(4.4.2) is(

∂

∂t
+

p

m
· ∇x +

i

�
Θ[Vcc]

)
wcc = − i�K

2m
· ∇x(wcv − wvc)−

K · p
m

(wcv + wvc)(
∂

∂t
+

p

m
· ∇x +

i

�
Θ[Vcv]

)
wcv =

i�K

2m
· ∇x(wcc + wvv) +

K · p
m

(wcc − wvv)
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∂

∂t
+

p

m
· ∇x +

i

�
Θ[Vvc]

)
wvc = − i�K

2m
· ∇x(wcc + wvv) +

K · p
m

(wcc − wvv)

(
∂

∂t
+

p

m
· ∇x +

i

�
Θ[Vvv]

)
wvv = − i�K

2m
· ∇x(wcv − wvc) +

K · p
m

(wcv + wvc),

(4.5.33)

where we set

Vij(x, ξ) = (Ei + V )
(
x +

ξ

2

)
− (Ej + V )

(
x− ξ

2

)
, i, j ∈ {c, v}, (4.5.34)

and the pseudo-differential operator, in the present three-dimensional case, is
given by

(Θ[φ]f) (x, p) =
1

(2π�)3

∫
R6

e−i(p−p′)·ξ/� φ(x, ξ) f(x, p′) dξ dp′. (4.5.35)

The system (4.5.33) has been studied from a mathematical point of view
in [BFZ03]. The Wigner matrix describing thermal equilibrium of the Kane
model has been analyzed in Ref. [Bar04a].

The evolution equation for the Wigner matrix in the case of the M-M
model (4.4.2) is(

∂

∂t
+ p ·M−1

c ∇x +
i

�
Θ[Vcc]

)
wcc = Θ[F−]wcv −Θ[F+]wvc

(
∂

∂t
+ p · M−1

c + M−1
v

2
∇x −

i�

4
∇x ·

M−1
c −M−1

v

2
∇x +

ip

�
· M−1

c −M−1
v

2
p

)
wcv

= − i

�
Θ[Vcv]wcv + Θ[F−]wcc −Θ[F+]wvv(

∂

∂t
+ p · M−1

c + M−1
v

2
∇x +

i�

4
∇x ·

M−1
c −M−1

v

2
∇x −

ip

�
· M−1

c −M−1
v

2
p

)
wvc

= − i

�
Θ[Vvc]wvc −Θ[F+]wcc + Θ[F−]wvv(

∂

∂t
+ p ·M−1

v ∇x +
i

�
Θ[Vvv]

)
wvv = −Θ[F+]wcv + Θ[F−]wvc, (4.5.36)

where we set

F±(x, ξ) =
∇V · P
mEg

(
x± ξ

2

)
,

and the symbols Vij are still given by (4.5.34). From equation (4.4.5) we see
that P and, consequently, F± are purely imaginary, so that the following
relations hold:
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Θ[F±]wij = −Θ[F∓]wji, i, j ∈ {c, v}.

In the special case of constant and opposite effective masses,

Mc = m∗I, Mv = −m∗I,

the above system reduces to(
∂

∂t
+

p

m∗ · ∇x +
i

�
Θ[Vcc]

)
wcc = Θ[F−]wcv −Θ[F+]wvc

(
∂

∂t
− i�

4m∗∇
2
x +

ip2

�m∗ +
i

�
Θ[Vcv]

)
wcv = Θ[F−]wcc −Θ[F+]wvv

(
∂

∂t
+

i�

4m∗∇
2
x −

ip2

�m∗ +
i

�
Θ[Vvc]

)
wvc = −Θ[F+]wcc + Θ[F−]wvv

(
∂

∂t
− p

m∗ · ∇x +
i

�
Θ[Vvv]

)
wvv = −Θ[F+]wcv + Θ[F−]wvc , (4.5.37)

(see also Ref. [FM05]). The negative effective mass introduced in this model
has the effect of making the Hamiltonian unbounded from below. As is well
known, such a Hamiltonian is not very good, especially for statistical purposes
(the thermal equilibrium states are ill defined). However, the correct interpre-
tation is that (4.5.37) should be considered as just an approximation of the
true dynamics for small values of the momentum p.

4.6 Hydrodynamic models

It is universally recognized that the hydrodynamic approach presents impor-
tant properties both from a theoretical and a numerical point of view because
it gives an interpretation of the transport phenomenon by macroscopic quan-
tities and it produces many advantages from a computational point of view.

The literature on hydrodynamic models is very broad, in both the classical
as well as the semiclassical and quantum frameworks.

Some very interesting results have been achieved that propose quantum
hydrodynamic equations that are able to describe the behaviour of nanometric
devices like resonant tunneling diodes. Here, we restrict ourselves to describing
the hydrodynamic versions of the Kane model and of the M-M model.

Most of the results published in the literature refer to single-band prob-
lems. The generalization to multiband models presents several difficulties,
such as the definition of the macroscopic quantities with a realistic physical
meaning and the difficulty in imposing boundary conditions.

In this review we give an insight into the classical derivation of a two-band
quantum fluid. As we have said, the above-mentioned multiband models are
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based on the single-electron Schrödinger equation, and the resulting equations
are essentially linear. By applying the Wentzel–Kramers–Brillouin (WKB)
method, it is possible to derive a zero-temperature hydrodynamic version of
the Schrödinger two-band models.

When it is desirable to model the dynamics of a family of electrons, the
statistical description requires the introduction of a sequence of mixed states,
with an attached occupation probability. In this case, the WKB method leads
to a sequence of hydrodynamic equations, from which it is possible to derive
a set of equations for certain macroscopic averaged quantities. These hydro-
dynamic equations share a similar structure with the corresponding equations
for a single electron, the only difference being the appearance of terms that
can be interpreted as thermal tensors, and of additional source terms. These
new terms depend on all states, so the system is not closed unless appropriate
closure conditions are provided. It is clear that the final hydrodynamic model
with temperature is by no means equivalent to the original quantum model.
We could say that the nonlinearity of the resulting hydrodynamic model is
“genuine” and is the price to pay for keeping only a finite number of equations.

4.6.1 The hydrodynamic quantities

In order to obtain hydrodynamic versions of the kinetic models described in
the previous sections, one possibility is to follow the general hydrodynamic
approach to quantum mechanics due to Madelung [LL77]. This approach con-
sists in writing the wave function in the quasi-classical form a exp( iS

ε ), where
a is called the amplitude and S/ε the phase. With this approach, the hydro-
dynamic limit is valid only for pure states, that is to say, it is valid only for
a quantum system at zero temperature. In the case of a two-band model, we
have

ψa(x, t) =
√

na(x, t) exp
(

iSa(x,t)
ε

)
, a = c, v. (4.6.1)

where the squared amplitude has the physical meaning of the probability
density of finding the “particle” at some point in space, and the gradient of
the phase corresponds to the classical velocity of the “particle.”

In the framework of two-band models, the densities

nab = ψaψb

are introduced, where ψa, with a = c, v, is the envelope function for the
conduction and the valence band, respectively. When a = b, the quantities
nab = na = |ψa|2 are real and represent the position probability densities
of the conduction band and of the valence band electrons, albeit only in an
approximate sense, since ψc and ψv are envelope functions which mix the
Bloch states. Nevertheless, n = ψcψc + ψvψv is exactly the total electron
density in the conduction and in the valence band, and, as expected, it satisfies
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a continuity equation. When a �= b, the density ψaψb is a complex quantity,
which does not have a precise physical meaning. Despite this, as will become
clear in the next section, the complex quantities ψaψb appear explicitly in the
evolution equation for the total density n.

It is customary, after (4.6.1), to write the coupling terms in a more con-
venient way, by introducing the complex quantity

ncv = ψcψv =
√
nc
√
nv e

iσ, (4.6.2)

where σ is the phase difference defined by

σ =
Sv − Sc

ε
. (4.6.3)

In this way, in order to study a zero-temperature quantum hydrodynamic
model, we need to use only the three quantities nc, nv and σ to characterize
the zero-order moments.

The situation is more involved for the current densities. Analogously to
the one-band case, we introduce the quantum mechanical electron current
densities

Jab = εIm
(
ψa∇ψb

)
. (4.6.4)

It is natural to recover the classical current densities,

Jc = Im
(
εψc∇ψc

)
= nc∇Sc, Jv = Im

(
εψv∇ψv

)
= nv∇Sv , (4.6.5)

whose physical meaning is clear.
The introduction of the complex quantity (4.6.2) allows us to write εψa∇ψb

in (4.6.4) as

εψc∇ψv = ncvuv, εψv∇ψc = ncvuc, (4.6.6)

where the complex velocities uc and uv are given by

uc = uos,c + iuel,c, uv = uos,v + iuel,v, (4.6.7)

where uos,c and uos,v are the osmotic velocity and current velocity and are
given by

uos,a =
ε∇√na√

na
, uel,a = ∇Sa =

Ja

na
, a = c, v. (4.6.8)

In analogy with the single-band case we have defined the osmotic and current
velocities as complex quantities which can be expressed solely by means of
nc, nv, Jc and Jv. In addition, the coupling term ncv has been defined by
introducing the phase difference σ. We note that

ε∇ncv = ncv(uc + uv). (4.6.9)

Coming back to the choice of the hydrodynamic quantities, we maintain that,
for a zero-temperature quantum hydrodynamic system, it is sufficient to take
the usual quantities nc, nv, Jc and Jv, plus the phase difference σ. This will
be confirmed in the next section.
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4.6.2 Hydrodynamic version of the Kane system

The Kane model was introduced in Section 4.4.1 by using envelope functions.
Before introducing the hydrodynamic form, we rewrite it by using dimen-
sionless variables. To this aim dimensionless form, we introduce the rescaled
Planck constant ε = �/α, where the dimensional parameter α is given by
α = mx2

R/tR, by using xR and tR as characteristic (scalar) length and time
variables. The band energy can be rescaled by taking new potential units
V0 = mx2

R/t
2
R. A dimensional argument shows that the original coupling co-

efficient is a reciprocal of a characteristic length, thus the coefficient is scaled
by KxR, componentwise.

Hence, dropping the primes and without changing the name of the vari-
ables, we get the following scaled Kane system, which will be the object of
our study:

iε∂ψc

∂t = − ε2

2 Δψc + Vcψc − ε2K · ∇ψv

iε∂ψv

∂t = − ε2

2 Δψv + Vvψv + ε2K · ∇ψc ,
(4.6.10)

where K is the rescaled coupling interband coefficient, ε is the rescaled Planck
constant, Vc = Ec + V and Vv = Ev + V . In the Kane model the coupling
parameter has to be considered constant. In realistic heterostructure semicon-
ductor devices, the parameter K, expressed in terms of the effective electron
mass and the energy gap, depends on the layer composition through the spa-
tial coordinates.

Taking into account the wave form (4.6.1) and using the equations of
system (4.6.10), the time derivation of na, a = c, v gives immediately

∂nc

∂t
+∇ · Jc = −2K · Im (ncvuv)

∂nv

∂t
+∇ · Jv = 2K · Im (ncvuc) ,

(4.6.11)

where (4.6.5) has been used for Jc and Jv. We remark that the right-hand
side of (4.6.11), containing the terms ncvuv and ncvuc, can be expressed in
terms of osmotic and current velocities, and the phase difference σ.

Adding the equations in (4.6.11) and using the identity Im(εψc∇ψv) −
Im(εψv∇ψc) = ε∇Imncv, we obtain the balance law for the total density

∂

∂t
(nc + nv) +∇ · (Jc + Jv + 2εKImncv) = 0 ,

which is just the quantum counterpart of the classical continuity equation.
The derivation of the equations for the phases Sc, Sv, and consequently

for Jc and Jv, is more involved.
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Referring the reader to the original paper [AF05] for more details, the
equations for the currents take the form

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc
+ ε2∇√nc ⊗∇

√
nc −

ε2

4
∇⊗∇nc

)
+ nc∇Vc

= − ε2Re
[
∇(ψcK · ∇ψv)− 2∇ψcK · ∇ψv

]
. (4.6.12)

∂Jv

∂t
+ div

(
Jv ⊗ Jv

nv
+ ε2∇√nv ⊗∇

√
nv −

ε2

4
∇⊗∇nv

)
+ nv∇Vv

= − ε2Re
[
∇(ψvK · ∇ψc)− 2∇ψvK · ∇ψc

]
. (4.6.13)

The left-hand sides of the equations for the currents can be put in a more
familiar form by using the identity

div
(
∇√na ⊗∇

√
na −

1
4
∇⊗∇na

)
= −na

2
∇
[
Δ
√
na√
na

]
, a = c, v.

The correction terms
ε2

2
Δ
√
na√
na

, a = c, v ,

can be identified with the quantum Bohm potentials for each band, because
they can be interpreted as internal self-consistent potentials, in analogy with
the single-band case. The right-hand sides can be further expressed in terms
of the hydrodynamic quantities, obtaining the final system

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc∇Vc

= ε∇Re (ncvK · uv)− 2Re (ncvK · uvuc) ,

∂Jv

∂t
+ div

(
Jv ⊗ Jv

nv

)
− nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv∇Vv

= −ε∇Re (ncvK · uc) + 2Re (ncvK · ucuv) .

(4.6.14)

It is evident that the equations for the conduction and the valence band
are coupled. Also, because of the presence of σ, it is necessary to “close” the
system, in order to obtain an extension of the classical Madelung fluid equa-
tions to a two-band quantum fluid. In this context, we choose the following
constraint:

ε∇σ =
Jv

nv
− Jc

nc
. (4.6.15)

Now we are in position to rewrite the hydrodynamic system (4.6.14) as
follows:
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∂nc

∂t
+ divJc = −2K · Im(ncvuv),

∂nv

∂t
+ divJv = 2K · Im(ncvuc),

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc∇Vc

= ε∇Re(ncvK · uv)− 2Re (ncvK · uvuc) ,

∂Jv

∂t
+ div

(
Jv ⊗ Jv

nv

)
− nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv∇Vv

= −ε∇Re(ncvK · uc) + 2Re (ncvK · ucuv) ,

ε∇σ =
Jv

nv
− Jc

nc
,

(4.6.16)

where ncv, uv, and uc are expressed in the terms of the hydrodynamic quan-
tities nc, nv, Jc, Jv, and σ by (4.6.2) and (4.6.7).

4.6.3 The nonzero-temperature case

The extension of the previous analysis to an electron ensemble requires a
quantum statistical mechanics treatment. According to the general discussion
at the beginning of Section 4.5, it is possible to represent an electron ensemble
as a mixed quantum mechanical state given by a sequence of pure states Ψk,
with occupation probabilities λk ≥ 0, so that

∑
k λ

k = 1. In the two-band
case, each pure state is represented by a couple of envelope functions, ψk

c

and ψk
v and, therefore, we shall extend the definition of the hydrodynamic

quantities as a superposition, with weights λk, of the corresponding pure-state
quantities. For example, the density will be na =

∑
k λ

kψ
k

aψ
k
a , for a = c, v.

In the sequel we shall work at the formal level, and we refer to the equa-
tions found in [AF05]. The kth state for the Kane system is described by the
solutions of the system

iε
∂ψk

c

∂t = − ε2

2 Δψk
c + Vcψ

k
c − ε2K · ∇ψk

v ,

iε
∂ψk

v

∂t = − ε2

2 Δψk
v + Vvψ

k
v + ε2K · ∇ψk

c .
(4.6.17)

Using the expressions (4.6.1) for each state k in (4.6.17),

ψk
c =

√
nk

c exp
(
iSk

c /ε
)
, ψk

v =
√

nk
v exp

(
iSk

v /ε
)
,

under the assumption of positivity of the densities nk
c and nk

v , a hydrodynamic
system analogous to (4.6.16) is obtained for each state k. The densities and
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the currents corresponding to the two mixed states for conduction and valence
electrons can be defined as

nc =
∞∑

k=0

λknk
c , nv =

∞∑
k=0

λknk
v ,

Jc =
∞∑

k=0

λkJk
c , Jv =

∞∑
k=0

λkJk
v .

We also define

σ =
∞∑

k=0

λkσk, ncv =
√
nc
√
nv exp(iσ),

uc =
ε∇√nc√

nc
+ i

Jc

nc
, uv =

ε∇√nv√
nv

+ i
Jv

nv
.

Multiplying (4.6.16) for the state k by λk and summing over k, we find
new quantities that must be manipulated with much care. In analogy with
the one-band case [GMU95], new terms containing the total temperature ϑc

and ϑv, for each band, appear in the current equations. The temperature
tensors are defined by the sum of osmotic temperature and electron current
temperature

ϑc = ϑos,c + ϑel,c and ϑv = ϑos,v + ϑel,v

given by

ϑos,c =
∞∑

k=0

λk n
k
c

nc
(uk

os,c − uos,c)⊗ (uk
os,c − uos,c),

ϑel,c =
∞∑

k=0

λk n
k
c

nc
(uk

el,c − uel,c)⊗ (uk
el,c − uel,c).

In conclusion our system becomes

∂nc

∂t
+ divJc = − 2K · Im[ncv (αuv + βv)],

∂nv

∂t
+ divJv = 2K · Im[ncv (αuc + βc)],

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc
+ ncϑc

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc∇Vc

= εK · ∇Re (ncv(αuv + βv))

− 2K · Re
(
ncv(αuv ⊗ uc + βv ⊗ uc + uv ⊗ βc + ϑcv)

)
,

∂Jv

∂t
+ div

(
Jv ⊗ Jv

nv
+ nvϑv

)
− nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv∇Vv

= −εK · ∇Re (ncv (αuc + βc))
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+ 2K · Re
(
ncv (αuc ⊗ uv + βc ⊗ uv + uc ⊗ βv + ϑvc)

)
,

ε∇σ − Jv

nv
+

Jc

nc
= − Im

{
1
α

(
ε∇α− βv − βc

)}
, (4.6.18)

where the new quantities are defined by

α =
∞∑

k=0

λk n
k
cv

ncv
, βv =

∞∑
k=0

λk n
k
cv

ncv
(uk

v − uv), βc =
∞∑

k=0

λk n
k
cv

ncv
(uk

c − uc),

and, in the expression of the coupling terms between the two bands, there
appears a sum of temperature tensors, given by

ϑcv =
∞∑

k=0

λk n
k
cv

ncv
(uk

v − uv)⊗ (uk
c − uc),

ϑvc =
∞∑

k=0

λk n
k
cv

ncv
(uk

c − uc)⊗ (uk
v − uv).

Equations (4.6.18) can be considered as a nonzero-temperature quantum fluid
model. The quantities ncv, uc, and uv, already present in (4.6.16), are ex-
pressed in terms of nc, nv, Jc, Jv, and σ, while the new quantities α, βc, and
βv satisfy the relation

Re
{

1
α

(
ε∇α− βv − βc

)}
= 0

and need appropriate closure relations. Moreover, we must assign constitutive
relations for the tensor components ϑc, ϑv, ϑcv and ϑvc; ϑc and ϑv are formally
analogous to the temperature tensor of kinetic theory.

A simple class of closure conditions can be obtained by assigning a function
α = α(nc, nv, σ) and taking

βc = 2nc
∂ᾱ

∂nc
uos,c −

∂ᾱ

∂σ
uel,c, βv = 2nv

∂α

∂nv
uos,v +

∂α

∂σ
uel,v. (4.6.19)

Then, we have

ε∇α− βv − βc = 0,

which implies

ε∇σ − Jv

nv
+

Jc

nc
= 0.

In particular, it is possible to choose

α = 1, βc = βv = 0. (4.6.20)
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We still need to consider the temperature tensors ϑc, ϑv, ϑcv and ϑvc. Heuris-
tically, following the analogy with the single-band fluid-dynamical model
[Jun01], the simplest closure relation is

ϑc =
1
nc

pc(nc)I, ϑv =
1
nv

pv(nv)I, ϑcv = ϑvc = 0, (4.6.21)

where I is the identity tensor and the functions pc and pv can be interpreted
as pressures. In this way we obtain the simplest two-band, isentropic, fluid-
dynamical model:

∂nc

∂t
+ divJc = − 2K · Im(ncv uv),

∂nv

∂t
+ divJv = 2K · Im(ncv uc),

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc
+ pc(nc)I

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc∇Vc

= εK · ∇Re (ncvuv)− 2K · Re (ncvuv ⊗ uc) ,

∂Jv

∂t
+ div

(
Jv ⊗ Jv

nv
+ pv(nv)I

)
− nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv∇Vv

= −εK · ∇Re (ncv uc) + 2K · Re (ncv uc ⊗ uv) ,

ε∇σ − Jv

nv
+

Jc

nc
= 0.

(4.6.22)

We remark that if the (classical) pressures are linear functions of nc and nv,
equations (4.6.22) reduce to the isothermal case.

4.6.4 Hydrodynamic version of the M-M system

The method used in the previous section is also suitable to be applied to
the multiband envelope function model introduced by Modugno and Morandi
in [MM05] and described in Section 4.4.2. However, as we have remarked at
the end of Section 4.5.3, when mixed states become important (namely, for
nonzero-temperature models), the M-M model has some undesirable features
that make the discussion more complicated, beyond the scope of the present
review. For this reason we shall restrict ourselves to the zero-temperature case.

By using dimensionless variables, the system (4.4.8) reads as follows:

iε
∂ψc

∂t
= −ε2

2
Δψc + (Ec + V )ψc − ε2 P ψv,

iε
∂ψv

∂t
=

ε2

2
Δψv + (Ev + V )ψv − ε2 P ψc,

(4.6.23)
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where P is the rescaled coupling interband coefficient and ε is the rescaled
Planck constant.

By using the Madelung form (4.6.1) for the wave functions, and proceed-
ing in the same way as for the Kane model in Section 4.6.2, we obtain the
hydrodynamic equations for the two-band M-M model

∂nc

∂t
+∇ · Jc = −2P Im

(
εψcψv

)
,

∂nv

∂t
−∇ · Jv = 2P Im

(
εψcψv

)
.

(4.6.24)

By summing the two equations in (4.6.24), we obtain the balance law for the
total density,

∂ρ

∂t
+∇ · J = 0, (4.6.25)

where ρ = nc + nv is the total density and J = Jc − Jv is the total current.
We remark that, in contrast with the Kane model, interband current terms

do not appear in the conservation of the total density.
Next, the equations for the phases Sc, Sv, and the currents Jc and Jv are

derived. Referring the reader to the paper [AFM05] for the details, here we
only write the equations for the currents in the final form

∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc(∇Ec +∇V )

= ε2∇PRencv + εP
√
nc
√
nv(cosσ(uos,v − uos,c)− sinσ(uel,c + uel,v)),

∂Jv

∂t
− div

(
Jv ⊗ Jv

nv

)
+ nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv(∇Ev +∇V )

= ε2∇PRencv − εP
√
nc
√
nv(cosσ(uos,v − uos,c)− sinσ(uel,c + uel,v)).

(4.6.26)

Also in this case, we have introduced the internal self-consistent potentials
for each band (the Bohm potentials) and the osmotic velocities (uos,c, uos,v)
and current velocities (uel,c, uel,v); σ is again the phase difference defined by
σ = Sv−Sc

ε .
The systems (4.6.24) and (4.6.26) are not equivalent to the original system

(4.6.23), due to the presence of σ. By using the constraint (4.6.15), we finally
obtain the hydrodynamic system

∂nc

∂t
+ divJc = −2εP Imncv,

∂nv

∂t
− divJv = 2εP Imncv,
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∂Jc

∂t
+ div

(
Jc ⊗ Jc

nc

)
− nc∇

(
ε2Δ
√
nc

2
√
nc

)
+ nc(∇Ec +∇V )

= ε2∇PRencv + εPRe (ncv(uv − uc)) ,

∂Jv

∂t
− div

(
Jv ⊗ Jv

nv

)
+ nv∇

(
ε2Δ
√
nv

2
√
nv

)
+ nv(∇Ev +∇V )

= ε2∇PRencv − εPRe (ncv(uv − uc)) ,

ε∇σ =
Jv

nv
− Jc

nc
,

(4.6.27)

where ncv, uv, uc are expressed in the terms of the hydrodynamic quantities
nc, nv, Jc, Jv, σ. System (4.6.27) is the extension of the classical Madelung
fluid equations to a two-band quantum fluid.
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5.1 Introduction

The design of semiconductor devices is an important and challenging task in
modern microelectronics, which is increasingly being carried out via mathe-
matical optimization with models for the device behavior. The design variable
(and correspondingly the unknown in the associated optimization problems)
is the device doping profile, which describes the (charge) density of ion im-
purities in the device and is therefore modeled as a spatially inhomogeneous
function. The optimization goals are usually related to the device characteris-
tics, in particular to outflow currents on some contacts. This is also the typical
setup we shall confine ourselves to in this chapter, namely to (approximately)
achieve a certain goal related to the outflow current on a contact (e.g., a max-
imization or just an increase of the current), ideally with minimal change of
the doping profile to some given reference state.

In order to solve such optimal design problems it is important to find
suitable models of objective functionals to be minimized, so that a reason-
able compromise between conflicting design goals (e.g., maximizing current
and keeping the doping profile close to the reference state) can be achieved.
We shall study and compare two different models that have been proposed
for the optimization (and used for numerical solutions, cf. [HP02a, HP02b,
BP03, HP05, HP06]). In any of the models, the weighting of the different
goals leads to some parameters in the objective functionals, and we shall pay
particular attention to the limiting behavior of minimizers with respect to
these parameters.

We shall start with an overview of models for the simulation and in par-
ticular for the optimization of semiconductor devices, which we carry out in
a rather general setup. Then we turn our attention to a simple model case,
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namely the unipolar drift-diffusion model, for which a very detailed analysis of
the optimization models can be carried out. We shall verify some fundamental
properties such as the existence of minimizers and the existence of Lagrange
multipliers, before we analyze the regularity of minimizers and the quite chal-
lenging problem of uniqueness. Moreover, we also investigate the asymptotic
behavior of the minimizers for large and small parameters in the objective
functionals. Finally, we discuss the numerical solution of the optimization
problems for the particular case of drift-diffusion models, but allowing bipo-
larity and multiple dimensions, and give some computational results.

5.2 Models for optimal dopant profiling

Macroscopic models for semiconductor devices are usually composed of two
basic state variables, namely the electric potential V and a set of densities
ρ (e.g., electron and hole densities), which satisfy a nonlinear system of the
form

−λ2ΔV = Q(ρ) + C (5.2.1)
F (ρ, V ) = 0. (5.2.2)

Here λ denotes a scaling parameter (called Debye length), Q(ρ) is the total
charge density generated by ρ, C is the doping profile (modeled as a function
of space), and F symbolizes nonlinear differential equations for ρ (which also
include the electric potential V ). All equations are to be solved in a domain Ω
modeling the device geometry and with suitable boundary conditions, which
we do not further discuss here. For an overview of device models and their
asymptotic relations we refer to [JP01, MRS90].

The primary optimization goal can usually be modeled in a straight-
forward way as a functional of the densities and the voltage, i.e.,

R(V, ρ)→ min
(V,ρ,C) satisfying (5.2.1),(5.2.2)

. (5.2.3)

The functional R could, e.g., be the negative current outflow on a contact (in
order to maximize the current (cf. [PSSS98, St00, Stea98]) or the square of
the current minus a target current (cf. [HP02a, HP02b]).

As an example we consider the most frequently used case, namely the
bipolar drift-diffusion model, where ρ = (n, p) with n being the electron and p
the hole density. In this case the charge density is simply Q = p− n and the
differential operators included in F are given by

F (n, p) =
(
∇ · (Dn∇n− μnn∇V )
∇ · (Dp∇p + μpp∇V )

)
.

The current flowing out over a contact Γ ⊂ ∂Ω is then given by
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I =
∫

Γ

J · dν, J = Dn∂xblan− μnn∂xblaV −Dp∂xblap− μpp∂xblaV,

and a prototypical optimization problem would be to minimize −I or |I−I∗|2.
It turns out that an optimization problem of the form (5.2.3) is not well

posed, i.e., the existence of solutions and the robustness of the problem can-
not be guaranteed. In order to achieve these goals, a second term has to be
introduced to the objective functional. In [HP02a, HP02b] an optimization of
the form

Gα(V, ρ, C) := R(V, ρ) + α‖C − C∗‖2 → min
(V,ρ,C) satisfying (5.2.1),(5.2.2)

(5.2.4)

has been proposed. Here C∗ is a given prior for the doping profile and α is a
positive parameter. If the norm is chosen appropriately it can be shown that a
minimizer of (5.2.4) exists for α > 0. Moreover, one can formulate first-order
optimality conditions, as usual in optimization based on the Lagrangian

L(V, ρ, C; p, q) = Gα(V, ρ, C) +
∫

Ω

(
λ2∂xblaV · ∂xblap−Q(ρ)p− Cp

)
dx

+ 〈F (ρ, V ), q〉

having zero variations with respect to the primal variables (V, ρ, C) and the
dual variables (p, q). The latter just yields the constraints (5.2.1), (5.2.2),
which have to be coupled with

0 =
∂L

∂V
=

∂R

∂V
(V, ρ)− λ2Δp +

∂F

∂V
(ρ, V )∗q (5.2.5)

0 =
∂L

∂ρ
=

∂R

∂ρ
(V, ρ)−Q′(ρ)p +

∂F

∂ρ
(ρ, V )∗q (5.2.6)

0 =
∂L

∂C
= αE∗E(C − C∗)− p. (5.2.7)

Here A∗ denotes the adjoint of an operator A, and E is the embedding operator
from the space used for C (with norm ‖.‖ as used in the functional Gα) into
L2(Ω). Hence, the optimality conditions yield a system of five strongly coupled
nonlinear equations (5.2.1), (5.2.2), (5.2.5), (5.2.6), (5.2.12), which is solved by
a minimizer of (5.2.4). Both the analysis and the computation of minimizers
turn out to be challenging tasks, which we shall investigate in more detail for
a very special device model in the next section.

As an alternative to (5.2.4) a different approach has been introduced in
[BP03], which is motivated from the structure of the above optimality system.
It turns out that the optimality system can be simplified partially if a variable
change from the doping profile C to the total charge density

W := Q(ρ) + C (5.2.8)
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is performed. Obviously, if one minimizes with respect to (V, ρ,W ) then one
can reconstruct C uniquely from this formula. On the other hand, the Poisson
equation simplifies to

−λ2ΔV = W, (5.2.9)

i.e., the densities ρ do not appear any more and the coupling between V and
ρ becomes one directional only. Since one is using a novel design variable W
in this setup it seems natural to adjust the penalizing term to this fact, i.e.,
to minimize

Hβ(V, ρ,W ) := R(V, ρ) + β‖W −W ∗‖2 → min
(V,ρ,W ) satisfying (5.2.9),(5.2.2)

.

(5.2.10)

The Lagrangian associated to (5.2.10) is given by

L(V, ρ,W ; p, q) = Hβ(V, ρ, C) +
∫

Ω

(
λ2∂xblaV · ∂xblap−Wp

)
dx + 〈F (ρ, V ), q〉,

and the optimality conditions are given by (5.2.9),(5.2.2) together with

0 =
∂L

∂V
=

∂R

∂V
(V, ρ)− λ2Δp +

∂F

∂V
(ρ, V )∗q (5.2.11)

0 =
∂L

∂ρ
=

∂R

∂ρ
(V, ρ) +

∂F

∂ρ
(ρ, V )∗q (5.2.12)

0 =
∂L

∂C
= βE∗E(W −W ∗)− p. (5.2.13)

The structure of the optimality system for (5.2.10) turns out to be more
convenient than the one for (5.2.4). For given design variable W one can
subsequently solve (5.2.9) for V , (5.2.2) for ρ, (5.2.12) for q, and (5.2.13) for
p. For the case of the drift-diffusion model as stated above, this can be realized
by solving scalar linear differential equations only instead of nonlinear coupled
systems. As a direct consequence, the analysis of the optimality systems and
important properties such as the existence of Lagrange multipliers p and q are
rather straightforward (see [BP03] for the drift-diffusion model). Moreover,
this decoupling of the optimality system can be used to construct efficient
numerical methods as we will discuss in Section 5.4.

5.3 Optimization of unipolar diodes

In the following we provide a detailed analysis for the optimization of the
unipolar drift-diffusion model for diodes. In this situation a spatially one-
dimensional analysis can be carried out, with a single density (namely the
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electron density n). For convenience we shall use a scaled version of the model
and a standard transformation to the Slotboom variables and consider the
unknown u ∼ e−V n (cf., e.g., [MRS90] for details on scaling and density
variables for the drift-diffusion model).

Motivated by the above discussion we consider the optimization problems
(note from the model below that the current J = eV ux is spatially homoge-
neous, so that I = J)

Gα(u, V, C) :=
1
2

∫ 1

0

|eV ux − J∗|2dx +
α

2
‖C − C∗‖2 (5.3.1)

and

Hβ(u, V, C) :=
1
2

∫ 1

0

|eV ux − J∗|2dx +
β

2
‖Vxx − V ∗

xx‖2, (5.3.2)

both of them subject to

λ2Vxx − eV u = −C in (0, 1)
(eV ux)x = 0 in (0, 1)

V = V ∗ in {0, 1} (5.3.3)
Vxx = V ∗

xx in {0, 1}
u = uD in {0, 1}.

In order to keep the notation as unified as possible in this section we shall
not use the variable W but directly write the problems in terms of V and its
derivatives.

Our aim is to study the parametric behavior of these functionals with
respect to the positive real parameters α and β, respectively. In particular we
shall investigate the asymptotic behavior of the minimizers as the parameters
tend to zero or infinity, respectively. In the latter case, it seems obvious that
the design variables (C and V , respectively) converge to their priors, which we
will prove with a rate of at least α−1/2 and β−1/2. In the case of parameters
tending to zero numerical experiments indicate that the current J = eV ux

tends to the desired current J∗, which we will prove in both cases. For the
functional Hβ , we shall even prove that this convergence arises with rate

√
β

as β → 0.

5.3.1 Optimization for positive and finite parameters

In this section we shall investigate the optimization problems for parameter
values α and β in the open interval (0,+∞). This provides some basic results
for the later asymptotic analysis, but also a variety of interesting results that
yield further insight with respect to the parametric behavior of the optimiza-
tion problems.
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Minimization of Gα

We start with a discussion of basic properties of the optimization problem
(5.3.1) subject to (5.3.3), which was originally introduced in [HP02a, HP02b].

Theorem 1. Let α > 0, J∗ ∈ R, C∗ ∈ H1([0, 1]), and

‖C − C∗‖2 =
∫ 1

0

(
|Cx − C∗

x|2 + |C − C∗|2
)
dx.

Moreover let u∗ ∈ H1([0, 1]), V ∗ ∈ H3([0, 1]) satisfy

λ2V ∗
xx = eV ∗

u∗ − C∗ in (0, 1)(
eV ∗

u∗
x

)
x

= 0 in (0, 1)

u∗ = u∗
D in {0, 1}.

Then there exists a solution

(u, V , C) ∈ H1([0, 1])×H2([0, 1])×H1([0, 1])

of the optimization problem (5.3.1), (5.3.3).

Proof. The existence of a solution (u, V , C) ∈ H1([0, 1])3 follows from a more
general result in [HP02b]. The additional regularity V ∈ H2([0, 1]) in this
one-dimensional case follows from

V xx = eV u− C ∈ L2([0, 1]).

�

Besides the existence of a solution, the Karush–Kuhn–Tucker-system and
the existence of Lagrange multipliers are of particular interest.

Proposition 1. Under the conditions of Theorem 1, there exist Lagrange mul-
tipliers (p, q) ∈ H1

0 ([0, 1])2 such that a stationary point (u, V , C) of (5.3.1),
(5.3.3) satisfies

0 = −α(Cxx − C∗
xx) + α(C − C∗)− p in (0, 1)

0 =
(
eV ux − J∗

)
eV ux − λ2pxx + eV pu + eV uxqx in (0, 1)

0 = −
(
eV (eV ux − J∗)

)
x

+ eV p− (eV qx)x in (0, 1) (5.3.4)

p = 0 in {0, 1}
q = 0 in {0, 1}.

Proof. See [HP02b]. �
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In general, one cannot expect the uniqueness of the Lagrange multipliers
defined in (5.2.5)–(5.2.7). But for the unipolar diodes considered here, the
Lagrange multipliers are unique.

Theorem 2. Under the conditions of Proposition 1, the Lagrange multipliers
(p, q) ∈ H1

0 ([0, 1])2 are unique.

Proof. We consider the homogeneous system

0 = −λ2pxx + eV pu + eV uxqx in (0, 1)

0 = +eV p− (eV qx)x in (0, 1) (5.3.5)

with p = q = 0 in {0, 1}. The second equation can be written as

p = V xqx + qxx

and plugging this in the first equation we get (with n = eV u)

−λ2pxx + (nqx)x = 0.

Hence, −λ2px + nqx = k is constant. Now, we introduce ξ := eV qx and start
again from the second equation to get

ξxx = (eV p)x = eV px + eV V xpx =
1
λ2

(nξ − keV ) + V xξx

as an equation for ξ supplemented with the boundary data ξx(0) = ξx(1) = 0.
From the boundary data for q we deduce∫ 1

0

e−V ξ dx = 0.

Let ξ ≤ ξ ≤ ξ be sharp bounds. Choose a point x0 ∈ [0, 1] such that ξ(x0) = ξ
and ξx(x0) = 0. Then we have

ξxx =
1
λ2

(nξ − keV ) ≤ 0

and hence

ξ ≤ max
x

keV

n
.

In analogy, one shows that

ξ ≥ min
x

keV

n
.

We deduce that ξ does not change its sign and thus
∫ 1

0
e−V ξ dx = 0 implies

that ξ ≡ 0 and then q ≡ 0 and p ≡ 0. Hence, the homogeneous problem
has only the trivial solution which implies the uniqueness of the Lagrange
multipliers. �



98 Martin Burger, Michael Hinze and Rene Pinnau

Another typical property of an objective functional like (5.3.1) is that
nonsmooth features of the solution C correspond to those in the prior C∗,
or, in other words, C − C∗ is very smooth. For rather general semiconductor
devices optimized with respect to the objective Gα, this effect was discussed
in a formal way in [HP02b]. In the case of a unipolar diode as considered here,
this statement can be made rigorous as follows:

Theorem 3. Under the conditions of Proposition 1, a doping profile C cor-
responding to a stationary point (u, V , C, p, q) solving (5.3.3), (5.3.4) satisfies

C − C∗ ∈ H6([0, 1]) ↪→ C5([0, 1]). (5.3.6)

Proof. First of all, due to Proposition 1 we have

(C − C∗)xx = (C − C∗) +
1
α
p ∈ L2(Ω),

from which we may conclude that C − C∗ ∈ H2([0, 1]). Moreover, (5.3.4)
implies (note that eV ux is constant)

pxx = λ−2
[
(eV ux − J∗)eV ux + eV pu + eV uxqx

]
∈ L2([0, 1]),

qxx = p− V x

(
eV ux − J∗

)
∈ L2([0, 1]),

and thus, p ∈ H2([0, 1]) and q ∈ H2([0, 1]). Using this result, we deduce from
the first line in (5.3.4) that

∂3

∂x3
(C − C∗) = (C − C∗)x + α−1px ∈ L2([0, 1]),

∂4

∂x4
(C − C∗) = (C − C∗)xx + α−1pxx ∈ L2([0, 1]),

i.e., C − C∗ ∈ H4([0, 1]).
By a further iteration of this process we obtain that

∂jp

∂xj
∈ L2([0, 1]),

∂jq

∂xj
∈ L2([0, 1]),

for j = 3, 4, and consequently

∂j+2

∂xj+2
(C − C∗) =

∂j

∂xj
(C − C∗) + α−1 ∂

jp

∂xj
∈ L2(Ω),

which implies C − C∗ ∈ H6([0, 1]) ↪→ C5([0, 1]). �
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Note that the above result is obtained by a bootstrapping technique, from
which one often derives C∞-regularity. The reason to stop at the sixth deriva-
tive of C − C∗ is that one cannot proceed further without assuming higher
regularity than C∗ ∈ L2(Ω). If we want to have a bound on the seventh
derivative of C − C∗, we need bounds on the fifth derivative of p, the third
derivative of V , and consequently, the first derivative of C. But C ∈ H1([0, 1])
is obtained only for

C∗ = C − (C − C∗) ∈ H1([0, 1]).

Minimization of Hβ

For the optimization problem (5.3.2), (5.3.3) we can prove similar results on
the existence of minimizers and Lagrange multipliers as above.

Theorem 4. Let β > 0, J∗ ∈ R, and V ∗ ∈ H2([0, 1]). Moreover, let C∗ ∈
L2([0, 1]) be defined by

C∗ = λ2V ∗
xx − eV ∗

u∗,

where u∗ is the unique solution of

−(eV ∗
u∗

x)x = 0 in (0, 1),

satisfying u∗ = uD in {0, 1}. Then, there exists a minimizer

(u, V , C) ∈ H1([0, 1])×H2([0, 1])× L2([0, 1])

of (5.3.2) subject to (5.3.3).

Proof. See [BP03]. �

Proposition 2. Under the assumptions of Theorem 4, there exists a Lagrange
multiplier q ∈ H1

0 ([0, 1]) such that a stationary point (u, V ) of (5.3.2), (5.3.3)
satisfies

β(V xx − V ∗
xx)xx + eV ux(eV ux − J∗) + eV uxqx = 0 in (0, 1),

−eV V x(eV ux − J∗)− (eV qx)x = 0 in (0, 1).
(5.3.7)

Proof. See [BP03]. �

The uniqueness of stationary points is a challenging problem, which seems
to depend strongly on the problem setup. Here we consider a case related
to numerical computations in [HP02b, BP03]), where the optimization was
used to amplify an original given current J0 by 50%, i.e., J∗ = 3

2J
0. Since an

optimization algorithm will be started with the reference state (and current
J = J0) and then increase the current, one can expect that J0 ≤ J ≤ J∗

is the relevant situation for the current, and in this range uniqueness can be
guaranteed.
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Theorem 5. Let, in addition to the above conditions, uD(1)−uD(0) > 0 and
J∗ > 0. Then there is a unique stationary point (u, V , q) of (5.3.2), (5.3.3),
(5.3.7) among those functions satisfying 2

3J
∗ ≤ J = eV ux ≤ J∗.

Proof. By integrating the second equation of (5.3.7) we obtain (with J =
eV ux)

qx = J∗ − J + ce−V

for a constant c, which can be determined after integration from 0 to 1 as

c =
J − J∗∫ 1

0
e−V dx

=
J

uD(1)− uD(0)
(J − J∗).

After plugging this into the first equation of (5.3.7), we end up with the
equation

β(V xx − V ∗
xx)xx + Jce−V = 0.

The linearization of this equation is given by

βψxxxx − Jce−V ψ + (J ′c + Jc′)e−V = 0, (5.3.8)

where J ′ and c′ denote the derivatives of the functionals J and c with respect
to V in direction ψ, i.e.,

J ′ =
uD(1)− uD(0)

(
∫ 1

0
e−V dx)2

∫ 1

0

e−V ψ dx, c′ =
J ′(J − J∗) + JJ ′

uD(1)− uD(0)
.

Note that for 0 ≤ 2
3J

∗ ≤ J = eV ux ≤ J∗ we have

J ′c + Jc′ = J ′J
3J − 2J∗

uD(1)− uD(0)
≥ 0, c =

J

uD(1)− uD(0)
(J − J∗) ≤ 0.

After multiplying (5.3.8) with ψ and integration we obtain∫ 1

0

(
β|ψxx|2 − Jce−V ψ2

)
dx + J

3J − 2J∗

uD(1)− uD(0)

(∫ 1

0

e−V ψ dx

)2

= 0.

Taking into account the signs of all the terms, this implies that ψ = 0. Hence,
the linearized problem has only the trivial solution, which implies the unique-
ness of V , and consequently of u and q. �

As for the minimization of Rα, we can also derive a regularity result for
the design variable. Since in this case, the real design variable is V − V ∗ it
should not surprise us that high regularity for this function can be obtained.

Theorem 6. Under the assumptions of Theorem 4, a stationary point (u, V , C)
solving (5.3.3), (5.3.7) satisfies

V − V ∗ ∈ H6([0, 1]) ↪→ C5([0, 1]),
C − C∗ ∈ H2([0, 1]) ↪→ C1([0, 1]).
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Proof. First of all, the function w = V − V ∗
xx satisfies the Poisson equation

−wxx = β−1
(
eV ux(eV ux − J∗) + eV uxqx

)
∈ L2([0, 1]),

with homogeneous boundary data, and by standard elliptic regularity we may
conclude that w ∈ H2([0, 1]). Taking into account that eV ux is constant, we
obtain that

∂j+2w

∂xj+2
= −eV ux

∂j+1q

∂xj+1
,

for j ≥ 0.
Due to (5.3.7) we have

∂2q

∂x2
= −V xqx − V x(eV ux − J∗) ∈ L2([0, 1]),

∂3q

∂x3
= −V xqxx − V xxqx − V xx(eV ux − J∗) ∈ L2([0, 1]),

and as a consequence we obtain that q ∈ H3([0, 1]), w ∈ H4([0, 1]), and hence,
V − V ∗ ∈ H6([0, 1]) ↪→ C5([0, 1]).

Finally, from the Poisson equation we deduce

∂j

∂xj
(C − C∗) =

∂j

∂xj

(
λ2W − eV u + eV ∗

u∗
)
∈ L2([0, 1]).

for j = 0, 1, 2, and thus, (C − C∗) ∈ H2([0, 1]). �

Note that in this case we also obtain H6-regularity of the design variable
with a rather weak penalization term on W in the L2-norm. If we were to
use the H1-norm of W for the penalty instead, this would even imply H8-
regularity of V − V ∗. For the change in the doping profile C − C∗ we cannot
obtain higher regularity than H2, since this would enforce the existence of
higher than second derivatives of V and V ∗, or, due to the Poisson equation,
the existence of derivatives for C and C∗, which we do not assume here.

5.3.2 Asymptotic behavior

In the following we investigate the two different limits for the parameters α
and β, namely convergence to zero and infinity, respectively

Large parameters

The limit of the parameters α and β tending to infinity is the easier case. It
seems obvious that the solutions of the optimization problem (5.3.1) or (5.3.2)
subject to (5.3.3) converge to the prior (u∗, V ∗, C∗). From the structure of the
objective we can prove that this convergence occurs with rate O(α−1/2) and
O(β−1/2), respectively.
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Theorem 7. Let α > 0 and J∗ ∈ R. Moreover, denote by (uα, V α, Cα) the
unique solution of the optimization problems (5.3.1), (5.3.2) for fixed α. Then
there exists a positive real constant M such that

‖V α − V ∗‖H3 + ‖uα − u∗‖H1 + ‖Cα − C∗‖H1 ≤ M√
α
,

for α sufficiently large. In particular, (uα, V α, Cα)→ (u∗, V ∗, C∗).

Proof. From(5.3.1) we immediately obtain

‖eV α

uα
x − J∗‖2L2 + α‖Cα − C∗‖2H1 ≤ ‖eV ∗

u∗
x − J∗‖2,

and thus,

‖Cα − C∗‖H1 ≤ M0√
α
.

From the well-posedness of the drift-diffusion model for unipolar diodes
[MRS90, GS92] we may conclude that

‖V α − V ∗‖2H1 + ‖uα − u∗‖ ≤ γ‖Cα − C∗‖H1 ≤ γ
M0√
α
,

for some constant γ > 0 independent of α. Finally, from the Poisson equation
we deduce with the above H1-estimates that

∂j+2

∂xj+2
(V α − V ∗)

= λ−2 ∂j

∂xj

(
eV α

(uα − u∗) + (eV α − eV ∗
)u∗ + (Cα − C∗)

)
∈ L2([0, 1]),

for j = 0, 1, and from the above estimates on the H1-norms we can also
conclude that

‖V α − V ∗‖H3 ≤ M1√
α
,

for some constant M1, which completes the proof. �

An analogous result holds for the limit β →∞ in the minimization of Hβ .

Theorem 8. Let β > 0 be sufficiently large, J∗∈ R, and denote by (uβ ,V β ,Cβ)
the unique minimizer of (5.3.2), (5.3.3) for fixed β. Then there exists a con-
stant M > 0 such that

‖V β − V ∗‖H2 + ‖uβ − u∗‖H1 + ‖Cβ − C∗‖L2 ≤ M√
β
.

Proof. As in the proof of Theorem 7 we may deduce that

‖eV β

uβ
x − J∗‖2L2 + β‖V β

xx − V ∗
xx‖2L2 ≤ ‖eV ∗

u∗
x − J∗‖2,
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which implies by standard reasoning that

‖V β − V ∗‖H2 ≤ M0√
β
,

for some constant M0. Since∫ 1

0

eV ∗ |uβ
x − u∗|2 dx =

∫ 1

0

(eV ∗ − eV β

)uβ
x(uβ

x − u∗) dx,

we may conclude from the Cauchy–Schwarz inequality and the uniform bound-
edness of uβ

x that

‖uβ − u∗‖H1 ≤ γ‖V β − V ∗‖H2 ≤ γ
M0√
β
,

for some constant γ. Finally, the estimate for ‖Cβ − C∗‖L2 follows from

Cβ − C∗ = λ2(V β
xx − V ∗

xx)− eV ∗
(uβ − u∗) + (eV ∗ − eV β

)uβ

and a standard Lipschitz estimate. �

Small parameters

We shall now turn our attention to the limit case of α → 0 and β → 0,
respectively, where we may expect that eV u→ J∗. In order to obtain further
insight, we directly start with the limit problem, which is the same for α = 0
and β = 0. One might expect that the limit is determined by the equation

eV 0
u0

x = J∗ (5.3.9)

subject to (5.3.3), for which one has to expect an infinite number of solutions.
Taking into account the fact that we actually want to compute an optimal
design that is as close as possible to the original one, a more suitable limit
problem for (5.3.1), (5.3.3) is given by

1
2
‖C − C∗‖2H1 → min

(u,V,C)
, (5.3.10)

subject to (5.3.3), (5.3.9). In an analogous way we define a limit problem for
(5.3.2), (5.3.3) as

1
2
‖Vxx − V ∗

xx‖2L2 → min
(u,V,C)

, (5.3.11)

subject to (5.3.3), (5.3.9).
We first make sure that the feasible set of these problems defined by (5.3.3),

(5.3.9) is nonempty.
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Lemma 1. Let V ∈ H2([0, 1]) satisfy∫ 1

0

e−V dx =
uD(1)− uD(1)

J∗ �= 0 (5.3.12)

as well as the boundary conditions

V = V ∗, Vxx = V ∗
xx in {0, 1}.

Then, there exists u ∈ H1([0, 1]) and C ∈ L2([0, 1]) such that (5.3.3) and
(5.3.9) hold. Moreover, C ∈ H1([0, 1]) if V ∈ H3([0, 1]) and C∗ ∈ H1([0, 1]).

Proof. For V satisfying the above conditions, there exists a unique weak so-
lution u ∈ H1([0, 1]) of the elliptic equation

(eV ux)x = 0 in (0, 1)

with boundary values u = uD in {0, 1}. Moreover, there exists a unique doping
profile C ∈ L2([0, 1]) defined via

C = C∗ − λ2(Vxx − V ∗
xx) + eV u− eV ∗

u∗.

Since the derivative of the last two terms involves only first derivatives of
the variables, which exist anyway under the above assumptions, we obtain
C ∈ H1([0, 1]) if V ∈ H3([0, 1]) and C∗ ∈ H1([0, 1]).

Now let J := eV ux, which is a constant in (0, 1). Then, from (5.3.12) we
deduce that

uD(1)− uD(0) =
∫ 1

0

ux dx = J

∫ 1

0

e−V dx

=
J

J∗ (uD(1)− uD(0)),

and hence, J = J∗. From the above construction we observe that (5.3.3) and
(5.3.9) hold, which completes the proof. �

This result indicates that at least for a reasonable range of parameters, it
should be possible to find a solution of (5.3.3), (5.3.9). Indeed, we shall show
that this range is determined by the signs of uD(1)− uD(0) only.

Theorem 9. Let uD(1)−uD(0) > 0 (< 0, respectively). Then the feasible set
determined by (5.3.3) and (5.3.9) is nonempty for each J∗ > 0 (< 0).

Proof. Due to Lemma 1, it suffices to find a V ∈ H3([0, 1]) satisfying the
boundary conditions and (5.3.12). Since the right-hand side in this relation
does not change when we change the sign of both (uD(1) − uD(0)) and J∗,
we may restrict our attention to the case of both being positive. Let Ṽ be a
function in H3([0, 1]) that satisfies the boundary conditions in (5.3.3), e.g.,
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a polynomial of order three. Moreover, let W ∈ H3([0, 1]) be a nonnegative
function with compact support and W ≡ 1 for x ∈ [ 14 ,

3
4 ]. We define Vt =

Ṽ + tW for t ∈ R, and

I(t) :=
∫ 1

0

e−Vt dx.

It is easy to see that I is a continuous function and

lim
t→−∞ I(t) = 0, lim

t→+∞ I(t) =∞,

and hence R+ is included in the range of the function I. Consequently, we
can obtain a feasible point of (5.3.3), (5.3.9) for each J∗ ∈ R+ (by choosing t
such that I(t) = J∗). �

Due to the above result we shall assume in the following that (uD(1) −
uD(0))J∗ > 0, such that there exists a feasible point of the limit problem.

We shall consider the limit problem of minimizing

1
2
‖Vxx − V ∗

xx‖2L2 → min
V ∈H2([0,1])

(5.3.13)

subject to (5.3.12) and the boundary conditions in (5.3.3). Since the feasible
set is nonempty and weakly closed under the above conditions, we may con-
clude the existence of a minimizer. Due to standard first-order optimality, the
minimizer V satisfies ∫ 1

0

(V xx − V ∗
xx)Wxx dx = 0

for all W ∈ H2([0, 1]) with homogeneous boundary values and∫ 1

0

e−V W dx = 0.

For arbitrary W we can find a decomposition of the form W = μW0 + (W −
μW0) for a fixed element W0 satisfying∫ 1

0

e−V W0 dx �= 0

and

μ =

∫ 1

0
e−V W dx∫ 1

0
e−V W0 dx

.

Thus, we have ∫ 1

0

(V xx − V ∗
xx)Wxx dx− p0

∫ 1

0

eV W dx = 0,
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for arbitrary W ∈ H2([0, 1]) with homogeneous boundary values, and the
Lagrange multiplier

p0 =

∫ 1

0
e−V W dx∫ 1

0
(V xx − V ∗

xx)(W0)xx dx
.

That means, V is a weak solution of the fourth-order equation

(Vxx − V ∗
xx)xx = p0 e−V .

As a consequence, we can derive the following result on the existence of La-
grange multipliers for the limit problem.

Proposition 3. Let (uD(1)−uD(0))J∗ > 0, and let (V , u, C) be a minimizer
of (5.3.13) subject to (5.3.3), (5.3.9). Then there exist Lagrangian variables

(p, q, r) ∈ H1
0 ([0, 1])×H1([0, 1])× L2([0, 1]),

such that
L′(u, V , C; p, q, r) = 0,

for the Lagrangian

L(u, V, C; p, q, r)

=
1
2
‖Vxx − V ∗

xx‖2L2 +
∫ 1

0

(
eV(uxpx + uxq)− J∗q + λ2Vxrxe

V ur − Cr
)
dx.

Moreover, p = r = 0.

Proof. Let q = − p0
J∗ e

−V , with p0 and V as above, and let p = r = 0. Then we
obtain

∂

∂u
L(u, V , C; p, q, r) = −(eV px + eV q)x + eV r =

( p0

J∗
)

x
= 0

∂

∂V
L(u, V , C; p, q, r) = (V xx − V ∗

xx)xx + eV uxq + eV uxpx − λ2rxx + eV ur

= (V xx − V ∗
xx)xx − p0e

−V = 0
∂

∂C
L(u, V , C; p, q, r) = −r = 0.

Since (u, V , C) satisfies the constraints (5.3.3) and (5.3.9) the derivatives
with respect to the Lagrangian variables vanish, too, and thus

L′(u, V , V ; p, q, r) = 0.

�

The existence of Lagrange multipliers for the limit problem allows us to
derive a quantitative convergence result for β → 0.
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Theorem 10. Let (βk) be a sequence of positive numbers converging to zero,
and let (uk, Vk, Ck) be a sequence of minimizers of (5.3.2), (5.3.3). Then there
exists a subsequence converging to a minimizer (u, V , V ) of (5.3.13), (5.3.3).
Moreover, each such subsequence (without restriction of generality (uk, Vk, Ck)
itself) satisfies

‖Vk − V ‖H2 + ‖uk − u‖H1 + ‖Ck − C‖L2 ≤ m
√

βk, (5.3.14)

for some constant m ∈ R+. Moreover, the fitting term satisfies

‖eVk(uk)x − J∗‖L2 ≤ m0βk

for some constant m0 ∈ R+.

Proof. Due to the existence of Lagrangian variables (p, q, r) we obtain that

L(u, V , C; p, q, r) ≤ L(uk, Vk, Ck; p, q, r)

and because p = r = 0, this implies

1
2
‖V xx − V ∗

xx‖2L2 ≤
1
2
‖(Vk)xx − V ∗

xx‖2L2 +
∫ 1

0

q(eVk(uk)x − J∗) dx

≤ 1
2
‖(Vk)xx − V ∗

xx‖2L2 + ‖q‖L2‖eVk(uk)x − J∗‖L2 .

On the other hand, since (Vk, uk, Ck) is a minimizer of (5.3.2), (5.3.3) with
β = βk, we have

1
2
‖(Vk)xx − V ∗

xx‖2L2 +
1
βk
‖eVk(uk)x − J∗‖2L2 ≤

1
2
‖V xx − V ∗

xx‖2L2 .

By combining these estimates, we may conclude that

‖eVk(uk)x − J∗‖L2 ≤ βk‖q‖L2 ,

and subsequently∣∣‖V xx − V ∗
xx‖2L2 − ‖(Vk)xx − V ∗

xx‖2L2

∣∣ ≤ 2βk‖q‖L2 .

Thus,

‖V xx − (Vk)xx‖2L2 = ‖V xx − V ∗
xx‖2L2 − ‖(Vk)xx − V ∗

xx‖2L2

−2
∫ 1

0

(V xx − (Vk)xx)(V xx − V ∗
xx) dx

≤ 2βk‖q‖L2 − 2
∫ 1

0

eV (V − Vk)uxq dx

= 2βk‖q‖L2 + 2p0

∫ 1

0

e−V (V − Vk) dx = 2βk‖q‖L2 ,
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where we have used q = − p0
J∗ e

−V and J∗ = eV ux in the last identity. From the
first-order optimality for the limit problem the second term on the right-hand
side vanishes and hence,

‖V xx − (Vk)xx‖L2 ≤
√

2‖q‖L2βk.

The estimate (5.3.14) follows from Poincaré inequalities and standard stability
estimates for the equations in (5.3.3). �

5.4 Numerical solution of the optimization problems

Numerical algorithms for the solution of (5.2.4) are either based on a steep-
est descent approach or on the solution of the first-order optimality condi-
tion given by (5.2.1), (5.2.2) and (5.2.5)–(5.2.7) via Newton’s method (cf.
[HP05, HP06]). The same approaches might be used for the minimization
problem (5.2.10), but due to the special structure of the first-order optimality
condition one might use a variant of the well-known Gummel iteration instead
(cf. [BP03]). All three approaches are discussed in the following, and numeri-
cal examples for the optimal dopant profiling of an unsymmetric np-diode are
presented, where the underlying model equations are given by the stationary
bipolar drift-diffusion equations without generation-recombination terms (cf.
[MRS90]). Stated on the interval Ω = (0, 1) the scaled bipolar model reads

Jn = (nx − nVx) , Jp = − (px + p Vx) , (5.4.1)
∂xJn = 0, ∂xJp = 0, (5.4.2)

−λ2Vxx = C − n + p. (5.4.3)

Here, we have only considered regimes in which we can assume the Einstein
relations

Dn = UT μn, Dp = UT μp,

where UT = kB T/q is the thermal voltage of the device and T denotes its
temperature and kB the Boltzmann constant.

This system is supplemented with the following boundary conditions:

n = nD, p = pD, V = VD in {0, 1} ,

where nD, pD, VD are the H1(0, 1)-extensions of

nD =
C +

√
C2 + 4 δ4

2
, pD =

−C +
√
C2 + 4 δ4

2
, (5.4.4)

VD = − log
(nD

δ2

)
+ U, (5.4.5)

where δ2 = ni/Cm denotes the scaled intrinsic density.
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5.4.1 Gradient-based methods

The formulation of a gradient-based steepest descent method for the optimiza-
tion problem (5.2.4) relies on the introduction of the reduced cost functional
Ĝα(C) := Gα(V (C), ρ(C), C), where (V (C), ρ(C)) is the solution of (5.2.1),
(5.2.2). Clearly, this is only possible if the nonlinear system admits a unique
solution. For the unipolar diodes in one spatial dimension, as discussed in
Section 3, this holds due to a result in [GS92] for the stationary drift-diffusion
model. In general, we can expect the uniqueness only near to the thermal
equilibrium state, i.e., for small applied biasing voltages.

The gradient algorithm for the reduced cost functional Ĝα reads (cf.
[HP05]):

1. Choose an admissible C0.
2. For k = 1, 2, . . . compute

Ck = Ck−1 − δkĜ
′
α(Ck−1).

The step size δk is computed by an exact one-dimensional line search

δk = argminδ Ĝα

(
Ck−1 − δĜ′

α(Ck−1)
)
,

and the algorithm is terminated if the relative error ‖Ĝ′
α(Ck)‖/‖Ĝ′

α(C0)‖ is
less than a specified error tolerance.

The evaluation of Ĝ′
α requires the solution of the nonlinear state system

(5.2.1), (5.2.2) as well as a solution of the linear adjoint system (5.2.5), (5.2.6).
Hence, each gradient step yields a feasible point. Compared with black-box
optimization we have the advantage that this algorithm is independent of the
number of discrete design variables given by a suitable discretization of C.

Nevertheless, one has to admit that the main part of the numerical work is
hidden in the line search, since each evaluation of the reduced cost functional
also requires the solution of the nonlinear state system. Instead of the exact
line search one could use here, e.g., Armijo’s rule, which will still give sufficient
decrease of the cost functional to ensure convergence.

To get an impression of the performance of the algorithm we present in
Figure 5.1 the optimized doping profiles for an unsymmetric np-diode where
the observation is given by

R(Jn · ν|Γ , Jp · ν|Γ ) =
1
2

∣∣∣∣∫
Γ

Jn · ν ds− I∗n

∣∣∣∣2 +
1
2

∣∣∣∣∫
Γ

Jp · ν ds− I∗p

∣∣∣∣2
and the state system is given by the standard drift-diffusion model without
generation-recombination terms. This allows us to adjust the electron and hole
current separately. In particular, we present the optimized doping profiles for
different choices of I∗n, I

∗
p , i.e., we are seeking an amplification of either the

hole current (I∗n = J∗
n, I∗p = 1.5 · J∗

p ) or of the electron current (I∗n = 1.5 · J∗
n,
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Fig. 5.1. Optimized doping profiles for
different design goals.

Fig. 5.2. Number of evaluations of Ĝα

per gradient step.

I∗p = J∗
p ) or of both of them (I∗n = 1.5 · J∗

n, I∗p = 1.5 · J∗
p ) by 50%. To get an

impression of the overall performance of the method we also have to consider
the nonlinear solves needed for the exact one-dimensional line search. These
are presented in Figure 5.2, and one realizes that this is indeed the numerically
most expensive part.

5.4.2 Newton methods

Newton-type methods for the solution of the optimization problem (5.2.4)
are mainly based on the direct solution of the first-order optimality condition
given by (5.2.1), (5.2.2) and (5.2.5)–(5.2.7) or, with the help of the Lagrangian,

L′(V, ρ, C; p, q) = 0.

This coupled nonlinear system is then solved iteratively using its Jacobian
L′′(V, ρ, V ; p, q), which formally reads

L′′(V, ρ, C; p, q) =⎡⎣Gα,xx(x,C) + 〈exx(x,C)(·, ·), (p, q)〉 0 ex(x,C)∗

0 Gα,CC(x,C) eC(x,C)∗

ex(x,C) eC(x,C) 0

⎤⎦ ,
where we used for brevity the notation x = (V, ρ) and the operator e is
defined via e(x,C) =

(
F (v, ρ),−λ2ΔV −Q(ρ)− C

)
. Further, for notational

convenience we define the state-control pair y
def= (x,C).

If the state system admits a unique solution, we can again introduce the
reduced cost functional Ĝα(C) def= Gα(x(C), C), where x(C) is determined by
e(x(C), C) = 0. The derivative of the reduced cost functional is given by

Ĝ′
α(C) = Gα,C(y(C)) + e∗C(y(C))(p, q), (5.4.6)
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where (p, q) solves the adjoint equations (5.2.5), (5.2.6). We recall that unique
solvability of e(x,C) = 0 is ensured for devices operated near thermal equi-
librium, i.e., for devices with small applied biasing voltages or for the one-
dimensional unipolar diode.

Now we derive Newton’s method for the solution of

Ĝ′
α(C) = 0,

which has the advantage that we have at each iteration level a feasible solution
for the state equation. We introduce the operator

T (y) def=
[
−e−1

x (y)eC(y)
IdC

]
.

Then, for given Lagrange multipliers (p, q) the reduced Hessian is defined by

H(y; p, q) def= T ∗(y)Lyy(y; p, q)T (y), (5.4.7)

and it holds that

H(y) = Gα,CC(y)

+ e∗C(y)e−∗
x (y) · {Gα,xx(y)(·, ·) + 〈exx(y)(·, ·), (p, q)〉} e−1

x (y)eC(y).

Then, the Newton algorithm reads as follows:

Let an admissible C0 be given.
(i) Set k = 0 and C0 = C0.
(ii) Do while the stopping criterion is violated

(1) Set yk = (x(Ck), Ck) and (pk, qk) = −e−∗
x (yk)Gα,x(yk)

(2) Solve H(yk; pk, qk)δCk = −Ĝ′
α(Ck)

(3) Set Ck+1 = Ck + δCk, k = k + 1
(iii) C∗ def= Ck, y∗ def= yk, STOP.

Remark 1. We note that due to the structure of the reduced Hessian the New-
ton system in step (ii)(2) has to be solved iteratively using, e.g., a conjugate
gradient method. Let us refer to this as the inner iteration. To provide the
right-hand side in (ii)(2) one has to solve the nonlinear state system (5.2.1),
(5.2.2) for xk = (V k, ρk), and one needs to solve the adjoint system (5.2.5),
(5.2.6) for (pk, qk). These are all ingredients for the calculation of Ĝ′

α from
(5.4.6).

Every application of H(yk; pk, qk) in the jth inner iteration amounts to
two linear solves, namely

vk
j = e−1

x (yk)eC(yk)δCk
j

and

wk
j = e∗C(yk)e−∗

x (yk)
{
Gα,xx(yk) + 〈exx(yk)(vk

j , v
k
j ), (pk, qk)〉

}
.
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Fig. 5.3. Dependence of the residual on
q.

Fig. 5.4. Dependence of the CG itera-
tion on q.

Let us come back to our previous numerical example to get more insight
into the behavior of the algorithm. We tried to achieve an increase of the
electron and hole current by 50% for the unsymmetric np-diode via optimal
dopant profiling (for details we refer to [HP06]).

The conjugate gradient algorithm in the inner loop was terminated when
the norm of the gradient became sufficiently small; to be more precise, in the
jth conjugate gradient step for the computation of the update in the Newton
step k we stop if the residual rk

j satisfies

‖rk
j ‖

‖Ĝ′
α(C0)‖

≤ min

{(
‖Ĝ′

α(Ck)‖
‖Ĝ′

α(C0)‖

)q

, p
‖Ĝ′

α(Ck)‖
‖Ĝ′

α(C0)‖

}
or j ≥ 100. (5.4.8)

Note that q ∈ (1, 2) determines the convergence order of the outer Newton
algorithm. The value of p ∈ (0, 1) is important for the first step of Newton’s
method, as for k = 0 the norm quotients are all 1; for later steps, the influence
of q becomes increasingly dominant. In Figure 5.3 the decrease of the residual
is depicted for different values of q = 1, 1.5, or 2. As predicted by the general
theory [Kel95] one gets linear, superlinear, and quadratic convergence. Clearly,
the parameter q strongly influences the number of conjugate gradient steps,
which can be seen from Figure 5.4. While in the linear case (q = 1) we have
an almost constant amount of CG steps in each each iteration, we get, as
expected, a drastic increase towards the end of the iteration for the quadratic
case (q = 2). Hence, the overall numerical effort in terms of CG steps is, despite
the quadratic convergence, much larger compared to the relaxed stopping
criterion, which only yields linear convergence!

5.4.3 Gummel iterations

Finally, we turn our attention to the minimization problem (5.2.10). Clearly,
here one can also employ the previously discussed methods. But to exploite
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the special structure of the optimality system it is favorable to use a differ-
ent iterative method in the spirit of the well-known Gummel iteration for
the solution of the nonlinear state system [BP03]. Using a lower triangular
approximation of the optimality system, we start with a potential V , and
subsequently the continuity equation (5.2.2) with the given potential V for ρ.
With given potential V and given ρ, we solve the adjoint equations (5.2.11),
(5.2.12) to obtain the Lagrangian variables p and q. Finally, we can perform a
gradient step with respect to the design variable V using the optimality equa-
tion (5.2.13). Due to the simple structure of this equation, it seems reasonable
to discretize the Laplace term in an implicit way and, thus, to solve

−β(Vxx − V ∗
xx)xx + τ(Vxx − V ∗

xx) = τ(V old
xx − V ∗

xx)− eV uxpx + e−V vxqx,
(5.4.9)

for an appropriately chosen damping parameter τ . All together, we can write
this iteration in the following form:

1. Choose an admissible V 0.
2. For k = 1, 2, . . . solve consecutively

∂x(eV k

∂xu
k) = 0

∂x(e−V k

∂xv
k) = 0

∂x(eV k

∂xp
k) = 0

∂x(e−V k

∂xq
k) = 0

−β(V k
xx − V ∗

xx)xx + τ(V k
xx − V ∗

xx) = τ(V k−1
xx − V ∗

xx)− eV k

uk
xp

k
x + e−V k

vk
xq

k
x.

The corresponding value of the doping profile can be computed indepen-
dently by

Ck − C∗ = −λ2(V k
xx − V ∗

xx)xx + nk − n∗ − pk + p∗, (5.4.10)

where nk = eV k

uk and pk = e−V k

vk.
Finally, we apply this algorithm to our numerical test case, where we

want to have an increase of the overall current by 50%. But now, we want to
optimize a symmetric np-diode.

The optimal doping profile is depicted in Figure 5.5. But more interesting
is the evolution of the cost function, which is shown in Figure 5.6. The ob-
jective functional and the observation are reduced in a few iterations. Even
if more iterations are necessary, one needs to appreciate this Gummel-like al-
gorithm, since its overall performance is again independent of the number of
discrete design parameters and, due to its iterative structure, it is a straight-
forward extension of the Gummel method. Hence, it is easy to incorporate
into existing device simulation codes. Moreover, the numerical performance
of this optimization algorithm is optimal, since we need in fact only two Gum-
mel iterations for the solution of the minimization problem, i.e., the numerical
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Fig. 5.5. Optimized doping profile. Fig. 5.6. Evolution of the cost func-
tional.

complexity is double compared with a forward solve for the nonlinear state
system. Note that, on the other hand, here the algorithm is not feasible on
each iteration level.
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6.1 Introduction

The mathematical model

The starting point of the mathematical model discussed in this chapter is the
system of drift diffusion equations (see (6.2.1a)–(6.2.1f) below). This system of
equations, derived more than fifty years ago [vRo50], is the most widely used
to describe semiconductor devices. For the current state of technology, this
system represents an accurate compromise between efficient numerical solv-
ability of the mathematical model and realistic description of the underlying
physics [Mar86, MRS90, Sel84].

The name drift diffusion equations of semiconductors originates from the
type of dependence of the current densities on the carrier densities and the
electric field. The current densities are the sums of drift terms and diffusion
terms. It is worth mentioning that, with the increased miniaturization of semi-
conductor devices, one comes closer and closer to the limits of validity of the
drift diffusion equation. This is due to the fact that in ever-smaller devices the
assumption that the free carriers can be modeled as a continuum becomes in-
valid. On the other hand, the drift diffusion equations are derived by a scaling
limit process, where the mean free path of a particle tends to zero.

The inverse problems

This chapter is devoted to the investigation of inverse problems related to drift
diffusion equations modeling semiconductor devices. In this context we analyze
several inverse problems related to the identification of doping profiles. In all
these inverse problems the parameter to be identified corresponds to what is
called the doping profile. Such a profile enters as a functional parameter in a
system of partial differential equations (PDEs). However, the reconstruction
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problems are related to data generated by different types of measurement
techniques.

Identification problems for semiconductor devices, although of increasing
technological importance, seem to be poorly understood so far. In the inverse
problem literature there has been increasing interest in the identification of a
position dependent function C = C(x) representing the doping profile, i.e., the
density difference of ionized donors and acceptors. These are the inverse dop-
ing profile problems. See, for example, [BELM04, BEMP01, BEM02, LMZ05,
FI92, FIR02, FI94, BFI93] and references therein.

In some cases, e.g., the p-n diode, it may be assumed that the function
C is piecewise constant over the device. In this case, the problem reduces to
identifying the curves (or surfaces) between the subdomains where doping is
constant. Particularly important are the curves separating subdomains where
the doping profile assumes constant values of different signs. These curves are
called p-n junctions (see Section 6.2 for details). In the ion implantation tech-
nique, the most important technique for manufacturing silicon devices, only
a rough estimate of the doping profile can be obtained by process modelling
(see, e.g., [Sel84]). An efficient alternative to determine the real doping profile
is the use of reconstruction methods from indirect data.

Another relevant inverse problem concerns identifying the transistor con-
tact resistivity of planar electronic devices, such as MOSFETs (metal oxide
semiconductor field-effect transistors); see [FC92]. It is shown that a one-point
boundary measurement of the potential is sufficient to identify the resistivity
from a one-parameter monotone family, and such identification is both stable
and continuously dependent on the parameter. Because of the device minia-
turization, it is impossible to measure the contact resistivity in a direct way to
satisfactory accuracy. There are extensive experimental and simulation stud-
ies for the determination of contact resistivity by certain accessible boundary
measurements.

Yet another inverse problem is that of determining the contact resistivity
of a semiconductor device from a single voltage measurement [BF91]. It can
be modeled as an inverse problem for the elliptic differential equation ΔV −
pχ(S)u = 0 in Ω ⊂ R2, ∂V/∂n = g ≥ 0 but g �≡ 0 on ∂Ω, where V (x) is the
measured voltage, and S ⊂ Ω and p > 0 are unknown. In [BF91], the authors
consider the identification of p when the contact location S is also known.

Outline of the chapter

In Section 6.2 we introduce and discuss relevant properties of the main mathe-
matical models: the (transient and stationary) systems of drift diffusion equa-
tions. In Section 6.3 we derive, from the drift diffusion equations, some spe-
cial stationary and transient models, which will serve as mathematical back-
ground to the formulation the inverse doping profile problems. In Section 6.4
we formulate several inverse problems, which relates to specific measurement
procedures for the voltage-current map (namely pointwise measurements of
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the current density and current flow measurements through a contact) as well
as to specific model idealizations. In Section 6.5 we present a short descrip-
tion of techniques from the theory of inverse problems that is used to handle
the doping profile identification problem described in the other sections. In
Section 6.6 we present numerical experiments for some models concerning
the inverse doping profile problem for the stationary linearized unipolar and
bipolar cases.

6.2 Drift diffusion equations

6.2.1 The transient model

The basic semiconductor device equations in the transient case consist of
the Poisson equation (6.2.1a), the continuity equations for electrons (6.2.1b)
and holes (6.2.1c) and the current relations for electrons (6.2.1d) and holes
(6.2.1e). For some applications, in order to account for thermal effects in
semiconductor devices, it is also necessary to add to this system the heat flow
equation (6.2.1f).

div(ε∇V ) = q(n− p− C) in Ω × (0, T ) (6.2.1a)
div Jn = q(∂tn + R) in Ω × (0, T ) (6.2.1b)
div Jp = q(−∂tp−R) in Ω × (0, T ) (6.2.1c)

Jn = q(Dn∇n− μnn∇V ) in Ω × (0, T ) (6.2.1d)
Jp = q(−Dp∇p− μpp∇V ) in Ω × (0, T ) (6.2.1e)

ρ c ∂tT −H = div k(T )∇T in Ω × (0, T ) . (6.2.1f)

This system is defined in Ω × (0, T ), where Ω ⊂ Rd (d = 1, 2, 3) is a do-
main representing the semiconductor device. Here V denotes the electrostatic
potential (−∇V is the electric field E), n and p are the concentration of
free carriers of negative charge (electrons) and positive charge (holes) respec-
tively and Jn and Jp are the densities of the electron and the hole current
respectively. Dn and Dp are the diffusion coefficients for electrons and holes
respectively. μn and μp denote the mobilities of electrons and holes respec-
tively. The positive constants ε and q denote the permittivity coefficient (for
silicon) and the elementary charge.

The function R has the form R = R(n, p, x)(np − n2
i ) and denotes the

recombination-generation rate (ni is the intrinsic carrier density). The bandgap
is relatively large for semiconductors (the gap between the valence and con-
duction bands), and a significant amount of energy is necessary to transfer
electrons from the valence and to the conduction band. This process is called
generation of electron-hole pairs. The reverse process corresponds to the trans-
fer of a conduction electron into the lower energy valence band. This process is
called recombination of electron-hole pairs. In our model these phenomena are
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described by the recombination-generation rate R. Frequently adopted in the
literature are the Shockley–Read–Hall model (RSRH) and the Auger model
(RAU ). They are defined by

RSRH
def=

1
τp(n + ni) + τp(p + ni)

, RAU
def= (Cnn + Cpp) ,

where Cn, Cp, τn and τp are positive constants whose physical values are listed
in Table A.1 of the Appendix.

The function T represents the temperature and the constants ρ and c
denote the specific mass density and specific heat of the material respectively.
Furthermore, k(T ) and H denote the thermal conductivity and the locally
generated heat. Equation (6.2.1f) was presented here only for the sake of
completeness of the model and shall not be considered in the subsequent
development.

The function C(x) models a preconcentration of ions in the crystal, so
C(x) = C+(x) − C−(x) holds, where C+ and C− are concentrations of neg-
ative and positive ions respectively. In those subregions of Ω for which the
preconcentration of negative ions predominates (p-regions), we have C(x) < 0.
Analogously, we define the n-regions, where C(x) > 0 holds. The boundaries
between the p-regions and n-regions (where C changes sign) are called p-n
junctions.

In the sequel we turn our attention to the boundary conditions. We as-
sume the boundary ∂Ω of Ω to be divided into two nonempty disjoint parts:
∂Ω = ∂ΩN ∪ ∂ΩD. The Dirichlet part of the boundary ∂ΩD models the
ohmic contacts, where the potential V as well as the concentrations n and
p are prescribed. The Neumann part ∂ΩN of the boundary corresponds to
insulating surfaces, thus a zero current flow and a zero electric field in the
normal direction are prescribed. The Neumann boundary conditions for sys-
tem (6.2.1a)–(6.2.1e) read

∂V

∂ν
(x, t) =

∂n

∂ν
(x, t) =

∂p

∂ν
(x, t) = 0 , ∂ΩN × [0, T ] . (6.2.2)

Moreover, at ∂ΩD × [0, T ], the following Dirichlet boundary conditions are
imposed:

V (x, t) = VD(x, t) = U(x, t) + Vbi(x) = U(x, t) + UT ln(nD(x)/ni)

n(x, t) = nD(x) =
1
2

(
C(x) +

√
C(x)2 + 4n2

i

)
(6.2.3)

p(x, t) = pD(x) =
1
2

(
−C(x) +

√
C(x)2 + 4n2

i

)
.

Here, the function U(x, t) denotes the applied potential and UT is the thermal
voltage. We shall consider the simple situation ∂ΩD = Γ0 ∪Γ1, which occurs,
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e.g., in a diode. The disjoint boundary parts Γi, i = 0, 1, correspond to distinct
contacts. Differences in U(x) between different segments of ∂ΩD correspond
to the applied bias between these two contacts. The constant UT represents
the thermal voltage. Moreover the initial conditions n(x, 0) ≥ 0, p(x, 0) ≥ 0
have to be imposed.

We conclude this subsection by discussing the solution theory for the tran-
sient drift diffusion system (6.2.1a)–(6.2.1e), (6.2.2), (6.2.3).4 Twenty years
ago, the existence and uniqueness of global in time solutions for the transient
drift diffusion equations were demonstrated by Gajewski in [Gaj85]. Under
the assumption that the doping profile satisfies C ∈ Lr(Ω) for d ≤ r ≤ 6, it
is shown that

(V − VD, n− nD, p− pD) ∈W
def={

C([0, T ];H2
0 (Ω)) ∩ L2([0, T ];W 2,r

0 (Ω)) ∩H1([0, T ]; W̃ )
}
× ˜̃W × ˜̃W ,

(6.2.4)

where W̃
def= {w ∈ H1(Ω); w|∂ΩD

= 0} and

˜̃
W

def= C([0, T ];L2(Ω)) ∩ L2([0, T ]; W̃ ) ∩H1([0, T ]; W̃ ∗) .

In the special one-dimensional case Ω = (0, L), the following stronger
result is proved.

Lemma 1. Let the doping profile satisfy C ∈ Lr(Ω), for d ≤ r ≤ 6. If the
mobilities μn and μp are in L∞(Ω), then every solution (V, n, p) of the tran-
sient drift diffusion equations (6.2.1a)–(6.2.1e), (6.2.2) and (6.2.3) satisfies
(6.2.4). Moreover,

(V, n, p) ∈ C([0, T ];H2(Ω)) ∩ C([0, T ];W 1,∞(Ω))2.

6.2.2 The stationary model

In this subsection we turn our attention to the stationary drift diffusion equa-
tions. We neglect the thermal effects and assume further ∂n

∂t = ∂p
∂t = 0.

Thus, the stationary drift diffusion model is derived from (6.2.1a)–(6.2.1e) in
a straightforward way. Next, motivated by the Einstein relations Dn = UTμn

and Dp = UTμp (a standard assumption about the mobilities and diffusion
coefficients), one introduces the Slotboom variables u and v. They are related
to the original n and p variables by the formula

n(x) = ni exp
(
V (x)
UT

)
u(x) , p(x) = ni exp

(
−V (x)
UT

)
v(x) . (6.2.5)

4In order to simplify the model, we neglect thermal effects.
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For convenience, we rescale the potential and the mobilities, i.e., V (x) ←
V (x)/UT , μn ← qUTμn, μp ← qUTμp. Obviously, the current relations now
read Jn = μnni e

V∇u, Jp = −μpni e
−V∇v.

Now we can write the stationary drift diffusion equations in the form

λ2 ΔV = δ2
(
eV u− e−V v

)
− C(x) in Ω (6.2.6a)

div Jn = δ4 Q(V, u, v, x) (uv − 1) in Ω (6.2.6b)
div Jp = −δ4 Q(V, u, v, x) (uv − 1) in Ω (6.2.6c)

V = VD = U + Vbi on ∂ΩD (6.2.6d)
u = uD = e−U on ∂ΩD (6.2.6e)
v = vD = eU on ∂ΩD (6.2.6f)

∇V · ν = Jn · ν = Jp · ν = 0 on ∂ΩN , (6.2.6g)

where λ2 def= ε/(qUT ) is the Debye length of the device, δ2 def= ni and the
function Q is defined implicitly by the relation Q(V, u, v, x) = R(n, p, x).5

One should notice that, due to the thermal equilibrium assumption, it
follows np = n2

i , and the assumption of vanishing space charge density gives
n− p− C = 0, for x ∈ ∂ΩD. This fact motivates the boundary conditions on
the Dirichlet part of the boundary.

It is worth mentioning that, in a realistic model, the mobilities μn and
μp usually depend on the electric field strength |∇V |. In what follows, we
assume that μn and μp are positive constants. This assumption simplifies
the subsequent analysis, allowing us to concentrate on the inverse doping
problems. As a matter of fact, this dependence could be incorporated in the
model without changing the results described in the sequel.

Next, we describe some existence and uniqueness results for the stationary
drift diffusion equations. We start by presenting a classical existence result.

Lemma 2. [MRS90, Theorem 3.3.16] Let κ > 1 be a constant satisfying
κ−1 ≤ uD(x), vD(x) ≤ κ, x ∈ ∂ΩD, and let −∞ < Cm ≤ CM < +∞. Then
for any C ∈ {L∞(Ω); Cm ≤ C(x) ≤ CM , x ∈ Ω}, the system (6.2.6a)–
(6.2.6g) admits a weak solution (V, u, v) ∈ (H1(Ω) ∩ L∞(Ω))3.

Under stronger assumptions on the boundary parts ∂ΩD, ∂ΩN as well
as on the boundary conditions VD, uD, vD, it is even possible to show H2-
regularity for a solution (V, u, v) of system (6.2.6a)–(6.2.6g). For details on
this result we refer the reader to [MRS90, Theorem 3.3.1].

Regarding the uniqueness of solutions of system (6.2.6a)–(6.2.6g), some
results can be obtained if the applied voltage is small (in the norm of
L∞(∂ΩD) ∩H3/2(∂ΩD)).

Lemma 3. [BEMP01, Theorem 2.4] Let the applied voltage U be such
that ‖U‖L∞(∂ΩD)+‖U‖H3/2(∂ΩD) is sufficiently small. Then, system (6.2.6a)–
(6.2.6g) has a unique solution (V, u, v) ∈ (H1(Ω) ∩ L∞(Ω))3.

5Notice that the applied potential also has to be rescaled: U(x) ← U(x)/UT .
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Since the existence and uniqueness of solutions for system (6.2.6a)–(6.2.6g)
can only be guaranteed for small applied voltages, it is reasonable to consider,
instead of this system, its linearized version around the equilibrium point
U ≡ 0. We shall return to this point in the next section, where the voltage-
current map is introduced.

6.3 Special models

In the following subsections we assume several different simplifications of the
drift diffusion models introduced in Section 6.2 and derive some special cases
which will serve as underlying models for the inverse problems investigated in
Section 6.4.

6.3.1 The linearized stationary drift diffusion equations (close to
equilibrium)

We begin this subsection by introducing the thermal equilibrium assumption
for the stationary drift diffusion equations. This is a preliminary step for
deriving a linearized system of stationary drift diffusion equations (close to
equilibrium).

The thermal equilibrium assumption refers to the condition in which the
semiconductor is not subject to external excitations, except for a uniform
temperature, i.e., no voltages or electric fields are applied. We note that,
under the thermal equilibrium assumption, all externally applied potentials
to the semiconductor contacts are zero (i.e., U(x) = 0). Moreover, the thermal
generation is perfectly balanced by recombination (i.e., R = 0).

If the applied voltage satisfies U = 0, one immediately sees that the solu-
tion of system (6.2.6a)–(6.2.6g) simplifies to (V, u, v) = (V 0, 1, 1), where V 0

solves

λ2 ΔV 0 = eV 0 − e−V 0 − C(x) in Ω (6.3.1a)
V 0 = Vbi(x) on ∂ΩD (6.3.1b)

∇V 0 · ν = 0 on ∂ΩN . (6.3.1c)

For some of the models discussed below, we will be interested in the lin-
earized drift diffusion system at equilibrium. Keeping this in mind, we com-
pute the Gateaux derivative of the solution of system (6.2.6a)–(6.2.6g) with
respect to the voltage U at the point U ≡ 0 in the direction h. This directional
derivative is given by the solution (V̂ , û, v̂) of

λ2 ΔV̂ = eV 0
û + e−V 0

v̂ + (eV 0
+ e−V 0

)V̂ in Ω (6.3.2a)

div (μne
V 0∇û) = Q0(V 0, x)(û + v̂) in Ω (6.3.2b)

div (μpe
−V 0∇v̂) = Q0(V 0, x)(û + v̂) in Ω (6.3.2c)
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V̂ = h on ∂ΩD (6.3.2d)
û = −h on ∂ΩD (6.3.2e)
v̂ = h on ∂ΩD (6.3.2f)

∇V 0 · ν = ∇û · ν = ∇v̂ · ν = 0 on ∂ΩN , (6.3.2g)

where the function Q0 satisfies Q0(V 0, x) = Q(V 0, 1, 1, x).

6.3.2 Linearized stationary bipolar case (close to equilibrium)

In this subsection we present a special case, which plays a key role in modeling
inverse doping problems related to current flow measurements.

The discussion is motivated by the stationary voltage-current (V-C) map

ΣC : H3/2(∂ΩD)→ R

U �→
∫

Γ1

(Jn + Jp) · ν ds.

Here (V, u, v) is the solution of (6.2.6) for an applied voltage U . This operator
models practical experiments where voltage-current data are available, i.e.,
measurements of the averaged outflow current density on Γ1 ⊂ ∂ΩD.

The linearized stationary bipolar case (close to equilibrium) corresponds
to the model obtained from the drift diffusion equations (6.2.6) by linearizing
the V-C map at U ≡ 0. This simplification is motivated by the fact that,
due to hysteresis effects for large applied voltage, the V-C map can only be
defined as a single-valued function in a neighborhood of U = 0. Moreover, the
following simplifying assumptions are also taken into account:

A1)The electron mobility μn and hole mobility μp are constant;
A2)No recombination-generation rate is present, i.e., R = 0 (or Q0 = 0).

An immediate consequence of our assumptions is the fact that the Poisson
equation and the continuity equations decouple. Indeed, from (6.3.2) we see
that the Gateaux derivative of the V-C map ΣC at the point U = 0 in the
direction h ∈ H3/2(∂ΩD) is given by the expression

Σ′
C(0)h =

∫
Γ1

(
μn eVbi ûν − μp e

−Vbi v̂ν

)
ds, (6.3.3)

where (û, v̂) solve

div (μne
V 0∇û) = 0 in Ω (6.3.4a)

div (μpe
−V 0∇v̂) = 0 in Ω (6.3.4b)

û = −h on ∂ΩD (6.3.4c)
v̂ = h on ∂ΩD (6.3.4d)
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∇û · ν = ∇v̂ · ν = 0 on ∂ΩN (6.3.4e)

and V 0 is the solution of the equilibrium problem (6.3.1); (see Lemma 4 for
details).

Notice that the solution of the Poisson equation can be computed a pri-
ori, since it does not depend on h. The linear operator Σ′

C(0) is continuous.
Actually, we can prove more: since (u, v) depend continuously in H2(Ω)2 on
the boundary data h in H3/2(∂ΩD), it follows from the boundedness and
compactness of the trace operator γ : H2(Ω) → H1/2(Γ1) that Σ′

C(0) is a
compact operator. The operator Σ′

C(0) maps the Dirichlet data for (û, v̂) to
a weighted sum of their Neumann data and can be compared with the DtN
map in electrical impedance tomography (EIT). See [Bor02, BU02, Nac96].

6.3.3 Linearized stationary unipolar case (close to equilibrium)

The linearized unipolar case (close to equilibrium) corresponds to the model
obtained from the unipolar drift diffusion equations by linearizing the V-C
map at U ≡ 0. In addition to A1) and A2), we further assume:

A3)The concentration of holes satisfies p = 0 (or, equivalently, v = 0 in Ω).

Under those assumptions, the Gateaux derivative of the V-C map ΣC at
the point U = 0 in the direction h is given by

Σ′
C(0)h =

∫
Γ1

μn eVbi ûν ds,

where û solves

div (μne
V 0∇û) = 0 in Ω (6.3.5a)

û = −h(x) on ΩD (6.3.5b)
∇û · ν = 0 on ΩN (6.3.5c)

and V 0 is the solution of the equilibrium problem (6.3.1), with (6.3.1a) re-
placed by

λ2 ΔV 0 = eV 0 − C(x) in Ω. (6.3.1a′)

6.3.4 Linearized transient bipolar case (close to equilibrium)

In this subsection we introduce a transient case, which is the time-dependent
counterpart of the bipolar model discussed in Subsection 6.3.2. It will serve
as the background for the formulation of inverse doping problems related to
transient current flow measurements.

As in Subsection 6.3.2, we begin the discussion by introducing the tran-
sient voltage-current map. For an applied time dependent voltage U(x, t), the
transient V-C map is given by
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Σt,C : L2([0, T ];H3/2(∂ΩD))→ L2(0, T )

U(·, t) �→
∫

Γ1

[Jn(·, t) + Jp(·, t)] · ν ds. (6.3.6)

Here (V, n, p) is the solution of (6.2.1), (6.2.2), (6.2.3) for an applied voltage
U .6 This operator models practical experiments where time dependent voltage-
current data are available. In [BEM02] it is shown that the nonlinear operator
Σt,C is well defined, continuous and Fréchet differentiable. In the sequel we
derive the Gateaux derivative of Σt,C in equilibrium.

As in the stationary cases, we shall consider the transient drift diffusion
equations under the thermal equilibrium assumption. One immediately ob-
serves that, for zero applied voltage U(·, t) = 0, the solution (V 0, n0, p0) of
(6.2.1), (6.2.2), (6.2.3) is constant in time, being the counterpart (in the n,
p variables) of the solution triplet (V 0, 1, 1) in the Slotboom variables (see
(6.2.5)).

Here again, we assume A1), A2) of Subsection 6.3.2. Then, arguing as in
Subsection 6.3.1, it follows that the Gateaux derivative of the transient V-C
map Σt,C at the point U = 0 in the direction h(·, t) ∈ L2([0, T ];H3/2(∂ΩD))
is given by

Σ′
t,C(0)h =

∫
Γ1

[
μn(n̂ν − n̂V 0

ν − n0V̂ν)− μp(p̂ν + p̂V 0
ν + p0V̂ν)

]
ds, (6.3.7)

where (V̂ , n̂, p̂) solve

λ2V̂ = n̂− p̂ in Ω × (0, T ) (6.3.8a)
∂tn̂ = div(μn[∇n̂− n̂∇V 0 − n0∇V̂ ]) in Ω × (0, T ) (6.3.8b)
∂tp̂ = div(μp[∇p̂ + p̂∇V 0 + p0∇V̂ ]) in Ω × (0, T ) (6.3.8c)

V̂ = h on ∂ΩD × (0, T ) (6.3.8d)
n̂ = p̂ = 0 on ∂ΩD × (0, T ) (6.3.8e)

∇V̂ · ν = ∇n̂ · ν = ∇p̂ · ν = 0 on ∂ΩN × (0, T ) . (6.3.8f)

Notice that, unlike the stationary case, the Poisson equation (6.3.8a) and
the continuity equations (6.3.8b), (6.3.8c) do not decouple.

6.4 Inverse problems for semiconductors

In practical experiments there are different types of measurement techniques,
such as

• Laser beam induced current (LBIC) measurements;
• Capacitance measurements;

6Once more we do not consider equation (6.2.1f).
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• Current flow measurements.

We refer to [FI92, FI94, FIR02] for the first type and to [BELM04,
BEMP01, BEM02, LMZ05] for the last two types. These measurement tech-
niques are related to different types of data and lead to different inverse prob-
lems for reconstructing the doping profile. They are called the inverse doping
profile problems. In the following subsections we address inverse problems re-
lated to each one of these measurement techniques.

6.4.1 The stationary V-C map

We begin this subsection by verifying that the V-C map ΣC , introduced in
Subsection 6.3.2, is well defined in a suitable neighborhood of U = 0.

Lemma 4. [BEMP01, Proposition 3.1] For each applied voltage U ∈
Br(0) ⊂ H3/2(∂ΩD) with r > 0 sufficiently small, the current J ·ν ∈ H1/2(Γ1)
is uniquely defined. Furthermore, ΣC : H3/2(∂ΩD) → H1/2(Γ1) is continu-
ous and is continuously differentiable in Br(0). Moreover, its derivative in the
direction h ∈ H3/2(∂ΩD) is given by the operator Σ′

C(0) defined in (6.3.3).

As a matter of fact, we can actually prove that, since (û, v̂) in (6.3.4)
depend continuously (in H2(Ω)2) on the boundary data U ∈ H3/2(∂ΩD),
it follows from the boundedness and compactness of the trace operator γ :
H2(Ω) → H1/2(Γ1) that Σ′

C(0) is a bounded and compact operator. The
operator Σ′

C(0) in (6.3.3) maps the Dirichlet data for (û, v̂) to a weighted
sum of their Neumann data and the related inverse problem can be compared
with the identification problem in electrical impedance tomography (EIT).

Lemma 4 establishes a basic property to consider the inverse problem of
reconstructing the doping profile C from the V-C map. In the sequel we shall
consider two possible inverse problems for the V-C map.

Current flow measurements through a contact

In the first inverse problem we assume that, for each C, the output is given
by Σ′

C(0)Uj for some Uj . A realistic experiment corresponds to measuring,
for given {Uj}Nj=1, with ‖Uj‖ small, the outputs{

Σ′
C(0)Uj | j = 1, . . . , N

}
(recall that ΣC(0) = (V 0, 1, 1)). In practice, the functions Uj are chosen to be
piecewise constant on the contact Γ1 and to vanish on Γ0. From the definition
of Σ′

C(0) we deduce the following abstract formulation of the inverse doping
profile problem for the V-C map:

F (C) = Y , (6.4.1)

where
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1) {Uj}Nj=1 ⊂ H3/2(∂ΩD) are fixed voltage profiles satisfying Uj |Γ1 = 0;
2) Parameter: C = C(x) ∈ L2(Ω) =: X ;
3) Output: Y =

{
Σ′

C(0)Uj

}N

j=1
∈ RN =: Y;

4) Parameter-to-output map: F : X → Y .

The domain of definition of the operator F is

D(F ) def= {C ∈ L∞(Ω); Cm ≤ C(x) ≤ CM , a.e. in Ω} ,

where Cm and CM are suitable positive constants.
This approach is motivated by the fact that, in practical applications, the

V-C map can only be defined in a neighborhood of U = 0 (due to hysteresis
effects for large applied voltages). The inverse problem described above corre-
sponds to the problem of identifying the doping profile C from the linearized
V-C map at U = 0. See the unipolar and bipolar cases in Subsections 6.3.2
and 6.3.3.

The nonlinear parameter-to-output operator F is well defined and Fréchet
differentiable in its domain of definition D(F ). This assertion follows from
standard regularity results in PDE theory [BELM04, Propositions 2.2 and 2.3].

Note that the solution of the Poisson equation can be computed a priori.
The remaining problem (coupled system (6.3.4) for (û, v̂)) is quite similar to
the problem of EIT (see [Bor02, Isa98]). In this inverse problem the aim is to
identify the conductivity q = q(x) in the equation

−div (q∇u) = f in Ω

from measurements of the Dirichlet-to-Neumann map, which maps the applied
voltage u|∂Ω to the electrical flux quν |∂Ω . The map Σ′

C(0) sends the Dirichlet
data for û and v̂ to the weighted sum of their Neumann data. It can be seen
as the counterpart of EIT for common conducting materials.

Pointwise measurements of the current density

In the sequel, we investigate a different formulation of the same inverse prob-
lem related to the V-C map considered above. Unlike the previous discussion,
we shall assume that the V-C operator maps the Dirichlet data for û and v̂
in (6.3.4) to the sum of their Neumann data, i.e.,

ΣC : H3/2(∂ΩD)→ H1/2(Γ1)
U �→ (Jn + Jp) · ν|Γ1

where functions V , u, v, Jn, Jp and U have the same meaning as in Subsec-
tion 6.3.2. We immediately observe that the Gateaux derivative of the V-C
map ΣC at the point U = 0 in the direction h ∈ H3/2(∂ΩD) is given by

Σ′
C(0)h =

(
μn eVbi ûν − μp e

−Vbi v̂ν

)
|Γ1 , (6.4.2)
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where (û, v̂) solve system (6.3.4). Notice that, for each voltage profile U , the
V-C map associates a scalar valued function defined on Γ1. In this case, the
outputs Σ′

C(0)Uj give much more information about the parameter C than
in the case of current flow measurements.

Again we can derive an abstract formulation of type (6.4.1) for the inverse
doping profile problem for the V-C map with pointwise measurements of the
current density. The only difference to the framework described in the previous
paragraph concerns the definition of the Hilbert space Y , which is now defined
by

3′) Output: Y =
{
Σ′

C(0)Uj

}N

j=1
∈ L2(Γ1)N =: Y.

The domain of definition of the operator F remains unaltered.
In Section 6.6 we shall consider three numerical implementations concern-

ing inverse doping problems for the V-C map described above, namely:

(i) The stationary linearized unipolar model (close to equilibrium) with cur-
rent flow measurements through a contact;

(ii) The stationary linearized unipolar model (close to equilibrium) with point-
wise measurements of the current density.

(iii) The stationary linearized bipolar model (close to equilibrium) with point-
wise measurements of the current density.

6.4.2 The transient V-C map

In the sequel we shall consider inverse problems for the map Σt,C in (6.3.6). As
already observed in Subsection 6.3.4, this V-C map is well defined, continuous
and Fréchet differentiable, its Gateaux derivative in equilibrium Σ′

t,C(0) being
defined by (6.3.7).

As in Subsection 6.4.1 we investigate two possible inverse doping problems
for the linearized transient bipolar case (close to equilibrium).

Transient current flow measurements through a contact

Here we assume that, for each C, the output corresponds to Σ′
t,C(0)Uj for

some prescribed Uj(·, t). The experiment corresponds to measuring, for given
{Uj(·, t)}Nj=1, with ‖Uj‖ small in L2([0, T ];H3/2(∂ΩD)), the (averaged) cur-
rents {

Σ′
t,C(0)Uj(·, t) | j = 1, . . . , N

}
.

The profile of the voltages Uj is chosen analogously to that of Subsection 6.4.1.
Notice that in a realistic transient experiment, the amplitude of functions
Uj(·, t) may vary with the time, e.g.,

Uj(x, t)
def=
{

1 + t, |x− xj | ≤ h
0, elsewhere ,
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where Γ0 = (0, 1)× {0} ⊂ R2 and 0 < x1 < x2 < · · · < xN < 1 and h is small
enough (compare with Subsection 6.6.1). AU: Reference to

Subsection 6.6.1
here OK?

The inverse doping profile problem for the V-C map Σ′
t,C(0) can be for-

mulated in the abstract form (6.4.1), where

1t) {Uj(·, t)}Nj=1 ⊂ L2([0, T ];H3/2(∂ΩD)) are fixed voltage profiles satisfying
Uj(·, t)|Γ1 = 0, t ≥ 0;

2t) Parameter: C = C(x) ∈ L2(Ω) =: X ;
3t) Output: Y =

{
Σ′

t,C(0)Uj

}N

j=1
∈ L2(0, T )N =: Y;

4t) Parameter-to-output map: F : X → Y .

The domain of definition of the operator F is

D(F ) def= {C ∈ L∞(Ω); Cm ≤ C(x) ≤ CM , a.e. in Ω} ,

where Cm and CM are suitable positive constants.
From our knowledge about the operator Σ′

t,C(0) we conclude that the
parameter-to-output operator F is well defined and continuous. Moreover,
for one-dimensional domains Ω it is shown in [BEM02] that F is weakly
sequentially closed.

Transient pointwise measurements of the current density

In the previous discussion, we considered Σt,C to be defined by (6.3.6). Now,
we shall assume that, for every time instant t ≥ 0, current measurements are
available at every point of the segment Γ1. This assumption corresponds to
the following definition of the V-C map:

Σt,C : L2([0, T ];H3/2(∂ΩD))→ L2([0, T ];H1/2(Γ1)) .
U(·, t) �→ (Jn(·, t) + Jp(·, t)) · ν|Γ1 ,

where (V, n, p) is the solution of (6.2.1), (6.2.2), (6.2.3) for an applied voltage
U(·, t). We immediately observe that the Gateaux derivative of Σt,C at the
point U(·, t) = 0 in the direction h ∈ L2([0, T ];H3/2(∂ΩD)) is given by

Σ′
t,C(0)h = [μn(n̂ν − n̂V 0

ν − n0V̂ν)− μp(p̂ν + p̂V 0
ν + p0V̂ν)]

∣∣
Γ1

,

where (V̂ , n̂, p̂) solve (6.3.8).
The inverse doping profile problem for this V-C map can again be writ-

ten in the abstract form F (C) = Y . The corresponding framework is now
described by 1t), 2t), 4t) and

3′t) Output: Y =
{
Σ′

t,C(0)Uj

}N

j=1
∈ L2([0, T ];H1/2(Γ1))N =: Y;

As in the inverse problem of the previous paragraph, the parameter-to-
output map F is well defined and continuous. If the domain Ω is one dimen-
sional, the results in [BEM02] can be adapted in a straightforward way and
we can conclude that F is weakly sequentially closed.
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6.5 Background on inverse problems and level set
methods

In what follows we present some of the tools from the theory of inverse prob-
lems that are needed as background to understand the approach we use here.
These tools include some classical material, for example, singular value de-
composition, regularization and Landweber’s method, which are treated in
Sections 6.5.1, 6.5.2 and 6.5.3, as well as more recent developments such as
the use of level set methods for handling inverse problems. The latter is treated
in Section 6.5.4.

6.5.1 Singular value decomposition

We briefly review singular value decomposition (SVD). This result has a num-
ber of important applications in numerical analysis, inverse problems, and
numerical linear algebra.

Let L(H,K) denote the space of bounded linear operators from H to K,
where H and K are Hilbert spaces. We endow L(H,K) with the uniform
operator topology defined by the norm

||T ||H,K
def= sup

f 
=0

||Tf ||K
||f ||H

.

Whenever no confusion may arise we shall drop the H,K subscript in ||T ||H,K.
We recall the concept of compact operator.

Definition 1. Let H and K be Banach spaces and T : H → K a linear
operator. T is called compact (or completely continuous) if it maps the unit
ball BH on a pre-compact set, i.e., T (BH) has compact closure. The set of
compact operators from H to K is denoted by κ(H,K).

It can be easily shown that this definition implies that T is a bounded
operator. Furthermore, the set of compact operators is closed under limits
in the uniform operator topology of L(H,K). Typical examples of compact
operators are operators of finite-dimensional range. Another important class
of compact operators is given by integral operators. We use the convention
that our complex Hilbert space inner products are linear w.r.t. the first entry
and anti-linear w.r.t. to the second one. The following result is instrumental
in understanding the structure of compact operators.

Theorem 1. Let A ∈ κ(H,K), then we can write

A =
r∑

n=1

σn (· | ψn)φn, (6.5.1)

where r ∈ N ∪ {∞} and σ1 ≥ σ2 ≥ · · · ≥ σr > 0 ; the sets {φn}rn=1 and
{ψn}rn=1 are orthonormal sets (not necessarily complete) in K and H, respec-
tively.
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As a direct consequence of SVD we get that the equation Af = g has a
solution f if, and only if,

1. the vector g ∈ kerA∗⊥, and
2. the sum

r∑
n=1

1
σ2

n

|(g | φn)|2 <∞ .

In this case the solution of x will be given by

f =
r∑

n=1

1
σn

(g | φn)ψn .

In the finite-dimensional case, the transformation A will be invertible if,
and only if, the dimensions ofH and K equal r. In other words, the eigenvalues
of A∗A and AA∗ are all nonzero. The presence of singular values close to zero
indicates that the solution of the problem Af = g will be doomed to numerical
instability. The condition number of a matrix A ∈ Cn×n is the ratio σ1/σr,
if r = n, and ∞ otherwise. See [GV89] for more information on numerical
aspects related to conditioning.

In the infinite-dimensional case, if r = ∞ then the sequence {σn} must
necessarily converge to zero. This shows the inherent instability of solving
equations of the form Af = g when A is a compact operator in an infinite-
dimensional Hilbert space.

6.5.2 Regularization

A mathematical problem defined in the form of an equation F (u) = g, where
F is an operator between two Hilbert spaces H and K, is said to be well posed
(in the sense of Hadamard) if for every g ∈ K the solution u ∈ H exists, is
unique and depends continuously on g.

Let A : H → K be a compact linear operator. We now analyze the question
of solving a linear equation of the form

Af = g .

There are three things that can go wrong:

1. The equation may not be solvable (i.e., g �∈ Ran(A)).
2. The solution may not be unique (i.e., A is not 1− 1).
3. The solution may not depend continuously on the data (i.e., A−1 is not

continuous).

The concept of pseudo-inverse (or generalized inverse) A† is used to handle
cases 1 and 2 above. We define

A†g =
r∑

n=1

1
σn

(g|φn)ψn , g ∈ D(A†) ,
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where

D(A†) def=

{
g ∈ K

∣∣∣∣ r∑
n=1

1
σ2

n

|(g | φn)|2 <∞
}

.

Note that A†g is the unique solution of Af = g in (kerA)⊥. To tackle the
problem of discontinuous A−1, one needs to introduce the notion of regular-
ization.

Let us consider a family of continuous operators Tα : K → H such that

lim
α↓0

Tαg = A†g , g ∈ D(A†) . (6.5.2)

Note that if A† is not bounded, then ||Tα|| → ∞ when α ↓ 0. Let us solve
Af = g approximately in the sense that gε ∈ K is an approximation to g such
that ||g − gε|| ≤ ε. Consider α(ε) such that α(ε) ↓ 0 and ||Tα(ε)||ε→ 0. Thus,

||Tα(ε)g
ε −A†g|| ≤ ||Tα(ε)(gε − g)||+ ||Tα(ε)g −A†g||

≤ ||Tα(ε)||ε + ||Tα(ε)g −A†g|| → 0.

So, Tα(ε)g
ε is close to A†g provided gε is close to g.

The following three techniques are used for the regularization of ill-posed
problems.

• Truncated SVD:
Tα =

∑
σk≥α

1
σk

(·|φk)ψk .

• Tikhonov–Phillips regularization:

Tα = (A∗A + αI)−1A∗ ,

which is associated to minimizing the quadratic form

||Af − gε||2 + α||f ||2 .

More generally, it is associated to minimizing expressions of the form

||Af − gε||2 + αq(f − f0) ,

where q is some penalty function designed to keep f close to a prior f0.
• Early stop of an iterative method: Assume that

fk+1 = Bkf
k + Ckg

ε

is an iterative method to solve Af = g with Bk and Ck bounded and
limk→∞ fk = A†g. For α > 0, let the value of k(α) be such that k(α)→∞
when α→ 0. Then, under suitable conditions on Bk and Ck, we have that
Tαf

def= fk(α) is a regularization of the problem.
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In the case of infinite-dimensional problems for compact operator equa-
tions of the form Af = g, it is natural to analyze how ill posed the problem
is by looking at the rate of convergence of the singular values of A to zero.
Problems for which the rate of decay of σn is not faster than that of a polyno-
mial are considered tractable. Problems for which the decay is exponential or
faster are considered to be severely ill posed. More details on regularization
theory can be found, for example, in [EHN96, EKN89, ES00, TA77].

6.5.3 Landweber–Kaczmarz

We first consider Landweber’s iteration to solve a nonlinear problem of the
form F (γ) = g where F : D(F ) ⊂ H → K is a Fréchet differentiable map
between the Hilbert spaces H and K. The iteration is defined by

γk+1 = γk − F ′(γk)∗(F (γk)− g) , (6.5.3)

where γ0 ∈ D(F ).
Under suitable conditions, the method converges [BL05]. Furthermore, this

iteration is known to generate a regularization method for the inverse prob-
lem if we apply the early stopping technique mentioned above. Landweber’s
iteration has been the subject of intense study both for theoretical as well as
for practical applications. See, for example, [EHN96, ES00, HNS95].

We now describe the Landweber–Kaczmarz method for the doping profile
identification problem of Section 6.6.1. The notation and definitions of the
different operators follow that of Section 6.6.

• Parameter space: H def= L2(Ω);
• Input (fixed): Uj ∈ H3/2(∂ΩD), with Uj |Γ1 = 0, 1 ≤ j ≤ N ;

• Output (data): Y =
{
Λγ(Uj)

}N

j=1
∈ K def=

[
L2(Γ1)

]N ;
• Parameter to output map: F : D(F ) ⊂ H → K

γ(x) �→
{
Λγ(Uj)

}N

j=1
,

where the domain of definition of the operator F is

D(F ) def= {γ ∈ L2(Ω); γ+ ≥ γ(x) ≥ γ− > 0, a.e. in Ω} .

Here γ− and γ+ are appropriate positive constants. We shall denote the noisy
data by Y δ and assume that the data error is bounded by ‖Y −Y δ‖ ≤ δ. Thus,
we are able to represent the inverse doping problem in the form of finding

F (γ) = Y δ. (6.5.4)

It can be shown that [BEMP01] if we let the voltages {Uj}Nj=1 be chosen
in the neighborhood of U ≡ 0, then the parameter-to-output map F defined
above is well defined and Fréchet differentiable on D(F ). Thus, the Landweber
iteration [DES98, EHN96, ES00, HNS95] becomes
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γδ
k+1 = γδ

k − F ′(γδ
k)∗
(
F (γδ

k)− Y δ
)
.

One possible variation of the Landweber iteration consists in coupling it
with the Kaczmarz strategy of considering an inner iteration where, at each
step, one takes into account one component of the measurement vector only. A
detailed analysis of the Landweber–Kaczmarz method can be found in [KS02].

In the specific example mentioned above for equation (6.5.4), we consider
the components of the parameter-to-output map: F = {Fj}Nj=1, where

Fj : L2(Ω) ⊃ D(F ) � γ �→ Λγ(Uj) ∈ L2(Γ1) .

Now, setting Y δ
j

def= Fj(γδ), 1 ≤ j ≤ N , the Landweber–Kaczmarz iteration
can be written in the form

γδ
k+1 = γδ

k −F ′
k(γδ

k)∗
(
Fk(γδ

k)− Y δ
k

)
, (6.5.5)

for k = 1, 2, . . . , where we adopted the notation

Fk
def= Fj , Y δ

k
def= Y δ

j , whenever k = iN + j, and
{
i = 0, 1, . . .
j = 1, . . . , N .

Notice that each step of the Landweber–Kaczmarz method consists of one
Landweber iterative step with respect to the jth component of the residual
in (6.5.4). These Landweber steps are performed in a cyclic way, using the
components of the residual Fj(γ)− Y δ

j , 1 ≤ j ≤ N , one at a time.
In the next section we shall describe how level set methods can be applied

to tackle inverse problems. A comparison between the Landweber–Kaczmarz
method and a level set approach to the doping profile identification problem
was developed in [LMZ05]. The preliminary conclusion obtained therein is
that in general the level set method performed better than its Landweber–
Kaczmarz counterpart.

6.5.4 Level set methods in inverse problems

The level set methodology has established itself as a promising alternative for
the solution of several inverse problems that involve boundaries or obstacles.
The original formulation of level sets, as applied to curve and surface motion,
is due to Osher and Sethian [OS88]. The use of such methods in obstacle
inverse problems is due to Santosa [San95]. Burger [Bur01] presented a rig-
orous mathematical treatment for level set methods in inverse problems. See
also [LS03, FSL05] for a constrained optimization treatment of the method.
In what follows we focus on the application of level set methods in inverse
problems.

Let Ω ⊂ Rn be a given set and F : H → K a Fréchet differentiable
operator. The problem consists of finding D ⊂ int(Ω) in the equation

F (u) = g, (6.5.6)
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where

u =
{
uint, x ∈ D
uext, x ∈ Ω \D .

We now consider the boundary of the region D in Ω as described by ∂D =
{x ∈ Ω|φ(x) = 0}. The function φ shall be referred to as the level set function.
The level set function evolves according to a parameter t in such a way that

∂Dt
def= {x ∈ Ω | φt(x) = 0} −→ D as t→∞.

There are several possible dynamics for the evolution of φt with t. See [BL05]
for discussion and motivation, as well as [Bur01, LS03]. One possibility is to
use the dynamics introduced in [LS03, FSL05]. According to this approach,
one represents a zero level set by an H1-function φ : Ω → R, in such a way
that φ(x) > 0 if γ(x) = uext and φ(x) < 0 if γ(x) = uint. Starting from some
initial guess φ0 ∈ H1(Ω), one solves the Hamilton–Jacobi equation

∂φ

∂t
+ V∇φ = 0, (6.5.7)

where V = v −∇φ
|∇φ|2 and the velocity v solves{

α(Δ− I)v = δ(φ(t))
|∇φ(t)|

[
F ′(χ(t))∗(F (χ(t))− Y δ)− α∇·

(
∇P (φ)
|∇P (φ)|

)]
, in Ω

∂v
∂ν = 0 , on ∂Ω

.

(6.5.8)

Here, α > 0 is a regularization parameter and χ = χ(x, t) is the projection of
the level set function φ(x, t) defined by

χ(x, t) = P (φ(x, t)) def=
{
uext, if φ(x, t) > 0
uint, if φ(x, t) < 0 .

The above dynamics leads, for the problem under consideration, to the
following algorithm.

Algorithm:

1. Evaluate the residual rk
def= F (P (φk))− Y δ;

2. Evaluate vk
def= F ′(P (φk))∗(rk);

3. Evaluate wk ∈ H1(Ω), satisfying

α(I −Δ)wk = −P ′(φk) vk + αP ′(φk)∇ ·
(
∇P (φk)
|∇P (φk)|

)
, in Ω;

∂vk

∂ν

∣∣∣∣
∂Ω

= 0 .

4. Update the level set function φk+1 = φk + 1
α vk.

In practical implementations, instead of P , we use a smooth version Pε.
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6.6 Some numerical experiments

In this section we apply numerical methods to solve inverse doping profile
problems related to the V-C map. In the first two subsections, we address the
linearized unipolar case (close to equilibrium). In Subsection 6.6.1 pointwise
measurements of the current density are considered, and in Subsection 6.6.2
current flow measurements through a contact are used as data. In the last
subsection we present some numerical results for the linearized bipolar case
(close to equilibrium).

6.6.1 Stationary linearized unipolar model: pointwise
measurements of the current density

In this specific model, due to the assumptions p = 0 and Q = 0, the Poisson
equation and the continuity equation for the electron density decouple. There-
fore, we have to identify C = C(x) from measurements of the current density
μne

Vbi ûν |Γ1 , where (V 0, û) solve, for each applied voltage U , the system⎧⎨⎩ λ2 ΔV 0 = eV 0 − C(x) in Ω
V 0 = Vbi(x) on ∂ΩD

∇V 0 · ν = 0 on ∂ΩN

⎧⎨⎩div (μne
V 0∇û) = 0 in Ω

û = U(x) on ∂ΩD

∇û · ν = 0 on ∂ΩN .

Notice that we split the problem in two parts: First we define the function
γ(x) def= μne

V 0(x), x ∈ Ω, and solve the parameter identification problem⎧⎨⎩div (γ∇û) = 0 in Ω
û = U(x) on ΩD

∇û · ν = 0 on ΩN ,
(6.6.1)

for γ from measurements of γûν |Γ1 . The second step consists in the determi-
nation of C in

C(x) = μ−1
n γ(x)− λ2 Δ(lnμ−1

n γ(x)) , x ∈ Ω .

The evaluation of C from γ is a mildly ill-posed problem and can be explicitly
performed in a routine way. We shall focus on the problem of identifying the
function parameter γ in (6.6.1). Therefore, the inverse doping profile problem
in the linearized unipolar model for pointwise measurements of the current
density reduces to the identification of the parameter γ in (6.6.1) from mea-
surements of the Dirichlet-to-Neumann (DtN) map

Λγ : H3/2(∂ΩD)→ H1/2(Γ1) .
U �→ γ ûν |Γ1 .

If we take into account the restrictions imposed by the practical experi-
ments described in Subsection 6.4.1, it follows that:
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(i) The voltage profiles U ∈ H3/2(∂ΩD) must satisfy U |Γ1 = 0;
(ii) The identification of γ has to be performed from a finite number of

measurements, i.e., from the data{
(Uj , Λγ(Uj))

}N

j=1
∈
[
H3/2(∂ΩD)×H1/2(Γ1)

]N
. (6.6.2)

For the concrete numerical tests presented in this chapter, we apply an
iterative method of level set type to solve problem (6.4.1) See [LMZ05] for
details. The domain Ω ⊂ R2 is the unit square, and the boundary parts are
defined as follows:

Γ1
def= {(x, 1) ; x ∈ (0, 1)} , Γ0

def= {(x, 0) ; x ∈ (0, 1)} ,

∂ΩN
def= {(0, y) ; y ∈ (0, 1)} ∪ {(1, y) ; y ∈ (0, 1)} .

The fixed inputs Uj are chosen to be piecewise constant functions supported
in Γ0:

Uj(x) def=
{

1, |x− xj | ≤ h
0, else ,

where the points xj are equally spaced in the interval (0, 1). The doping
profiles to be reconstructed are shown in Figure 6.1. In these pictures, as well
as in the forthcoming ones, Γ1 is the lower left edge and Γ0 is the top right
edge (the origin corresponds to the upper right corner).

For the experiments concerning pointwise measurements of the current
density, we assume that only one measurement is available, i.e., N = 1 in
(6.6.2).

The first numerical experiment is shown in Figure 6.2. Here exact data is
used for the reconstruction of the p-n junction in Figure 6.1 (b). The pictures
correspond to plots of the iteration error after 5, 10 and 100 steps of the level
set method.

(a) (b)

Fig. 6.1. Pictures (a) and (b) show the two different doping profiles to be recon-
structed in the numerical experiments.
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The second experiment (see Figure 6.3) concerns the reconstruction of the
p-n junction in Figure 6.1 (a). In this experiment the data is contaminated
with 10% random noise. The pictures correspond to plots of the iteration error
after 10, 100 and 400 steps of the level set method.

6.6.2 Stationary linearized unipolar model: current flow
measurements through a contact

In what follows we consider the same unipolar model as in Subsection 6.6.1.
Again we shall focus on the identification problem related to (6.6.1). However,
the coefficient γ has to be identified from measurements of the current flow
through the contact Γ1, i.e., from∫

Γ1

γûν ds ,

where û solves (6.6.1) for prescribed inputs U ∈ H3/2(∂ΩD).
An immediate remark is that the amount of available data is much larger

for pointwise measurements of the current density than for flow measure-
ments through a contact. Notice that the inverse doping profile problem in
the linearized unipolar model for measurements of the current flow through
the contact Γ1 reduces to the identification of the parameter γ in (6.6.1) from
measurements of the (averaged) DtN map

Λ̃γ : H3/2(∂ΩD)→ R

U �→
∫

Γ1
γ ûν ds.

As in the previous subsection, we take into account the restrictions im-
posed by practical experiments, which lead to the following assumptions:

(i) The voltage profile U ∈ H3/2(∂ΩD) must satisfy U |Γ1 = 0;
(ii) The identification of γ has to be performed from a finite number of

measurements, i.e., from the data{
(Uj , Λ̃γ(Uj))

}N

j=1
∈
[
H3/2(∂ΩD)× R

]N
. (6.6.3)

The subsequent numerical tests were performed using the same iterative
method of level set type as in the previous subsection. The domain Ω ⊂ R2

as well as the boundary parts Γ0, Γ1 and ∂ΩN are defined as before.
For the experiments concerning current flow measurements through the

contact Γ1, we assume that several measurements are available, i.e., N � 1
in (6.6.3).

The first numerical experiment is shown in Figure 6.4. Here exact data is
used for the reconstruction of the p-n junction in Figure 6.1 (a). The picture
on the left-hand side shows the error for the initial guess of the iterative
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Fig. 6.2. First experiment for the unipolar model with pointwise measurements of
the current density: Reconstruction of the p-n junction in Figure 6.1 (b). Evolution
of the iteration error for exact data and one measurement of the DtN map Λγ (i.e.,
N = 1 in (6.6.2)).
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Fig. 6.3. Second experiment for the unipolar model with pointwise measurements
of the current density: Reconstruction of the p-n junction in Figure 6.1 (a). Only one
measurement of the DtN map Λγ is available (i.e., N = 1 in (6.6.2)). Evolution of
the iteration error for the level set method and data contaminated with 10% random
noise.
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method.7 The other two pictures correspond to plots of the iteration error
after 50 and 250 steps of the level set method respectively.

The second experiment (see Figure 6.5) concerns the reconstruction of the
p-n junction in Figure 6.1 (b). The available data is contaminated with 1%
random noise. The pictures correspond to plots of the iteration error after
100, 2000 and 3000 steps of the level set method.

6.6.3 Stationary linearized bipolar model: pointwise measurements
of the current density

We now consider the bipolar model introduced in Subsection 6.3.2. As in
the unipolar model, it follows from the assumption Q = 0 that the Poisson
equation (6.3.1a) and the continuity equations (6.3.4a), (6.3.4b) decouple. The
inverse doping profile problem corresponds to the identification of C = C(x)
from pointwise measurements of the total current density J = Jn+Jp, namely

(μne
Vbi ûν − μpe

−Vbi v̂ν)|Γ1 .

Compare with the Gateaux derivative of the V-C map ΣC at the point U = 0
in (6.3.3). Here (V 0, û, v̂) solve, for each applied voltage U , the system (6.3.1),
(6.3.4) (with h substituted by U).

As in the unipolar case, we can split the inverse problem in two parts:
First we define the function γ(x) def= eV 0(x), x ∈ Ω, and solve the parameter
identification problem⎧⎨⎩div (μnγ∇û) = 0 in Ω

û = −U(x) on ∂ΩD

∇û · ν = 0 on ∂ΩN

⎧⎨⎩div (μpγ
−1∇v̂) = 0 in Ω

v̂ = U(x) on ∂ΩD

∇v̂ · ν = 0 on ∂ΩN

(6.6.4)

for γ, from measurements of (μnγûν − μpγ
−1v̂ν)|Γ1 . The second step consists

in the determination of C in

C(x) = γ(x)− γ−1(x)− λ2 Δ(ln γ(x)) , x ∈ Ω .

Analogously to the unipolar case, the evaluation of C from γ can be per-
formed in a stable way. Therefore, we shall focus on the problem of iden-
tifying the function parameter γ in (6.6.4). Notice that the inverse doping
profile problem in the linearized bipolar model for pointwise measurements of
the current density reduces to the identification of the parameter γ in (6.6.4)
from measurements of the DtN map

Φγ : H3/2(∂ΩD)→ H1/2(Γ1) .
U �→ (μnγûν − μpγ

−1v̂ν)|Γ1 .

7In all numerical experiments presented in this chapter we used the same initial
guess for the iterative methods. We observed that the choice of the initial guess does
not significantly influence the overall performance of the iterative method.
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Fig. 6.4. First experiment for the unipolar model with current flow measurements
through the contact Γ1: Reconstruction of the p-n junction in Figure 6.1 (a). Three
measurements of the DtN map Λ̃γ are used in the reconstruction (i.e., N = 3 in
(6.6.3)). Evolution of the iteration error for exact data.
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Fig. 6.5. Second experiment for the unipolar model with current flow measurements
through the contact Γ1: Reconstruction of the p-n junction in Figure 6.1 (b). The
data consists of 25 measurements of the DtN map Λ̃γ (i.e., N = 25 in (6.6.3)). Plots
of the iteration error after 100, 2000 and 3000 steps. Data with 1% random noise.
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As before, we take into account the restrictions imposed by the practical
experiments:

(i) The voltage profiles U ∈ H3/2(∂ΩD) must satisfy U |Γ1 = 0;
(ii) The identification of γ has to be performed from a finite number of

measurements, i.e., from the data{
(Uj , Φγ(Uj))

}N

j=1
∈
[
H3/2(∂ΩD)×H1/2(Γ1)

]N
. (6.6.5)

In Figure 6.6 we present a numerical experiment for the bipolar model
with pointwise measurements of the current density. Here exact data is used
for the reconstruction of the p-n junction in Figure 6.1 (b). The pictures show
plots of the iteration error after 1, 10 and 100 steps of the level set method
respectively.

6.6.4 Remarks and conclusions

The best numerical results are obtained for the experiments concerning the
linearized unipolar case with pointwise measurements of the current density.
In this model, a single measurement of the DtN map Λγ , i.e., N = 1 in
(6.6.2), contains enough information about the structure of the doping profile
and suffices to obtain a very precise reconstruction of the p-n junction. This
is the case even for highly oscillating p-n junctions as shown in Figure 6.2 and
also in the presence of noise (see Figure 6.3). We observed that the iteration is
extremely robust with respect to the choice of the initial guess and also with
respect to high levels of noise.

Concerning the linearized unipolar model with current flow measurements
through the contact Γ1, our experiments show that the (averaged) DtN map
Λ̃γ furnishes much less information about the solution structure than the map
Λγ . Depending on the complexity of the p-n junction, more measurements of
Λ̃γ may be needed in order to obtain an acceptable reconstruction. The ex-
periments show that a single measurement (N = 1 in (6.6.3)) is not enough
to identify the doping profile in Figure 6.1 (a). Moreover, although three
measurements have shown to be enough to reconstruct this p-n junction (see
Figure 6.4), this is not the case for the p-n junction in Figure 6.1 (b). For this
second and more complex junction, we first obtained more accurate recon-
structions with N = 19 in (6.6.3). The quality of the reconstruction obtained
for N = 25 is already very high (see Figure 6.5) and does not qualitatively
improve for larger values of N (we experimented up to N = 49).

Note that the number of iterative steps required by the level set algorithm
to reach the stopping criteria for the inverse problem related to the map Λ̃γ

is greater than that for the operator Λγ . This is again explained by the fact
that the range of Λ̃γ lies in R, while the range of Λγ lies in H1/2(Γ1).

Concerning the experiments for the linearized bipolar model with point-
wise measurements of the current density, the quality of the results is compa-
rable to those in Subsection 6.6.1 and, as in that subsection, a single measure-
ment of the operator Φγ (N = 1 in (6.6.5)) suffices to precisely reconstruct the
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Fig. 6.6. Experiment for the bipolar model with pointwise measurements of the
current density: Reconstruction of the p-n junction in Figure 6.1 (b). Evolution of
the iteration error for exact data and one measurement of the DtN map Φγ (i.e.,
N = 1 in (6.6.5)).
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p-n junction. We observed, however, that convergence of the iterative method
is more sensitive to the choice of the initial condition than in Subsection 6.6.1.

Appendix

Properties of silicon at room temperature:

Table A.1. Typical values of the main constants in the model.

Parameter Typical value

εs 11.9 ε0

μn ≈ 1500 cm2 V−1 s−1

μp ≈ 450 cm2 V−1 s−1

Cn 2.8 × 10−31 cm6/s

Cp 9.9 × 10−32 cm6/s

τn 10−6 s

τp 10−5 s

Relevant physical constants:

Permittivity of vacuum: ε0 = 8.85× 10−14As V−1 cm−1;
Elementary charge: q = 1.6× 10−19As.
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7.1 Introduction

Statistical models [F91, L00, MRS90, To93] are used to describe electron
transport in semiconductors at a mesoscopic level. The basic model is given
by the Boltzmann transport equation (BTE) for semiconductors in the semi-
classical approximation:

∂f

∂t
+

1
�
∇kε · ∇xf −

e
�
E · ∇kf = Q(f), (7.1.1)

where f represents the electron probability density function (pdf) in phase
space k at the physical location x and time t. � and e are physical constants;
the Planck constant divided by 2π and the positive electric charge, respec-
tively. The energy-band function ε is given by the Kane non-parabolic band
model, which is a non-negative continuous function of the form

ε(k) =
1

1 +
√

1 + 2
α

m∗ �2|k|2
�2

m∗ |k|
2 , (7.1.2)
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where m∗ is the effective mass and α is the non-parabolicity factor. In this
way we observe that setting α = 0 in Equation (7.1.2) the model is reduced
to the widely used parabolic approximation.

The electric field E is self-consistently computed by the Poisson equation:

∇x [εr(x)∇xV ] =
e
εv

[ρ(t,x)−ND(x)] , (7.1.3)

E = −∇xV, (7.1.4)

since we take into account the electrostatics produced by the electrons and
the dopants in the semiconductor. We represent the dielectric constant in a
vacuum by εv and εr(x) labels the relative dielectric function depending on
the material, ρ(t,x) =

∫
R3f(t,x,k) dk is the electron density, ND(x) is the

doping and V is the electric potential. Equations (7.1.1), (7.1.3), (7.1.4) give
the Boltzmann–Poisson system for electron transport in semiconductors.

The right-hand side of Equation (7.1.1) models the interaction of electrons
with lattice vibrations of the crystal and can be written as

Q(f)(t,x,k) =
∫

R3
[S(k′,k)f(t,x,k)a− S(k,k′)f(t,x,k)] dk′ , (7.1.5)

where S(k,k′) is the transition probability from state k to k′ per unit of time
for each scattering mechanism. Therefore, the collision term Q(f) depends
on the device semiconductor material. For Si-based technology, the scattering
phenomena taken into account are the acoustic phonon and optical non-polar
phonon, while for a GaAs device the scattering mechanisms are impurities, and
the acoustic phonon, non-polar optical phonon and polar optical phonon. Here,
we will just give the expression of some of them relevant to the discussions
below. For instance, the transition probability for randomly placed impurities
reads

S(imp)(k,k′) =
Kimp

(|k− k′|2 + β2)2
δ(ε′ − ε),

with

Kimp =
NIZ

2e4

4π2�ε2vε
2
r

, β =

√
e2NI

εvεrkBTL
,

where β is the inverse of the Debye length, NI and Z e are the impurities
concentration and its charge, respectively, kB is the Boltzmann constant and
TL is the lattice temperature. We refer to Table 7.1 for a complete list of the
physical parameters.

The scattering with crystal vibrations in the acoustic mode is taken into
account in the elastic approximation and is given by

S(ac)(k,k′) = Kac δ(ε′ − ε),

with
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Table 7.1. Parameters for Si and GaAs.

m electron mass 9.1095 · 10−31 Kg

m∗
∗ effective electron mass in Si 0.32 m

m∗
Γ effective electron mass in the Γ -valley (GaAs) 0.067 m

m∗
L effective electron mass in the L-valley (GaAs) 0.35 m

ρ0 density lattice (Si) 2330 Kg/m3

density lattice (GaAs) 5360 Kg/m3

vs longitudinal sound speed (Si) 9040 m/s

longitudinal sound speed (GaAs) 5240 m/s

α non-parabolicity factor in Si 0.5 eV−1

αΓ non-parabolicity factor in the Γ -valley (GaAs) 0.611 eV−1

αL non-parabolicity factor in the L-valley (GaAs) 0.242 eV−1

εr relative dielectric constant (Si) 11.7

relative dielectric constant (GaAs) 12.90

ε∞ relative dielectric constant at optical frequency
(GaAs) 10.92

εv vacuum dielectric constant 8.85419 · 10−12 F/m

Ξd acoustic-phonon deformation potential (Si) 9 eV

acoustic-phonon deformation potential (GaAs) 7 eV

DtK non-polar optical phonon deformation potential
(Si) 11.4 · 1010 eV/m

non-polar optical phonon deformation potential
(GaAs) 1011, eV/m

�ωnp non-polar optical phonon energy (Si) 0.063 eV

non-polar optical phonon energy (GaAs) 0.032 eV

�ωp polar optical phonon energy (GaAs) 0.032 eV

ε0Γ Γ -valley bottom energy (GaAs) 0 eV

ε0L L-valley bottom energy (GaAs) 0.32 eV

ZΓL degeneracy from Γ to L valleys (GaAs) 4

ZLΓ degeneracy form L to Γ valley (GaAs) 1

ZLL degeneracy from L to L valleys (GaAs) 3

ni intrinsic concentration (GaAs) 1.79 · 106, cm−3

NI impurity concentration (GaAs) 1014 cm−3

Ze = e elementary charge 1.6021 · 10−19 C
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Kac =
kBTLΞ

2
d

4π2�ρov2
s

.

Polar optical phonon scattering has a transition probability

S(p)(k,k′) = Kp
G(k,k′)
|k− k′|2 [npδ(ε′ − ε− �ωp) + (1 + np)δ(ε′ − ε + �ωp)] ,

with

Kp =
�ωpe2

8π2�εv

(
1
ε∞
− 1

εr

)
, np =

1
exp(�ωp/(kBTL))− 1

,

�ωp the polar optical phonon energy, np its occupation number and the over-
lapping factor

G(k,k′) = [aa′ + cc′ cos(k,k′)]2 ,

with

a =

√
1 + αε

1 + 2αε
, a′ =

√
1 + αε′

1 + 2αε′
,

c =
√

αε

1 + 2αε
, c′ =

√
αε′

1 + 2αε′
.

Before we describe the last scattering, non-polar optical phonon, we recall
the band structure of the GaAs material. On the lowest energy conduction
band, the most important information comes from the absolute and local
minima since they typically concentrate most of the electrons. These minima
are called valleys and we will consider them as different populations in our
model. In GaAs the most interesting part of the valley structure is given by
an absolute minimum at the center of the Brillouin zone called the Γ -valley
and four local minima through the crystal orientation called the L-valleys
which are considered equivalent [To93]. In this way, the transport of electrons
in each valley is studied by a linear Boltzmann equation (7.1.1). Therefore,
for a GaAs device the Boltzmann–Poisson system (7.1.1), (7.1.3), (7.1.4) is
augmented since we need to use two Boltzmann equations, one for each valley.
The Poisson equation couples both kinetic equations since the total density
of electrons consists in a suitable average of the density of electrons in each
valley. Moreover, electrons can jump to different valleys; this fact is reflected in
the collision term Q by means of the inter-valley scattering mechanism. Non-
polar optical phonon scattering is considered in the inelastic approximation,
both intra- and inter-valley, and thus, we consider emission and absorption of
phonons of energy �ωnp (A, B denote either different or equal valleys):

S(np)(kA,kB) = Knp

[
nnpδ(εB− εA − �ω+

np) + (1 + nnp)δ(εB− εA + �ω−
np)
]
,

with



7 Deterministic kinetic solvers for semiconductors 155

Knp =
(DtK)2

8π2ρ0ωnp
, nnp =

1
exp(�ωnp/(kBTL))− 1

�ω+
np = �ωnp + ΔAB , �ω−

np = �ωnp −ΔAB .

The occupation number nnp is given by the equilibrium Bose–Einstein distri-
bution. GaAs solid-state properties imply that non-polar optical phonon scat-
tering contributes to the inter-valley scattering but only to the intra-valley
scattering for the L-valley. ΔAB = ε0A − ε0B is the energy gap between the
minima of the two valleys.

In order to develop a competitive numerical scheme the equations are
simplified by changing variables to suitable energy-type variables in which
the scattering operators become either simple evaluations or linear integral
operators with singular kernels. This change of variables was introduced first
in [FO93] in the parabolic band approximation and in [MP01] for general
dispersion relations for the energy formula (7.1.2). This change of variables
and a suitable adimensionalization were performed for Si and GaAs devices
[CGMS03-2, CCM06].

The main numerical tools to simulate the Boltzmann–Poisson system for
semiconductor devices have practically been based on the direct simulation
Monte Carlo (DSMC) method. Since the dimension of the Boltzmann–Poisson
system is 7, numerical simulations are heavily costly. To overcome this prob-
lem several approximated systems and corresponding deterministic numerical
methods have been proposed in the literature: spherical harmonics approxi-
mation, hydrodynamic models, diffusion limits leading to drift-diffusion equa-
tions, Child–Langmuir asymptotics, and others. The literature of the differ-
ent approximation systems is considerably large, therefore we just refer to
[AH02, AMR03, BDMS01, CC95, D04, JS94, MRS90, Sel84] and the refer-
ences therein. We do not claim that the list is at all exhaustive.

The earliest work in the direct deterministic simulation of Boltzmann–
Poisson systems started with particle methods in [DDM90]. We also mention
the works of C. Ringhofer, see [R00, R03] and the references therein; he has
proposed a general approach by means of series expansion in momentum vec-
tors to solve the stationary and time dependent BTE. This strategy leads to
a hyperbolic system for the coefficients of the expansion that depend both
on time and position. Moreover, the proposed scheme can deal with regimes
close to drift-diffusion equations in a natural way. Recent developments are
the subject of [JPMRB06].

Starting in [CGJS00, CGS00], direct finite difference methods based
on high-order WENO (weighted essentially non-oscillatory) approximations
were used to compute the advection part of the transport equation for the
one-dimensional (1D) relaxation-time kinetic system for semiconductors. In
[CGS00] the considered model distinguishes the materials only with some
representative parameters: mobility, mass and relaxation time. The collision
operator (relaxation) does not take into account the different scattering mech-
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anisms concerning the material of the device. However, the simplicity of
this operator allows us to validate the use of a WENO scheme to simulate
the spatial and velocity derivatives of the equation. Later, using the change
of variables cited above [MP01] the real collision operators were analyzed,
considering all possible scattering mechanisms in Si [CGMS02, CGMS03-2]
and GaAs [CCM06], and thus even extended to 2D spatial semiconductors
[CGMS03-3, CGMS06].

Recently, these developments have been coupled to alternative ideas pro-
ducing other deterministic solvers which are applied to different semiconduc-
tor materials. A brief introduction to these schemes is given in Section 7.5.
Here, we wish to cite the recent and relevant papers of a research group in
Graz. In [AS05, AS05-2, DS04, DGS05, ES05, GS05, GM06, GS06] the nu-
merical technique is used to solve the Boltzmann–Poisson system in 1D or 2D
cases for semiconductor devices based on Si, GaAs or AlGaN/GaN material.
Moreover, they also consider [ASK04, GS04, GSb05] a model consisting of a
couple of kinetic equations: one for the free electron and the other for the
phonons, which are no longer constant. This model must be considered when
hot phonon phenomena occur. The book by M. Galler [Ga05] furnishes both
an introduction to semiconductor physics and a complete description of these
numerical schemes; many examples of applications are also given.

We discuss in Section 7.2 the 1D case analyzing the results from the re-
laxation case to the full collision operator for GaAs devices. In Section 7.3,
previous results are extended to dimension 2 where new difficulties arise to
implement the boundary conditions. We conclude this section with simula-
tions for double gate MOSFETs. Section 7.4 is devoted to summarizing the
works developed using alternative ideas in energy and angles variables by
multigroup techniques borrowed from neutron transport numerical schemes.
In Section 7.5, we briefly state the goals achieved in this research and we
comment on possible new directions in this field.

7.2 1D deterministic device simulations

WENO schemes [JS96, Sh98] were used in [CGJS00, CGS00] to simulate the
1D relaxation-time kinetic system for semiconductors. WENO approxima-
tions of the spatial and velocity derivatives were used coupled to the ex-
plicit Runge–Kutta method for time evolution due to the stability of the
WENO approximation of the derivatives. This system is a first approxima-
tion of the Boltzmann–Poisson system for semiconductors; the right-hand side
of the equation is approximated by 1

τ (MTL
(v)ρ(f)− f), where the relaxation

time τ is assumed constant and related to standard values of the mobility μ
by μ = e

m∗ τ and MTL
is the Maxwellian associated with this temperature

MTL
(v) =

(
2πkBTL

m∗

)−1/2

exp
(
− m∗v2

2kBTL

)
.
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Therefore, we observe that the particularities of the material are reflected
only in the parameters τ and m∗. In [CGS00] the authors analyzed and com-
pared their results with several classical approximations to the Boltzmann–
Poisson system (hydrodynamics, drift-diffusion systems). The results were also
validated with Monte Carlo (DSMC) results for silicon diodes in [ACGS01,
CGMS03-1] and a numerical validation for the Child–Langmuir limit for semi-
conductors for Si and GaAs devices was shown in [CCD02].

Later, in [CGMS03-2] all the scattering mechanisms considered in Si de-
vices were taken into account. The complexity of the collision operator was
overcome by considering the change of variables to suitable energy-type di-
mensionless variables. We write here the Boltzmann–Poisson system after the
change of variables and the dimensionless process for the GaAs case [CCM06].
Since in this case two valleys have to be taken into account, we use the
subindex A to denote the different valleys: Γ and L (for Si we can remove
this index) and denote with ¯ the dimensionless variables and parameters.
Equation (7.1.1) is written as

∂ΦA

∂t
+

∂

∂z

(
aA
1 ΦA

)
+

∂

∂wA

(
aA
2 ΦA

)
+

∂

∂μA

(
aA
3 ΦA

)
= Q̄(ΦA), A = Γ,L,

(7.2.1)

where ΦA is the new unknown function depending on dimensionless time t ≥ 0,
dimensionless spatial variable z, dimensionless energy wA and the cosine of
the angle with respect to the field direction μA. The flux coefficients are

aA
1 = aA

1 (wA, μA) = c1,A
μA

√
2wA(1 + ᾱAwA)
1 + 2 ᾱAwA

,

aA
2 = aA

2 (wA, μA) = −c2,A ĒμA

√
2wA(1 + ᾱAwA)
1 + 2ᾱAwA

, (7.2.2)

aA
3 = aA

3 (wA, μA) = −c2,A Ē
1− μ2

A√
2wA(1 + ᾱAwA)

,

with

c1,A =
t∗
l∗

√
kBTL

m∗
A

and c2,A =

√
m∗

X

m∗
A

, (7.2.3)

where t∗, l∗ and m∗
X are the characteristic time, length and mass respectively.

The Poisson equation (7.1.3) is written as

ΔzV̄ (t, z) = cp

(
cΓ

∫ ∞

0

∫ 1

−1

ΦΓ (t, z, wΓ , μΓ ) dμΓ dwΓ

+ cL

∫ ∞

0

∫ 1

−1

ΦL(t, z, wL, μL) dμL dwL − N̄D(z)
) (7.2.4)
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with cp, cΓ and cL defined as

cp =
e2 t∗ l∗ m∗

X kBTL

εvεr �3
, cΓ = 2π ZLΓ

(
m∗

Γ

m∗
X

)3/2

, cL = 2π ZΓL

(
m∗

L

m∗
X

)3/2

,

(7.2.5)

where ZΓL and ZLΓ are the degeneration numbers from the Γ -valley to the L-
valley and vice versa. Returning to (7.2.1), we show the dimensionless collision
term Q̄:

Q̄(ΦA)=sA(wA)
∫ 1

−1

{
2π c3,AΦA(wA, μ

′
A)+c4,AI4,A(wA, μA, μ

′
A)ΦA(wA, μ

′
A)

+ c5,A

[
I+
5,A(wA, wA − αp, μA, μ

′
A)Φ+

A(wA − αp, μ
′
A)

+ apI5,A(wA, wA + αp, μA, μ
′
A)ΦA(wA + αp, μ

′
A)
]

+ c6,A 2π
[
Φ+

A(wA − αnp, μ
′
A) + anp ΦA(wA + αnp, μ

′
A)
] }

dμ′
A

−
{

4π c3,AsA(wA) + 4π c4,A
sA(wA)

βA
2(4 qA(wA) + βA

2)

+ c5,A

[
N5,A(wA, wA + αp)sA(wA + αp)

+ ap N
+
5,A(wA, wA − αp)s+

A(wA − αp)
]

+ c6,A 4π
[
sA(wA + αnp) + anp s

+
A(wA − αnp)

]}
ΦA(wA, μA)

+ ZABsA(wA) c7,B 2π
∫ 1

−1

[
Φ+

B(wA − αnp − Δ̄BA, μB)

+ anpΦ
+
B(wA + αnp − Δ̄BA, μB)

]
dμB

− ZAB c7,B 4π
[
s+

B(wA + αnp + Δ̄AB)

+ anp s
+
B(wA − αnp + Δ̄AB)

]
ΦA(wA, μA),

(7.2.6)

where sA(wA) is the Jacobian of the coordinate transformation up to constants
(the notation + means the positive part of the function), I4,A, I5,A, N5,A

are functions which depend on the integral parts of the collision operator,
qA(w) = 2wA(1 + ᾱAwA) and c3,A, c4,A, c5,A, c6,A and c7,A are constants
related to the different scatterings. The complexity of this term resides in the
new, compared to Si, scattering mechanisms: impurity, optical polar phonon
and optical non-polar phonon for inter-valleys. For a silicon device the collision
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operator is approximated by simple evaluations in mesh points. In GaAs the
collision operator is more complicated since it involves the functions I4 and I5,
from the impurities and optical phonon scattering, respectively, which present
integrable singularities. This complexity of the collision operator produces a
new numerical difficulty which is solved in [CCM06] by a suitable numerical
approximation of the gain term.

The numerical scheme used is a conservative finite difference WENO
scheme of fifth order in the transport variables and the evolution in time is
done by a third-order total variance diminishing (TVD) Runge–Kutta method.
For details we refer to [CGMS03-2] where the numerical scheme is explained.
The boundary conditions are basically zero flux on the boundaries in energy
and angle and inflow Maxwellian boundary conditions in space. See Section 7.3
for boundary conditions for the 2D case. The Poisson equation is discretized
and numerically solved by a standard central finite difference scheme. Stability
in time for the resulting scheme is ensured by computing time steps verifying
a Courant–Friedrich–Levy (CFL) condition. The CFL condition may become
severe whenever high field regions appear in the device. Investigations to avoid
this problem are under way.

The main difference, from a numerical point of view, between Si and GaAs
is the complexity of the latter, since two valleys have to be considered. This
fact produces numerical difficulties for the preservation of total charge due
to the inter-valley scattering mechanisms in the homogeneous case and the
singular character of the kernels of the impurities and polar optical phonon
scattering. The presence of two Boltzmann equations for the GaAs case pro-
duces a larger computational cost that can be overcome by a parallelized
implementation [MCM05], in which the authors compute for the first time
I-V curves for 2D devices by deterministic schemes.

In [CGMS03-2] the numerical scheme is tested for two n+−n−n+ diodes
of total length 1 μm and 0.25 μm, with 400 nm and 50 nm channels located in
the middle of the device, respectively. Deterministic results are compared with
DSMC and with other classical approximations of the Boltzmann–Poisson
system: drift-diffusion, hydrodynamic and kinetic relaxation models, to deter-
mine how good the approximation of the real collision operator by a relax-
ation model [CGS00] is. Different phonon frequencies are taken into account
in [MMM04] with comparisons to DSMC commercial solvers.

In [CCM06] the WENO solver proposed is validated by computing the
electron valley occupancy, velocity and energy of the homogeneous case, the
bulk material, and by comparing the DSMC results. The well-known experi-
mental phenomena of the material is shown [To93]. This was the first step in
analyzing the transport of electrons in n+−ni−n+ diodes and Gunn oscilla-
tors [CJSW98, MR05]. Here, ni is the intrinsic concentration of the material
and the GaAs diode has a channel length of 0.25 μm for a total length of 0.55
μm.

As a summary of both works [CGMS03-2, CCM06], we can point out
that the main contribution has been the derivation of a fully deterministic
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Fig. 7.1. GaAs device. Left: Γ -valley distribution. Right: L-valley distribution. Both
in Cartesian coordinates at point z = 0.3996674 μm at time t = 3 ps with 0.75 V
applied bias at room temperature 300 K (x = k3 and y = ∓√k2

1 + k2
2).

solver for the BTE for semiconductors including all the relevant scattering
mechanisms of the considered material. This solver allows us to compute the
noise-free evolution in time of the distribution function at every point of the
device and consequently all the moments of the distribution function, i.e.,
hydrodynamical quantities and the stabilization in time towards a steady
state.

As an example of these simulations, we emphasize here that the steady
state in some points of the channel of the device is far from being a shifted
Maxwellian distribution showing purely kinetic characteristics. Fig. 7.1 shows
the distribution function in Cartesian coordinates for valleys Γ and L with
0.75 V applied bias at room temperature 300 K at point z = 0.399667 μm
after t = 3 ps. Comparing Si results to GaAs results, the asymmetry in the
distribution function is more relevant in GaAs for the Γ -valley distribution
than in Si. Discrete points of the simulations were simply joined by lines.

This scheme has been adapted to bipolar p-n junctions [GCG1, GCG2].
Here, we deal again with a system of two kinetic equations for holes and
electrons coupled through the Poisson equation, but we also have new terms
due to recombination and generation of electron-hole pairs.

Let us finally mention that improvements in the WENO methods in order
to reduce its computational cost have been explored by improving the time
discretization [AS05], by better adapting the energy discretization [ARS05]
and by imposing different uniform discretizations in different parts of the
domain [GCG2, AS05-2].

7.3 2D deterministic device simulations

The change of variables and the dimensionless process used in the 1D case
can be extended to the 2D case. The Boltzmann equation (see [CGMS03-3])
is written, in terms of the new unknown Φ, as

∂Φ

∂t
+

∂

∂x
(a1Φ) +

∂

∂y
(a2Φ) +

∂

∂ω
(a3Φ) +

∂

∂μ
(a4Φ) +

∂

∂φ
(a5Φ) = Q̄(Φ),

(7.3.1)
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where the flux functions ai are given by

a1(ω) =
1
t∗

μs(ω)
(1 + 2ακω)2

a2(ω, μ, φ) =
1
t∗

√
1− μ2s(ω) cosφ
(1 + 2ακω)2

a3(t, x, y, ω, μ, φ) = − 1
t∗

2s(ω)
(1 + 2ακω)2

×
[
Ex(t, x, y)μ + Ey(t, x, y)

√
1− μ2 cosφ

]
a4(t, x, y, ω, μ, φ) = − 1

t∗
1 + 2ακω

s(ω)

√
1− μ2

×
[
Ex(t, x, y)

√
1− μ2 − Ey(t, x, y)μ cosφ

]
a5(t, x, y, ω, μ, φ) =

Ey(t, x, y)
t∗

sinφ√
1− μ2

1 + 2ακω

s(ω)
.

Here, t appears with dimensions in contrast to the previous section, from which
the factor t∗ appears in the flux coefficients. We remove the subindex A since
we consider the Si case for simplicity. For GaAs, the differences, as in the 1D
case, are the presence of other scattering mechanisms and two relevant valleys;
consequently two Boltzmann equations have to be considered. Therefore, the
2D case for GaAs can be also simulated in analogous manner without further
problems. In the 2D case the unknown Φ depends on t (time), x, y (space
variables), w (dimensionless energy), μ (cosine of the angle with respect to
the x-axis) and φ (azimuthal angle).

Results of the 2D case were presented in [CGMS03-3] for metal semicon-
ductor field effect transistor (MESFET) devices and in [MCM05] considering
a parallelization of the numerical code. This deterministic solver was improved
in [CGMS06] to clarify the implementation of the boundary conditions and
the nature of boundary singularities in the electric field. The improved scheme
was tested with a stochastic DSMC solver. Here we summarize both issues;
see [CGMS06] for details.

7.3.1 Boundary conditions

We consider semiconductor devices whose boundaries can be separated in four
kinds of regions: gates, contact areas, insulated areas and contact boundary
between the semiconducting and the oxide regions (the last one for the metal
oxide semiconductor field effect transistor (MOSFET) case only).

The boundary conditions associated to the electrostatic potential (i.e.,
solutions of the Poisson equation (7.1.3), (7.1.4)) are prescribed potential
(Dirichlet type conditions) at the source, drain, and gate contacts, and insu-
lating (homogeneous Neumann conditions) on the remainder of the boundary.
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The boundary conditions imposed on the numerical probability density
function (pdf) approximating the solution of the BTE are as follows:

Source and drain contacts: Numerical boundary conditions must approximate
neutral charges. Here we employ a buffer layer of ghost points outside both the
device contact source and drain areas and use conditions (2.1) from [CGMS06].

Under the assumption that highly doped regions n+(x, y) are slowly vary-
ing (i.e., of very small total variation norm), the corresponding small De-
bye length asymptotics yield neutral charges away from the endpoints of the
contact boundary regions. Consequently, the total density ρ (zero-order mo-
ment) and its variation take asymptotically, in Debye length, the values of
n+(x, y) away from the contact endpoints. This is the well-known limit for
drift-diffusion systems [MRS90], and we observe that this is also the case
for the kinetic problem, provided the kinetic solution satisfies approximately
neutral charge conditions at these contact boundaries.

Gate contacts: The numerical boundary condition yields an estimated incom-
ing mean velocity which represents a transverse electric field effect due to
the gate contacts. These conditions, given in (2.3) from [CGMS06], or (2.4)
for its integrated form, are of Robin (or mixed) type, which are the natural
conditions for a simulation of a gate contact in an oxide region. This form
of boundary conditions follows from classical asymptotics corresponding to
thin shell elliptic- and parabolic-type problems with Dirichlet data in the
thin outer shell domain and a core larger-scale domain. Classical transmission
conditions link the force fields corresponding to both domains, which combine
into a Robin-type condition (mixed-type condition (2.8) from [CGMS06]). The
2D asymptotic boundary condition for the Poisson system linking the oxide
and semiconductor region and yielding a Robin-type condition was rigorously
studied in [Ga93-1, Ga93-2].

Insulating walls or contact boundary between the semiconducting and the oxide
regions: In both of these cases we impose classical elastic specular boundary
reflection conditions for the numerical pdf as in (2.10) from [CGMS06].

7.3.2 Appearance of singularities

It is well known that solutions of the Poisson equation develop singularities in
a bounded domain, with a Lipschitz boundary and a boundary condition that
changes type from Dirichlet to homogeneous Neumann or Robin-type data on
both sides of a conical wedge, with an angle 0 ≤ ϑ ≤ 2π, whose vertex is at
the point of data discontinuity. The solution will develop a singularity at the
vertex point depending on the angle ϑ. Indeed, for an elliptic problem in a
domain with a data-type change, the solution remains bounded with a radial
behavior of a power less than one if π/2 ≤ ϑ ≤ 2π. Its gradient then becomes
singular (see for instance Grisvard [Gr85] for a survey on boundary value prob-
lems of elliptic partial differential equations (PDEs) in a non-convex domain,
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and Gamba [Ga90], [Ga93-1] for a rigorous study of a drift-diffusion Poisson
system in a MOSFET-type geometry). Therefore, in particular, the electric
potential presents singularities and consequently singularities also appear in
the electric field. Regardless, the deterministic solver presented is high-order
accurate. Consequently, elliptic and parabolic descriptions of the density flow
at the drift-diffusion level maintain the same singular boundary behavior, even
though mobility functions are saturated quantities; that is, they are bounded
functions of the magnitude of the electric field [Ga93-2]. In fact, these con-
ditions have been used for 2D drift-diffusion simulations of MESFET devices
and this singular boundary behavior was obtained [CC95].

We stress that our calculations resolve this singular boundary behavior as
shown in Fig. 7.4 at the boundary points corresponding to the junction of the
doping profile abruptly changing to the oxide regions and gate contacts.

In view of this boundary asymptotic behavior at the macroscopic level
and the numerical results we obtain for the deterministic solutions of the
BTE-Poisson system and its moments, we conjecture in [CGMS06] that the
moments of the particle distribution function f(t,x,k) have the same spatial
asymptotic behavior as the density solution of the drift-diffusion problem at
the boundary points with a discontinuity in the data. In other words, the
collision mechanism preserves the spatial regularity of the pdf as though its
zeroth moment would satisfy the drift-diffusion equations, even though the
numerical evidence indicates that the average of the pdf (i.e., density) will
not evolve according to such a simple macroscopic model.

7.3.3 2D simulation example: double gate MOSFETs

The WENO-BTE solver is, again, a fifth-order finite difference WENO scheme
coupled with a third-order TVD Runge–Kutta time discretization to solve
(7.3.1), as used in [CGMS06].

The Poisson equations (7.1.3) for the potential V and the electric field
(7.1.4) are solved by the standard central difference scheme, with the given
Vbias boundary conditions at the source, drain and gate.

A realistic device used by electronic engineers for which the scheme pre-
sented above can be applied is the double-gate (DG) MOSFET. We show
simulations for a DG-MOSFET whose structure is described in Fig. 7.2: two
bands of oxide of thickness 2 nm sandwich a band of Si of 24 nm where elec-
trons transit. Two gates (top and bottom) 50 nm long are considered at 50
nm of the source.

The voltage gate is 1.06 V for both, while the drain applied bias is 1.6 V.
A “V”-shaped doping profile as in [BSF03] was taken into account: the doping
concentration in the center of the channel is 1015 cm−3, while at the edges of
the channel it is 5 × 1018 cm−3, see Fig. 7.3. The acceptors concentration is
1010 cm−3.
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Fig. 7.2. Schematic representation of a DG-MOSFET.

The boundary conditions were described in Subsection 7.3.1. Due to the
symmetry of the device in the y-component, the device can be simulated for
y > 0 only and the results for the other part of the device can be obtained
by symmetry. Electron transport only occurs in the semiconductor Si part of
the device, therefore the BTE is only solved in this area, while the Poisson
equation is solved in the whole device to take into account the presence of the
gates.

As usual the BTE is simulated until the hydrodynamical quantities stabi-
lize on time. In this sense, we consider that numerically the steady state has
been achieved. In Fig. 7.4 we show the density, potential and energy of this
stationary state. We observe two regions of the device with a high concen-
tration of electrons close to the gates. Electrons are accelerated by the gate
voltages and, thus, the energy achieves its maximum value around the end of
the gates, at 100 nm of the source.

7.4 The multigroup-WENO model equations

This numerical technique consists of imposing an ansatz for the solution in
the momentum variables: energy and angles, while keeping the dependence

Fig. 7.3. Doping profile of the DG-MOSFET.
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Fig. 7.4. DG-MOSFET device. Top left: the charge density ρ (cm−3); top right: the
electric potential V ; bottom: the energy E (eV). Units of x and y are nanometers.

on time and position through the expansion coefficients. Ideas of multigroup
techniques are not far from the general series expansion methods analyzed in
[R00]. In a first step, assuming that the distribution function depends only on
k through the coordinates w ∈ [0, wmax], μ ∈ [−1, 1], we discretize them via

wi+1/2 = iΔw, i = 0, 1, . . . , N, Δw = wmax/N,
μj+1/2 = −1 + jΔμ, j = 0, 1, . . . ,M, Δμ = 2/M,

with two suitably chosen integers N and M . Here, wmax is a maximum value
for the dimensionless energy, related to the physically studied process, for
which we have to check that Φ(t,x, wmax, μ) is negligible for all t, x and μ.

In the case of a unique valley, the unknown function Φ is approximated by
the finite sum

Φ(t,x, w, μ) ≈
N∑

i=1

M∑
j=1

nij(t,x)λwi
(w)λμj

(μ) (7.4.1)

containing N ×M coefficients nij(t,x) and where the functions λwi
(w) and

λμj
(μ) can be chosen in different ways. The first possibility is to assume that

λwi(w) = δ(wi−w) and λμj (μ) = δ(μj−μ), where δ is the Dirac distribution.
Alternatively, they can be defined by

λwi
(w) =

⎧⎨⎩
1

Δw
, if w ∈ [wi−1/2, wi+1/2],

0, otherwise,
(7.4.2)
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and the other function analogously. Recently, a modified approximation for
the distribution function has been proposed, introducing a weight function
p(w), such that

Φ(t,x, w, μ) ≈ p(w)
N∑

i=1

M∑
j=1

nij(t,x)λwi
(w)λμj

(μ) , (7.4.3)

where the function λ can be defined as above. The main advantage of intro-
ducing the function p is in taking into account the singularities or the shape of
Φ. In [GM06], p(w) = s(w) was assumed; so, apart from a constant factor, Φ/s
is the original distribution function f and the singularity at w = 0 is removed.
The evolution equations for the coefficients nij are constructed as suggested
by the method of weighted residuals. The ansatz (7.4.1) or (7.4.3) is inserted
into the dimensionless Boltzmann equation and the result is integrated over
the cells

Zij = [wi−1/2, wi+1/2]× [μj−1/2, μj+1/2].

This procedure yields a set of N ×M partial differential equations for the nij .
Therefore, WENO routines are used to obtain accurate numerical solutions.
The flux through the cells Zij , corresponding to the integration of the terms of
the free streaming operator containing the partial derivatives with respect to
the variables w and μ, is treated by using a simple formula based on the Min-
Mod slope limiter. Details of the full general procedure are given in [Ga05,
GM06].

This approach for solving the transport equation has some advantages and
disadvantages with respect to the full WENO scheme. The multigroup-WENO
(MW) technique is also simple to use in the case of a non-uniform grid in the
(w, μ) space and the function p(w) may be related to physical expectations
(for instance, the shape or tail of Φ). Moreover, it is requires less CPU time,
due to the easy treatment of the force term in the Boltzmann equation. The
main disadvantage is the loss of accuracy in the approximation of the force
term. Although the order of error is comparable with those coming from the
approximation of the collision operator, the presence of a strong electric field
enlarges the numerical error. This can be meaningful, as the moments of the
distribution functions are evaluated. In order to show this, we have solved
the simple typical problem of the homogeneous charge transport in a bulk
silicon device having a constant doping profile and a constant applied electric
field. We use the full WENO scheme and the multigroup model based on
Equation (7.4.3). The main thermodynamical quantities are the velocity and
the energy. In Fig. 7.5 (left) we show the electron mean velocity for different
grid sizes. The index i of the x-axis corresponds to the values of the integer
N and M (wmax is not changed) according to the following rule:

N = 20 + i× 20 M = 8 + i× 4 (i = 1, 2, . . . , 6) .

Figure 7.5 (right) shows the mean energy results. The value of the electric
field is 30 kV/cm.
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Fig. 7.5. Left: The velocity (cm/s). Right: The energy (eV).

It is evident that there is better accuracy for the WENO scheme than
for the MW method. So, if we require highly accurate solutions, the WENO
approach is preferable, since it needs fewer grid points than the MW method.
We do not have the savings of CPU time of the MW technique in this case,
because we must increase the number of grid points. When we use a coarse
grid, both results are reasonable. In this test we have used a moderate electric
field; if we increase its value, then the differences will be more emphasized.

7.5 Conclusions and future developments

The work developed during the last five years devoted to WENO methods
shows that these methods lead to high-order accurate solutions of the BTE
for different materials and geometries. They actually represent benchmarks
for hydrodynamic or drift-diffusion solvers. However, they present a significant
computational cost that can be reduced by using computer techniques, e.g.,
parallelization and dynamic memory, or by tuning different numerical aspects,
e.g., time discretization, energy discretization, multilevel/multigrid methods,
and multiresolution approaches. Some of them have already been tackled.
We think multiresolution approaches could lead to a tremendous reduction in
computational time and multigrid methods will ease the restriction to uniform
grids. Summarizing, WENO-based methods present two main disadvantages:
a large computational cost mainly due to the CFL condition and the need for
working with uniform (or smooth) spatial grids.

The search for new deterministic numerical methods for the BTE should
continue as we keep in mind the mentioned limitations of WENO-based meth-
ods. Methods allowing us to take larger advection steps, thus avoiding CFL
conditions while maintaining good accuracy represent a good alternative to
WENO methods. Semi-Lagrangian methods coupled to splitting techniques
used for a long time in the simulation of Vlasov-type systems in plasma physics
could be a good alternative [CV06].
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On the other hand, to use non-structured grids is important in 2D real
device simulation since the transport of electrons usually happens in narrow
areas inside the device. Local discontinuous Galerkin methods are an alter-
nate numerical technique in this direction. Recent developments in numerical
and analytical studies for these type of solvers and simulations have been
performed in [GP06].
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[CCM06] Cáceres, M.J.; Carrillo, J.A.; Majorana, A.: Deterministic simula-
tion of the Boltzmann–Poisson system in GaAs-based semiconductors,
SIAM Journal of Scientific Computing, 27, (2006), 1981–2009.

[CGS00] Carrillo, J.A.; Gamba, I.M.; Shu, C.-W.: Computational macroscopic
approximations to the 1D relaxation-time kinetic system for semicon-
ductors, Physica D, 146, (2000), 289–306.

[CGMS03-1] Carrillo, J.A.; Gamba, I.M.; Muscato, O.; Shu, C.-W.: Comparison
of Monte Carlo and deterministic simulations of a silicon diode, IMA
Volume Series 135, (2003), 75–84.

[CGMS02] Carrillo, J.A.; Gamba, I.M.; Majorana, A.; Shu, C.-W.: A WENO-
solver for the 1D non-stationary Boltzmann–Poisson system for semi-
conductor devices, J. Comput. Electron., 1, (2002), 365–370.

[CGMS03-2] Carrillo, J.A.; Gamba, I.M.; Majorana, A.; Shu, C.-W.: A WENO-
solver for the transients of Boltzmann–Poisson system for semiconduc-
tor devices. Performance and comparisons with Monte Carlo methods,
J. Comput. Phys., 184, (2003), 498–525.

[CGMS03-3] Carrillo, J.A.; Gamba, I.M.; Majorana, A.; Shu, C.-W.: A direct solver
for 2D non-stationary Boltzmann–Poisson systems for semiconduc-
tor devices: a MESFET simulation by WENO-Boltzmann schemes, J.
Comput. Electron., 2, (2003), 375–380.

[CGMS06] Carrillo, J.A.; Gamba, I.M.; Majorana, A.; Shu, C.-W.: 2D semicon-
ductor device simulations by WENO-Boltzmann schemes: efficiency,
boundary conditions and comparison to Monte Carlo methods, J.
Comput. Phys., 214, (2006), 55–80.

[CV06] Carrillo, J.A.; Vecil, F.: Non oscillatory interpolation methods applied
to Vlasov-based models, preprint.

[CGJS00] Cercignani, C.; Jerome, J.W.; Gamba, I.M.; Shu, C.-W.: Device
benchmark comparisons via kinetic, hydrodynamic, and high-field
models, Computer Methods in Applied Mechanics and Engineering,
181, (2000), 381–392.

[CC95] Chen, Z.; Cockburn, B.: Analysis of a finite element method for the
drift-diffusion semiconductor device equations: the multidimensional
case, Num. Math., 71, (1995), 1–28.

[CJSW98] Chen, G.-Q.; Jerome, J.W.; Shu, C.-W.; Wang, D.: Two carrier semi-
conductor device models with geometric structure and symmetry
properties, Modelling and Computation for Applications in Mathe-
matics, Science, and Engineering (ed. J. Jerome), Oxford University
Press, London, 103–140, 1998.

[DDM90] Degond, P.; Delaurens, F.; Mustieles, F.J.: Semiconductor modelling
via the Boltzmann equation, Computing Methods in Applied Sciences
and Engineering, SIAM, (1990), 311–324.

[D04] Degond, P.: Macroscopic limits of the Boltzmann equation: a review,
Modeling and computational methods for kinetic equations, Model.
Simul. Sci. Eng. Technol., Birkhäuser Boston, (2004), 3–57.
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8.1 Introduction

Methods of mathematical kinetic theory have been recently developed to de-
scribe the collective behavior of large populations of interacting individuals
such that their microscopic state is identified not only by a mechanical vari-
able (typically position and velocity), but also by a biological state (or socio-
biological state) related to their organized, somehow intelligent, behavior. The
interest in this type of mathematical approach is documented in the collection
of surveys edited in [1], in the review papers [2], [3], and in the book [4].

A generalization of the classical Boltzmann equation has been proposed in
[5] showing that it includes, as a particular case, the model of mathematical
kinetic theory [6]. Following [7], the interacting entities are called active par-
ticles, while the variable which describes their state, called the microscopic
state, includes a mechanical state, classically position and velocity, and an
additional variable, called activity, which describes the specific functions of
the particles related to their socio-biological functions. The overall behavior
of the system is delivered by mathematical equations suitable to describe the
evolution of the statistical distribution over the above microscopic state.

This survey is precisely focused on modelling of complex multicellular sys-
tems in biology by a suitable generalization of the mathematical kinetic theory.
This approach was first introduced in [8] with specific reference to the com-
petition between tumor and immune cells. The model has been subsequently
developed by various authors, e.g., [9]–[17]. The content is organized into four
more sections which follow this introduction. Section 8.2 describes a general
mathematical framework which is proposed as a fundamental paradigm to-
wards the modelling of specific biological systems with continuous and discrete
representation of the activity. Section 8.3 deals with the analysis of a specific
model of the competition between immune cells and abnormal cells or parti-
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cle carriers of a pathology. Section 8.4 discusses the derivation of macroscopic
equations from the underlying microscopic description offered by generalized
kinetic theory. Section 8.5 develops a critical analysis addressed to show how
the mathematical framework proposed in this chapter can be further devel-
oped towards relatively more accurate models of complex biological systems,
possibly looking at a proper bio-mathematical theory.

8.2 Mathematical framework

The mathematical framework described in this section is proposed as a con-
ceivable paradigm towards the derivation of specific models of complex bi-
ological systems. Specifically, we consider a large system of interacting cells
organized into n populations labelled by the index i = 1, . . . , n; each popula-
tion is characterized by a different way of organizing their peculiar activities
as well as by the interactions with the other populations.

Modelling by methods of mathematical kinetic theory essentially means
defining the microscopic state of the cells, the distribution function over that
state, and deriving an evolution equation for the distribution. In detail, the
physical variable charged to describe the state of each cell is called the mi-
croscopic state, denoted by: w = {x , v , u}, where x ∈ Dx is the position,
v ∈ Dv is the velocity, and u ∈ Du is the biological microscopic state or
activity. The space of the variable w is called the space of the microscopic
states.

The description of the overall state of the system is given by the one-cell
generalized distribution function:

fi = fi(t,w) = fi(t,x,v,u) , i = 1, . . . , n , (8.2.1)

which is such that fi(t,w) dw denotes the number of cells whose state, at time
t, is in the interval [w,w + dw].

In addition to the above continuous description, we also consider systems
where the activity is a discrete variable: u = {u1 , . . . ,uh , . . . ,uH} with
components uh, where h = 1, . . . , H. In this case, the statistical distribu-
tion suitable for describing the state of the system is the discrete one-particle
distribution function

fh
i = fh

i (t,x,v) , (8.2.2)

where fh
i , corresponds to cells of the ith population with state uh, while the

overall state of the system is described by the whole set fi = {fh}Hh=1 of all dis-
tribution functions fh

i , and the space and velocity variables are still assumed
to be continuous. A generalized kinetic theory for systems with discrete states
has been proposed in [18] and further developed in [19]. Motivations for the
assumptions of discrete states have been given in [18], while further critical
analysis is proposed in the sections which follow.
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The first step towards the derivation of an evolution equation for the above
distribution function consists in the modelling of microscopic interactions be-
tween pairs of cells. Specifically, the following types of binary interactions are
taken into account:
– Conservative interactions, between candidate or test cells and field cells,
which modify the microscopic activity of the interacting cells, but not the size
of the population;
– Proliferating or destructive interactions, between test cells and field cells,
which generate death or birth of test particles;
– Stochastic interactions which modify the velocity of the particles according
to a suitable velocity jump process.

The evolution equation is obtained by equating, in the elementary volume
of the state space, the rate of increase of particles with microscopic state
w to the net flux of particles which attain such a state due to microscopic
interactions. The result of detailed calculations, in the continuous case, is as
follows:(

∂t + v · ∇x

)
fi(t,x,v,u)

= ν
n∑

j=1

∫
Dv

[
T (v,v∗)fi(t,x,v∗,u)− T (v∗,v)fj(t,x,v,u)

]
dv∗

+
n∑

j=1

ηij

∫
Du×Du

Bij(u∗,u∗;u)fi(t,x,v,u∗)fj(t,x,v,u∗) du∗ du∗

−fi(t,x,v,u)
n∑

j=1

∫
Du

ηij

[
1− μij(u,u∗)

]
fj(t,x,v,u∗) du∗ ,

(8.2.3)

while for discrete activity analogous calculations yield(
∂t + v · ∇x

)
fh

i (t,x,v)

= ν
n∑

j=1

∫
Dv

[
T (v,v∗)fh

i (t,x,v∗)− T (v∗,v)fh
j (t,x,v)

]
dv∗

+
n∑

j=1

H∑
p=1

H∑
q=1

ηijBpq(h)fp
i (t,x,v)fq

j (t,x,v)

− fh
i (t,x,v)

n∑
j=1

H∑
q=1

ηijf
q
j (t,x,v)[1− μhq

ij ]fq
j (t,x,v) ,

(8.2.4)
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for h = 1 , . . . , H. The following definitions also apply.
• The linear transport term has been proposed by various authors to describe
the dynamics of biological organisms modelled by a velocity-jump process,
where ν is the turning rate or turning frequency (hence τ = 1/ν is the mean
run time), and T (v,v∗) is the probability kernel for the new velocity v ∈ Dv

assuming that the previous velocity was v∗. This corresponds to the assump-
tion that cells choose any direction with bounded velocity. Specifically, the
set of possible velocities is denoted by Dv, where Dv ⊂ R3, and it is assumed
that Dv is bounded and spherically symmetric (i.e., v ∈ Dv ⇒ −v ∈ Dv).
• The interaction rate between pairs of particles is denoted by ηij and is
assumed to be a constant independent of the activities of the interacting
particles.
• The transition probability density, in the continuous case Bij(u∗,u∗;u), mod-
els the transition probability density of the candidate cell (of the ith popula-
tion) with state u∗ into the state u of the test particle after the interaction
with the field cell (of the jth population) with state u∗. In the discrete case:
Bpq(h) = B(up,uq;uh) models the transition probability density of a can-
didate particle with state up into the state uh of the test particle after an
interaction with a field particle with state uq. The above-defined transition
density functions have the structure of a probability density with respect to
the variables u and uh, respectively.
• The proliferation rate μij(u,u∗) models, in the continuous case, the prolif-
eration density due to encounters, with rate ηij , between the test cell (of the
ith population) with state u with the field cell (of the jth population) with
state u∗. The analogous term in the discrete case is given by μhq

ij .
If fi is known, then macroscopic gross variables can be computed, under

suitable integrability properties, as moments weighted by the above distribu-
tion function. For instance, the local size of the ith population is given by

ni(t,x) =
∫

Dv×Du

fi(t,x,v,u) dv du . (8.2.5)

The local initial size of the i th population, at t = 0, is denoted by ni0,
while the local size for all populations is denoted by n0 and is given by

n0(x) =
n∑

i=1

ni0(x) . (8.2.6)

Marginal densities may refer either to the generalized distribution over the
mechanical state,

fm
i (t,x,v) =

∫
Du

fi(t,x,v,u) du , (8.2.7)

or to the generalized distribution over the socio-biological state,
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f b
i (t,u) =

∫
Dx×Dv

fi(t,x,v,u) dx dv . (8.2.8)

First-order moments provide either linear mechanical macroscopic quan-
tities, or linear socio-biological macroscopic quantities. Focusing on biological
functions, the linear moments related to each jth component of the state u,
related to the ith populations, can be called the local activation at the time t
in the position x, and are computed as follows:

Aij = Aj [fi](t,x) =
∫

Dv×Du

ujfi(t,x,v,u) dv du , (8.2.9)

while the local activation density is given by

Aij = Aj [fi](t,x) =
Aj [fi](t,x)
ni(t,x)

=
1

ni(t,x)

∫
Dv×Du

ujfi(t,x,v,u) dv du .

(8.2.10)

Global quantities are obtained by integrating over space. A different inter-
pretation can be given for each of the above quantities. Large values of Aij

may be due to a large number of cells with relatively small values of the jth
biological function, but also to a small number of cells with relatively large
values of the jth biological function, while A allows us to identify the size of
the mean value of the activation.

Analogous calculations can be developed in the case of discrete activi-
ties. For instance, consider a system constituted by one population only. The
density is given by

n[f ](t,x) =
H∑

h=1

∫
Dv

fh(t,x,v) dv , (8.2.11)

and, focusing on the activity terms, the linear moments related to each hth
component of the state u are called the activation at the time t in the position
x, and are computed as follows:

ah = ah[fh](t,x) =
∫

Dv

uhf
h(t,x,v) dv . (8.2.12)

The activation density Ah[fh] is obtained by dividing ah by the density n
given in (8.2.12).

Finally, we stress that the preceding mathematical structures offer a back-
ground for modelling which cannot, however, cover the whole variety of cellu-
lar phenomena. The sections which follow investigate how far modelling issues
can take advantage of the structures offered in this section.
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8.3 An example of the mathematical model

The first application of the mathematical framework proposed in Section 8.2
deals with the modelling of the competition between immune and progress-
ing cells. Following Greller, Tobin, and Poste [20], the system is assumed to
be constituted by two cellular populations. The microscopic state in the first
population is the progression, which denotes how far cells are from the normal
state. In more detail, u ∈ R, where u ≤ 0 identifies the state of normal cells,
while u > 0 is the state of abnormal cells, where the degree of transformation
from normal increases with increasing progression: growth autonomous, tis-
sue invasive, metastatically competent. The microscopic state in the second
population is the activation, which denotes how far immune cells are active
to contrast the abnormal state. In this case, u ∈ R, where u ≤ 0 identifies
the state of inhibited immune cells, while u > 0 is the state of active cells,
where the degree of ability to contrast abnormal cells increases with increasing
activation.

This system appears to be simpler than those considered in Section 8.2.
Therefore the mathematical structure for modelling reduces to the following:

∂tfi(t, u) =
2∑

j=1

∫
ηijBij(u∗, u∗;u)fi(t, u∗)fj(t, u∗) du∗ du∗

−fi(t, u)
2∑

j=1

∫
ηij [1− μij(u, u∗)]fj(t, u∗) du∗ ,

(8.3.1)

where, referring to the transition probability density Bij related to conservative
interactions, it is assumed that Bij is a delta function over the most probable
output mij(u∗, u∗), which depends on the microscopic states u∗ and u∗ of the
interacting pairs.

The following specific interactions are modelled by suitable phenomeno-
logical assumptions:

• Interactions between cells of the first population
H.1: The most probable output of conservative interactions is given as follows:

u∗, u∗ ∈ R : m11 = u∗ + α11 ,

where α11 is a parameter related to the inner tendency of both a normal and
progressing endothelial cell to degenerate and progress.
H.2: The proliferation rate of normal endothelial cells due to encounters with
other endothelial cells is equal to zero. On the other hand, when u∗ ≥ 0, cells
undergo uncontrolled mitosis stimulated by encounters with nonprogressing
cells u∗ < 0, which have a feeding ability

p11(u∗, u∗) = β11U[0,∞)(u∗)U(−∞,0)(u∗) ,
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where β11 is a parameter which characterizes the proliferating ability of tu-
mor cells. Endothelial cells which are used for the proliferation are constantly
replaced by the outer environment. Encounters between progressing cells do
not lead to any proliferation or destruction.

• Interactions between cells of the first with the second population
H.3: The state of cells of the first population, if not progressing, does not
change due to interactions with immune cells. If it is progressing, then its
state does not change if the immune cell is not active.
H.4: The proliferation rate of nonprogressing cells due to encounters with
immune cells is equal to zero. On the other hand, when u∗ ≥ 0, cells are
partially destroyed due to encounters with active immune cells:

μ12(u∗, u∗) = −β12U[0,∞)(u∗)U[0,∞)(u∗) ,

where β12 is a parameter which characterizes the destructive ability of active
immune cells.

• Interactions between cells of the second with the first population
H.5: Immune cells do not change state due to interactions with nonprogressing
endothelial cells. Moreover, if the cell is inhibited, its state does not change on
interacting with progressing endothelial cells. On the other hand, for positive
values of u∗, the most probable output is given as follows:

u∗ ≥ 0 , u∗ ≥ 0 : m21 = u∗ − α21 ,

where α21 is a parameter which indicates the ability of tumor cells to inhibit
immune cells.
H.6: The proliferation rate of inhibited immune cells due to encounters with
cells of the first population is equal to zero. On the other hand, when u∗ ≥ 0,
cells proliferate due to encounters with progressing cells:

μ21(u∗, u∗) = β21U[0,∞)(u∗)U[0,∞)(u∗) , μ22 = 0 ,

where β21 is a parameter which characterizes the proliferating ability of tumor
cells.

• Interactions between cells of the second population. It is assumed
that this type of interactions does not modify the state of cells.

Substituting these microscopic models into Eq. (8.3.1) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tf1(t, u) = n1(t)[f1(t, u− α11)− f1(t, u)]

+ f1(t, u)
[
β11n

E
1 (t)− β12n

A
2 (t)

]
U[0,∞)(u) ,

∂tf2(t, u) = nT
1 (t)

[
f2(t, u + α21)U[0,∞)(u + α21)

+ (β21 − 1)f2(t, u)U[0,∞)(u)
]
,

(8.3.2)
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where

n1(t) = nE
1 (t) + nT

1 (t) =
∫ 0

−∞
f1(t, u) du +

∫ ∞

0

f1(t, u) , (8.3.3)

and

nA
2 (t) =

∫ ∞

0

f2(t, u) du . (8.3.4)

The model is characterized by five phenomenological parameters, where
the α-type parameters are related to mass conservative encounters, while the
β-type parameters are related to proliferating/destructive encounters. All pa-
rameters are positive quantities (eventually equal to zero) small with respect
to unity. In detail:
α11 refers to the variation of the progression due to encounters between en-
dothelial cells. It describes the tendency of a normal cell to degenerate and to
increase its progression;
α21 corresponds to the ability of tumor cells to inhibit the active immune
cells;
β11 refers to the proliferation rate of tumor cells due to their encounters with
normal endothelial cells;
β12 refers to the ability of immune cells to destroy tumor cells;
β21 corresponds to the proliferation rate of immune cells due to their interac-
tion with progressed cells.

This model takes into account the ability of progressing cells to inhibit
immune cells. When this ability cannot be expressed one has α21 = 0, while
the model express a pathology which is relatively less dangerous:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂tf1(t, u) = n1(t)[f1

(
t, u− α11

)
− f1(t, u)]

+ f1(t, u)[β11n
E
1 (t)− β12n

A
2 (t)]U[0,∞)(u) ,

∂tf2(t, u) = β21n
T
1 (t)f2(t, u)U[0,∞)(u) .

(8.3.5)

The most dangerous case is when the immune system is totally depressed.
In this case f2

∼= 0, and the model for the continuous growth of progressing
cells is written as

∂tf1(t, u) = n1(t)
(
f1(t, u− α11)− f1(t, u)

)
+ f1(t, u)β11n

E
1 (t)U[0,∞)(u) .

(8.3.6)

A qualitative analysis of the solutions to the initial value problem obtained
by linking suitable initial conditions to the preceding models can be developed
by application of the classical fixed point theorem. The following function
spaces need to be defined:
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• L1(R) is the Lebesgue space of measurable, real-valued functions which
are integrable on R. The norm is denoted by ‖ · ‖1.

• X = L1(R) × L1(R) = {f = (f1, f2) : f1 ∈ L1(R), f2 ∈ L1(R)} is the
Banach space equipped with the norm

‖ f ‖=‖ f1 ‖1 + ‖ f2 ‖1 . (8.3.7)

• X+ = {f = (f1, f2) ∈ X : f1 ≥ 0, f2 ≥ 0} is the positive cone of X .
• Y = C([0, T ],X ) and Y+ = C([0, T ],X+) are the spaces of the functions

continuous on [0, T ] with values, respectively, in a Banach space X and
X+, equipped with the norm

‖ f ‖Y= sup
t∈[0,T ]

‖ f ‖ . (8.3.8)

A detailed analysis is given in Chapter 3 of [4]. Local and global existence
of the solutions to the value problem are stated by the following theorems.

Theorem 1. Let f0 ∈ X+. Then there exists a positive constants T and
a0, such that the initial value problem (8.3.5) has a unique solution f ∈
C([0, T ],X+). The solution f satisfies

f(t) ∈ X+, t ∈ [0, T ] , (8.3.9)

and

‖ f ‖≤ a0 ‖ f0 ‖, ∀ t ∈ [0, T ] . (8.3.10)

Theorem 2. ∀T > 0, there exists a unique solution f ∈ C([0, T ],X ) of
(8.3.5) with the initial data, f0 ∈ X+. The solution satisfies (8.3.9), and
for some constant CT depending on T and on the initial data,

sup
t∈[0,T ]

f(t) ≤ CT . (8.3.11)

In general, it is interesting to analyze the influence of the parameters of
the model and of the mathematical problem on the bifurcation separating two
different behaviors:

i) “Blow up” of progressing cells, while the immune cells are inhibited;
ii) Destruction of progressing cells due to the action of the immune system

which remains sufficiently active.

Theorem 3. Consider the initial value problem for Eqs. (8.3.5) and let

λ = (1 + β11)nE
1 (0)− β12n

A
2 (0) .

Then nA
2 increases, nE

1 decreases with time, and
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• If β12 = 0 then nT
1 increases.

• If β12 �= 0, then nT
1 satisfies the following inequality which depends on initial

data:

nT
1 ≤ exp(λt)

(
nT

10 +
(nE

10)
2

l

)
− (nE

10)
2

l
· (8.3.12)

In particular, if λ < 0, then the following estimate for nT
1 (∞) holds:

nT
1 (∞) ≤ − (nE

10)
2

l
. (8.3.13)

Proof. The equations satisfied by nT
1 , nA

2 , and nE
1 are the following:

∂tn
T
1 = n1

∫ 0

−α11

f1(t, u)du + nT
1 (β11n

E
1 − β12n

A
2 ), (8.3.14)

∂tn
E
1 = −n1(t)

∫ 0

−α11

f1(t, u)du, (8.3.15)

and

∂tn
A
2 = β21n

T
1 n

A
2 . (8.3.16)

If β12 = 0, then, from (8.3.14)–(8.3.16) it follows that nT
1 , n

A
2 increases and

nE
1 decreases. Let β12 �= 0, then using n1 = nE

1 + nT
1 and by∫ 0

−α11

f1(t, u)du ≤ nE
1 , (8.3.17)

we prove the following estimate:

∂tn
T
1 ≤ (nE

1 )2 + nT
1 ((1 + β11)nE

1 (0)− β12n
A
2 (0)) = (nE

1 (0))2 + lnT
1 . (8.3.18)

Then, using Gronwall’s lemma yields

nT
1 ≤ exp(lt)nT

1 (0)− (nE
1 (0))2

l
(1− exp(lt)) (8.3.19)

which proves the theorem. �

From a biological point of view, the result of Theorem 3 predicts a trend
to degenerate the normal cells which is not contrasted by immune cells, as
α12 = 0, and abnormal cells cannot inhibit immune cells, as α21 = 0. More-
over, a reduction of abnormal cells is expected for specific sets of the β-type
parameters and of the initial conditions.
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Fig. 8.1. Depletion of abnormal cells and activation of immune cells.

Simulations have confirmed and enhanced these results, giving a picture of
the evolution not only of the densities but also of the distribution functions.
Figure 8.1 shows the total depletion of abnormal cells with a growth in number
of immune cells.

Conversely, if the nonconservative parameters and the initial conditions are
chosen in such a way that l > 0, Theorem 1 gives no information and, from
the computational analysis, we obtain an increase of the state of abnormal
cells, while their density, after an initial growth, is reduced by the competition
with immune cells which are stimulated to grow; see Figures 8.1, 8.2, and 8.3.
Thus, the density of abnormal cells, eventually after a growth stage, is reduced
by the immune cells.

Fig. 8.2. α11 = 0.1, α21 = 0, and l > 0: Abnormal cells increase their progression,
but finally are depleted.
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Fig. 8.3. α11 = 0.1, α21 = 0, and l > 0: Immune cells activate to destroy abnormal
cells.

These results, from a biological viewpoint, show that when abnormal cells
are not able to inhibit immune cells, they are asymptotically destroyed. We
have to point out that once the density of abnormal cells reaches a certain
threshold (which may be identified in comparison with suitable experimental
and medical results), the host may not survive.

8.4 Asymptotic limit

One of the relevant issues of mathematical kinetic theory is the derivation
of macroscopic equations from the underlying microscopic description. Refer-
ences to the existing literature in classical kinetic theory are reported in the
surveys [21] and [22].

Analogous problems arise in generalized kinetic theory when applied to
modelling multicellular systems. The above analysis plays an important role
in understanding properties of biological tissues considering that the deriva-
tion of macroscopic equations is generally based on heuristic reasonings and
that different models are often used to describe the same system. Surveys of
different macroscopic models related to cancer modelling are proposed in [23],
[24] as well as in the review paper [2].

The detailed analysis developed in [25] has shown that specific models of
cancer growth [26] can be obtained from the underlying microscopic descrip-
tion under suitable assumptions on cellular interactions. Actually, different
assumptions lead to different equations, This is not contradictory consider-
ing that the properties of biological tissues evolve in time as we have seen in
Section 8.3.
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The analysis developed in what follows aims to show how macroscopic
equations can be derived from kinetic equations and that their structure de-
pends on the ratio between the various interaction rates: mechanical, con-
servative biological, and proliferating/destructutive. Detailed calculations are
proposed, with reference to [27] and [28], for the relatively simpler case of
model (8.2.3), (8.2.4) for one population only. This issue is dealt with simply
so that we can present a methodological approach to be properly developed
with reference to specific models.

Bearing all this in mind, consider Eq. (8.2.4) in the case of one population
only, where, to simplify its structure, we take μpq = γ μ, ∀ p, q, and use the
following scaling:

η = ε , γ μ = εr , ν =
1
εp

,

where ε is a small parameter that we let tend to zero. In addition, the diffusion
scale time τ = εt will be used so that the following scaled equation is obtained:

ε∂tf
h
ε (t,x,v) + v · ∇xf

h
ε (t,x,v) =

1
εp
Lfh

ε + ε Γh(fε, fε) + εr Ih(fε, fε) ,

(8.4.1)

for h = 1, . . . , H, and where

Γh(f , f) =
( H∑

p=1

H∑
q=1

Bpq(h)fp(t,x,v)fq(t,x,v)− fh(t,x,v)
H∑

q=1

fq(t,x,v)
)

h

,

(8.4.2)

and

Ih(f , f) =
(
fh(t,x,v)

H∑
q=1

fq(t,x,v)
)

h

, (8.4.3)

for f = (f1, f2, . . . , fH).

Theorem 4. Suppose that there exists a bounded velocity distribution
M(v) > 0, independent of x and t, such that the detailed balance

T (v∗,v)M(v) = T (v,v∗)M(v∗) (8.4.4)

holds. The flow produced by this equilibrium distribution vanishes, and M is
normalized: ∫

Dv

vM(v) dv = 0,
∫

Dv

M(v) dv = 1 . (8.4.5)

The kernel T (v,v∗) is bounded, and there exists a constant σ > 0 such that

T (v,v∗) ≥ σM, ∀ (v,v∗) ∈ Dv ×Dv, x ∈ R3, t > 0 . (8.4.6)
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Let fh
ε (t,x,v) be a sequence of solutions to the scaled kinetic equation (8.4.1)

such that fh
ε converges, in the distributional sense, to a function fh as ε goes

to zero. Furthermore, assume that the moments

〈fh
ε 〉,

〈
k(v)
M(v)

⊗ vfh
ε

〉
, 〈Γh(fε, fε)〉, 〈Ih(fε, fε)〉, h = 1, . . . , H

(8.4.7)

converge in D
′
(t,x) to the corresponding moments

〈fh〉,
〈

k(v)
M(v)

⊗ vfh

〉
, 〈Γh(f , f)〉, 〈Ih(f , f)〉, h = 1, . . . , H ,

(8.4.8)

and that all formally small terms vanish. Let now nε(t,x) be the number
density of active particles given by (8.2.11). Then in the limit ε −→ 0, nε(t,x)
converges to n(t,x) in D

′
(t,x), where n(t,x) is the solution of the following:

∂tn(t,x) +∇x · 〈k(v)⊗ v · ∇xn(t,x)〉 = 〈M2〉vn2, p = r = 1 , (8.4.9)

∂tn(t,x) +∇x · 〈k(v)⊗ v · ∇xn(t,x)〉 = 0, p = 1, r > 1 , (8.4.10)

∂tn(t,x) = 〈M2〉vn2, p > 1, r = 1 , (8.4.11)

and

∂tn(t,x) = 0, p > 1, r > 1 . (8.4.12)

Remark 1. Equation (8.4.9) can be rewritten as a nonlinear diffusion equation

∂tn−∇x · (D · ∇xn) = 〈M2〉vn2, p = r = 1 , (8.4.13)

where the diffusivity tensor is given by

D = −
∫

Dv

v ⊗ k(v)dv . (8.4.14)

Moreover, it can be proved that the tensor D is symmetric and positive definite
(see [27]).

Proof of Theorem 4. The proof of the theorem takes advantage of some prelim-
inary results given in [27], and follows the method of proof of [28]. Specifically,
under the assumptions of Theorem 4, the following properties and equalities
related to the operator L hold true:

(i) L is a self-adjoint operator with respect to the scalar product in the space
L2(v, dv

M )
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(ii) 〈Lf〉 = 0; and N(L) = vect(M(v)).
(iii) For g ∈ L2(Dv,

dv
M ), the equation L(f) = g has a unique solution f ∈

L2(Dv,
dv
M ) satisfying∫

Dv

f dv = 0 if and only if
∫

Dv

g dv = 0 .

In particular, the equation L(f) = Mv has a unique solution given by
f(v) = k(v). Then, multiplying Eq. (8.4.1) by εp, letting ε go to zero, and
using the moment convergence assumptions yields Lfh = 0. This implies that
fh ∈ Ker(L) which consequently can be written

fh = M(v)ρh, h = 1, . . . , H. (8.4.15)

Integrating Eq. (8.4.1) over v, and using the fact that 〈Lfh
ε 〉 = 0, yields

∂t〈fh
ε 〉+∇x.

〈
vfh

ε

ε

〉
= 〈Γh(fε, fε)〉+ εr−1〈Ih(fε, fε)〉, h = 1, . . . , H .

(8.4.16)

The limit in (8.4.16) is obtained for r ≥ 1. The asymptotic limit of
〈(1/ε)vfh

ε 〉 has to be estimated to recover the limit in (8.4.16). Then, using
the above properties, and recalling that L is self-adjoint, yields〈

vfh
ε

ε

〉
=
〈

vMfh
ε

εM

〉
=
〈
Lfh

ε

ε
, k(v)

M

〉
, h = 1, . . . , H . (8.4.17)

Eliminating Lfh
ε yields

1
ε
L(fh

ε ) = εp∂tf
h
ε + εp−1v · ∇xf

h
ε − εpΓh(fε, fε)

− εp+r−1Ih(fε, fε), h = 1, . . . , H . (8.4.18)

Finally, combining (8.4.17) and (8.4.18) yields

∇x ·
〈
v
fh

ε

ε

〉
(8.4.19)

= ∇x ·
〈
εp∂tf

h
ε + εp−1v · ∇xf

h
ε − εpΓh(fε, fε)− εp+r−1Ih(fε, fε),

k(v)
M

〉
.

The limit for the term defined in (8.4.19) is obtained for p ≥ 1; then, due
to the hypothesis on the moments, it converges to

∇x · 〈k(v)⊗ v · ∇xρ
h〉, p = 1, or 0 if p > 1 ,

while the asymptotic quadratic term of (8.4.16) converges to

〈Γh(Mρh,Mρh)〉+ 〈Ih(Mρh,Mρh)〉 if r = 1 ,
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〈Γh(Mρ,Mρ)〉 if r > 1 .

Let ε go to zero in (8.4.16), and using (8.4.15), one gets that ρh(t,x) is
the weak solution of the following equations:

∂tρ
h +∇x · 〈k(v)⊗ v · ∇xρ

h〉 = 〈M2〉v(Γh + Ih)(ρ, ρ) if p = r = 1 ,
(8.4.20)

∂tρ
h +∇x · 〈k(v)⊗ v · ∇xρ

h〉 = 〈M2〉vΓh(ρ, ρ) if p = 1, r > 1 ,
(8.4.21)

∂tρ
h = 〈M2〉v(Γh + Ih)(ρ, ρ) if r = 1, p > 1 , (8.4.22)

and

∂tρ
h = 〈M2〉vΓh(ρ, ρ) if p > 1, r > 1 , (8.4.23)

where ρ = (ρ1, . . . , ρH).
Under the assumptions of the theorem, one deduces that

nε(t,x)→ n(t,x) =
H∑

h=1

ρh in D
′
(t,x)

as ε→ 0. Then summing over h in (8.4.20)–(8.4.23) and using
∑H

h=1 Γh(ρ, ρ) =
0, one completes the proof. �

Remark 2. If T (v,v∗) = T1(v), one can compute the solution of the equa-
tion L(f) = Mv. Indeed, since L(Mv) = −Mv〈T1〉v, the solution is
given by h(v) = −(1/〈T1〉v)Mv. In particular, if T1(v) = σM(v), then
f(v) = −(1/σ)Mv.

8.5 Looking forward

A detailed analysis of a large class of equations of mathematical kinetic theory,
modelling large systems of interacting cell populations, has been examined
in the preceding sections. The microscopic state of cells is identified by both
mechanical variables and biological ones. Specifically, the following topics have
been discussed:

(i) Modelling phenomena of immune competition;
(ii) Deriving macroscopic equations from the underlying microscopic descrip-

tion.
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One certainly cannot claim that the mathematical structures which have
been analyzed here have the ability to describe the whole variety of multicel-
lular phenomena. However, some specific characteristics can be derived with
reference to suggestions from biologists. Specifically Hartwell et al. [31], deeply
analyze the conceptual differences that arise in dealing with inert and living
matter:
Biological systems are very different from the physical or chemical systems
analyzed by statistical mechanics or hydrodynamics. Statistical mechanics typ-
ically deals with systems containing many copies of a few interacting compo-
nents, whereas cells contain from millions to a few copies of each of thousands
of different components, each with very specific interactions.

In addition, the components of physical systems are often simple entities,
whereas in biology each of the components is often a microscopic device in
itself, able to transduce energy and work far from equilibrium.

A system in biology cannot be simply observed and interpreted at a macro-
scopic level. A system constituted by millions of cells shows at the macroscopic
level only the output of the cooperative and organized behaviors which may not
be, or are not, singularly observed.

Actually, the mathematical structure proposed in Section 8.2 is consistent
with these statements considering that the number of cell populations may be
large, that the microscopic state includes biological functions, and that inter-
actions modify, far from equilibrium, biological states including proliferating
and/or destructive events.

The applications proposed in Sections 8.3 and 8.4 have shown that inter-
esting biological phenomena can be described by models derived according to
the framework of Section 8.2. On the other hand, we remark that the structure
can be made more general. For instance, we can include in the term which
models the velocity jumps also the biological state according to the ability of
cells to modify their dynamics [17].

So far the analysis can be regarded as a first step towards the fascinating,
however difficult, effort of designing a mathematical approach to living matter.
Some of the difficulties of this project are well documented in [32], while
various projects are developed by applied mathematicians to analyze the role
that mathematics can play in building a bridge towards biological sciences
[33]. Biologists appear to be interested in this effort and speculate, from their
viewpoint, about how a new biology can be designed which looks for rigorous
theories to replace the traditional pragmatic approach.
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9.1 Introduction

We want to provide some tools for studying the behaviour of a fluid where
two phases are present separated by a sharp layer which moves according to
the dynamics of the system. We specialize to the situation of a mixture of
two fluids 1 and 2, that, if quenched below the coexistence curve, start to
segregate in domains, some of which are rich in fluid 1 and the others in fluid
2.RC

A classical approach to phase segregation distinguishes below the coexis-
tence curve a region of unstable states from one of metastable states. If the
system is cooled inside the metastable region, it begins to develop finite am-
plitude fluctuations like droplets. This process is known as nucleation. On the
other hand, if we quench the system into the unstable region, infinitesimal
fluctuations appear that yield macroscopic pattern. This is called spinodal
decomposition. In late stages of phase segregation, the two processes tend to
coincide.

There are several reasons for choosing a kinetic model. First of all there is
a clear physical intuition underlying the mathematical structure of the equa-
tions, because we can still think in terms of interacting particles. Second those
particles move in the continuous space and not on a lattice. Moreover there
are convincing arguments relating Newtonian dynamics to the kinetic ones,
and there are powerful tools to derive hydrodynamics from kinetic equations.

Phase segregation can occur in a single-component fluid when the long-
range interaction between the particles is attractive. Then when the tempera-
ture is sufficiently low, different phases appear. Of course, one of them will be
characterized by high density. Often kinetic models have problems when den-
sities are too high. Hence, it is advantageous to use a two-component mixture.
In this case particles of different types repel each other. Thus the densities in
all the phases can be now kept low. We will present two models corresponding
to two different physical situations.
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9.1.1 Vlasov–Fokker–Planck model

The physical situation we have in mind is the following: we have two different
kinds of particles, 1 and 2, in a torus Ωε = ε−1Ω, Ω ⊂ R3, a torus of size
1. Particles of the same type do not interact at all. Particles 1 are repelled
by particles 2 and vice versa. The system is in contact with a thermal bath,
which keeps the temperature constant. The thermalization mechanism is not
characterized by collisions between particles of the fluid, but by the interaction
with a somewhat idealized entity (the reservoir), whose internal structure is
unknown and that is unchanged by the dynamics of the mixture. In this case
we can also consider high densities and thus the model is suitable to describe
systems such as polymer blends. Indeed there is only one type of conserved
quantity, namely the mass of each component of the mixture. Since energy
and momentum are dissipated on a much shorter time scale, we expect that
the late stages of the phase segregation are not influenced by hydrodynamical
effects; on the contrary the motion will be quasi-static.

Each component of the mixture is described by the distribution function fi,
i = 1, 2, in the one-particle phase space. The interaction is modelled through
an auto-consistent Vlasov term. It means that the force Fi acting on each par-
ticle is the gradient of the average potential generated by all the others. In the
underlying microscopic model, particles of different species interact through
a two-body Kac potential Uγ , which is repulsive, weak and long ranged. The
action of the heat reservoir on the system is translated in terms of a Fokker–
Planck operator Lβ .

The equations are the following:

∂τfi + v · ∇xfi + Fi · ∇vfi = Lβfi, (9.1.1)

where

Lβfi = ∇v ·
(
Mβ∇v

(
fi

Mβ

))
,

Mβ is a Maxwellian with mean zero and variance β−1,

Mβ =
(

β

2π

) 3
2

e−
β
2 v2

,

and β−1 is the temperature of the reservoir. The auto-consistent Vlasov force
is

Fi = −∇x

∫
Ωε

dx′Uγ(x− x′)
∫

R3
dvfj(x′, v, τ)

and the Kac potential Uγ(x) = γ3U(|γx|) has range and intensity modulated
by the parameter γ > 0. The function U has compact support, it is smooth and
its integral over the whole space is equal to one. We assume that the functions
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fi are normalized in such a way that
∫

Ωε
dx
∫

R3 dvfi(x, v) gives the total mass
in Ωε of the component i. Thus ρi(x) :=

∫
R3 dvfi(x, v) can be interpreted as

mass density.
Equations (9.1.1) have stationary solutions of the form fi = ρiMβ , where

ρi are functions only of the position solving

ln ρi(x) + β

∫
Ωε

dx′Uγ(x− x′)ρj(x′) = Ci, x ∈ Ωε, i, j = 1, 2, i �= j (9.1.2)

and Ci are arbitrary constants, related to the masses of the components of
the mixture and to their concentrations. It is proved in [CCELM], under the
assumption of a monotone Uγ(x), that at low temperature there are nonho-
mogeneous solutions to (9.1.2), thermodynamically stable in the sense that
they minimize the free energy functional

F(ρ1, ρ2) =
∫

Ωε

dx(ρ1 ln ρ1 + ρ2 ln ρ2) + β

∫
Ωε×Ωε

dxdyUγ(x− y)ρ1(x)ρ2(y),

(9.1.3)

which is obtained (apart from unimportant constants) by computing

G(f1, f2) =
∫

Ωε×R3
dxdv(f1 ln f1 + f2 ln f2) +

β

2

∫
Ωε×R3

dxdv(f1 + f2)v2

+β

∫
Ωε×Ωε

dxdyUγ(x− y)
∫

R3
dvf1(x, v)

∫
R3

dv′f2(y, v′)

on functions fi = ρiMβ . G is a Lyapunov functional for the evolution equations
(9.1.1).

The structure of the minimizers is such that, when γ is much smaller
than the typical size of the container, the volume Ωε is divided into two
regions where the densities are those of the pure phases (the equilibrium
values given by intersecting with a horizontal line the coexistence curve at the
temperature of the mixture) with an interpolating region called the interface
whose size is again of order γ. On the infinite line it is possible to characterize
the equilibrium states in terms of the excess free energy functional: the non-
homogeneous minimizers wi(z), z ∈ R and i = 1, 2, of the excess free energy
arise by prescribing asymptotic values for the densities corresponding to the
two different phases coexisting at equilibrium. They are known as fronts; they
have monotonicity properties and interpolate smoothly over a region of size γ
between the asymptotic constant values.

In late stages of phase segregation, when domains of different phases are
well established and separated by sharp interfaces, the change in density across
them is described by those stationary profiles. The dynamics of the system
can be fully understood in terms of the following quasi-static problem:{

 rψ(r, t) = 0 r ∈ Ω \ Γt

ψ(r, t) = c1SK(r, t) r ∈ Γt

⎧⎨⎩
 rζ(r, t) = 0 r ∈ Ω \ Γt

c2SK(r, t) = [ζ]+− r ∈ Γt

0 = [νt · ∇rζ]+−
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V = c3[νt · ∇rψ]+− + c4νt · ∇rζ,

where Γt is the interface at time t and νt its outward normal. The quantities
ci, i = 1, . . . , 4, depend on the initial data and on the temperature; S is the
surface tension and K is the sum of the principal curvatures of Γt. V is the
normal velocity of the interface. Finally the symbol [·]+− means the difference
between the values of the argument on the two sides of the interface. We will
comment later on the physical interpretation of ψ and ζ, which are related to
the chemical potentials.

These dynamics conserve the volume of the inner domain, while meanwhile
decreasing the area of its surface. We will show how to derive that dynamics
from our kinetic model, via a limiting procedure in which ε plays the role of
the vanishing parameter and γ has to be chosen properly.

9.1.2 Vlasov–Boltzmann model

We replace in the previous model the interaction of each species with the
reservoir by elastic collisions between particles, independent of the species,
that we model by a Boltzmann collision kernel. The evolution is then ruled
by two coupled Vlasov–Boltzmann (VB) equations for the one-particle distri-
butions fi(x, v, τ), i = 1, 2. These equations, which conserve the mass of each
species, and the total momentum and energy, have the form

∂τfi + v · ∇xfi + Fi · ∇vfi = J(fi, f1 + f2), i = 1, 2, (9.1.4)

where J(f, g) is the non-symmetric Boltzmann collision operator for hard
spheres [Ce],

J(f, g) =
∫

R3
dv∗
∫

S2

dωB(|v − v∗|, ω)[f(v′)g(v′∗)− f(v)g(v∗)],

where S2 is the 2D sphere in R3, dω is the surface measure on it, the vectors v,
v∗ are the outgoing velocities of a binary elastic collision between two particles
with incoming velocities v′ and v′∗ and B(|v − v∗|, ω) = 1

2 |(v − v∗) · ω|.
The equilibrium states for this system can be characterized by looking to

the (negative of the) entropy functional

H(f1, f2) =
2∑

i=1

∫
Ωε×R3

dxdvfi log fi, (9.1.5)

which is a Lyapunov functional for (9.1.4) in the sense that

d

dt
H(f1, f2) ≤ 0. (9.1.6)

The equilibrium states are then determined by imposing the equality in
(9.1.6). They are local Maxwellians with mean value u = 0, variance β−1 and
densities ρi =

∫
dvfi(x, v, τ) satisfying (9.1.2).
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An alternative way to obtain equilibrium states is to minimize the entropy
functional under the constraints on the total energy and total masses. The
densities will be determined [CCELM] as the minimizers of the free energy
functional F(ρ1, ρ2) defined in (9.1.3).

Equations (9.1.2) are indeed the Euler–Lagrange equations for this mini-
mization problem. β is determined by the constraint on the energy and Ci by
the constraints on the masses.

Since this dynamics conserves masses, momentum and energy the hydro-
dynamics effects in the late stages of the coarsening process become rele-
vant. When the fluid is well segregated with sharp interfaces between different
phases the interface moves in its normal direction following the incompress-
ible velocity field solution of the Navier–Stokes equation, while the pressure
satisfies Laplace’s law relating it to the surface tension and curvature.

This limiting evolution is ruled by the following free boundary problem.
Let Γ 0 (the interface at time zero) be a regular surface in a 3D torus Ω
dividing the torus in two regions Ω+ and Ω−. For each t one has to find a
surface Γt, moving with velocity V , a continuous velocity field u(·, t) and a
pressure function p(·, t) such that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂tu + (u · ∇)u +∇p = η u
V = −u · ν
[p]+− = KΓt

S on Γt

∇ · u = 0
Γ0 = Γ 0, u(·, 0) = u0(·),

(9.1.7)

where η is the kinematic viscosity, S denotes surface tension, ν(·, t) is the
normal to the surface pointing towards Ω+, KΓt

stands for the curvature of
Γt and [h]+− = h+ − h− stands for the jump of the observable h across Γt.

This free boundary problem was first formulated to describe the oscilla-
tions of an impermeable interface separating two viscous fluids in [H]. Chan-
drasekar [Cha] then studied the linear stability of this system. We mention
that recently Coutand and Shkoller [CS] have obtained existence, uniqueness
and regularity results for the one-sided case, namely the flow of an incom-
pressible Navier–Stokes fluid confined in a region with a free boundary where
suitable surface tension boundary conditions are specified. Such results can
be extended to the present two-sided case [Sh].

This flow diminishes the length of the boundary while conserving the vol-
ume and at the same time forces the velocity field to decay to zero. Hence,
the stationary solution should be characterized by u = 0 and a surface Γ
determined by the isoperimetric problem on the torus, separating Ω in two
phase regions with different values of the pressure such that [p]+− = KΓS.
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9.2 Some words on the method

When we try to describe a macroscopic system starting from a kinetic model,
it is clear that at some point we will exploit the scale separation. The latter
usually provides a law of large numbers annihilating most of the strange fluc-
tuations of the microscopic landscape. In other words we expect, at least, that
if the system is initially close to a local equilibrium, it will evolve smoothly,
with variations appreciable only on the macroscopic scale. Over a long span
of space and time we will observe microscopically a lot of fluctuations, but
none of these will be able to modify the macroscopic picture. If we want to get
rid of all this meaningless information, we can look at the solution of (9.1.1)
only after macroscopic times and distances. This is why we define functions
f ε

i (r, v, t) := fi(ε−1r, v, ε−at), where ε is the ratio between the kinetic and
macroscopic scales and (r, t) are the macroscopic values of space and time.
Choosing different a > 0 we obtain different behaviours. For example if we
chose a = 1 we would not see any dissipation phenomena, because diffu-
sion starts to be effective only after a time of the order of the square of the
distance. Another important parameter in the theory is the range of the inter-
action γ−1. Since the size of the interface is linearly related to the range of the
interaction, by choosing γ = 1 , the width of the interface on the macroscopic
scale is of order ε, so that in the limit ε → 0 the interface becomes sharp. In
the context of the Vlasov–Fokker–Planck (VFP) model, we will describe the
dynamics in the case of a sharp interface at time ε−3t, when the system has
almost completely relaxed to equilibrium, namely in each domain the values
of the densities are those of the thermodynamic equilibrium; only the shape
of the domains can still change. Another possible choice is a = 2: the limiting
equation is a nonlinear diffusion equation with Dirichlet boundary conditions
on the interface (Stefan problem).

From (9.1.1) we can derive an equation for f ε
i where the parameter ε

appears explicitly. The simple and powerful idea consists in seeking a solution
as an asymptotic series of powers of ε. Then we obtain a hierarchy of equations
that can be solved step by step.

9.3 Sharp interface limit for the VFP model

Here we begin the analysis of the late stages dynamics provided by the VFP
model.

9.3.1 The initial data

We assume that the system at time zero is already characterized by macro-
scopic domains filled by different phases and that the layers dividing them
are sharp. In other words their width is of order ε in macroscopic units. The
interface can so be approximated by a geometrical surface Γ0 in the sense
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that the transition between different phases takes place in a layer of width ε
around Γ0. We will show that this picture is preserved by the evolution of the
system; namely, there is a well-defined surface Γ ε

t that can define the interface
within errors of order ε. We are definitely interested in such a Γ ε

t .
As explained above, we introduce functions f ε

i (r, v, t) = fi(ε−1r, v, ε−3t),
r ∈ Ω, a 3D torus of size 1, t > 0. f ε

i describes the large-scale variations of
the system, when observed after very long time intervals. We recall that the
fronts are the nonhomogeneous stationary solutions of the one-dimensional
version of the problem (9.1.1). They are unique up to translations, once the
initial physical conditions are given. We denote by wi the fronts centered at
the origin, that is w1(0) = w2(0). The asymptotic values are wi(±∞) = ρ±i
with the additional symmetry ρ±1 = ρ∓2 .

The initial data are given by f̄ ε
i = ρε

iMβ , where

ρε
i(r) = wi(ε−1d(r, Γ0)) + O(ε) (9.3.1)

and d is the signed distance from the interface.

9.3.2 The rescaled equation

The functions f ε
i solve

∂tf
ε
i + ε−2v · ∇rf

ε
i + ε−2F ε

i · ∇vf
ε
i = ε−3Lβf

ε
i . (9.3.2)

F ε
i (r, t) = −∇r

∫
Ω

dr′ε−3U(ε−1|r − r′|)
∫

dv′f ε
j (r′, v′, t) =: −∇rg

ε
i .

The function gε
i is the Vlasov mean potential experienced by particles of

type i.
Equations (9.3.2) complemented with the initial condition f ε

i (r, v, 0) =
f̄ ε

i (r, v) are the mathematical object of our study.

9.3.3 Notation and definitions

We assume that during its evolution the interface does not develop singular-
ities within a time interval [0, T ], where T > 0 can be eventually very small.
More precisely we define the interface as the set

Γ ε
t = {r ∈ Ω : ρε

1(r, t) = ρε
2(r, t)}.

Then we suppose that in any point x ∈ Γ ε
t it is possible to compute the

principal curvatures. Then let k(x) be the maximum between those principal
curvatures in x. We can now introduce k(Γ ε

t ) as the supremum of {k(x) : x ∈
Γ ε

t }.
Our main assumption is the existence of ε0 and of a time T > 0 such that

the quantity δ, defined by δ−1 = sup0≤t≤T, 0≤ε≤ε0 k(Γ ε
t ), is strictly greater
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than zero. Under that hypothesis let dε(r, t) be the signed distance of r from
Γ ε

t ; then, if

N (δ, t) = {r ∈ Ω : |dε(r, t)| < δ}

and r ∈ N , there exists a unique point s(r) on Γ ε
t such that

νε(s(r))dε(r, t) + s(r) = r, (9.3.3)

where νε(s(r)) = ∇rd
ε(r, t) is the unit normal vector to Γ ε

t . We will use s(r)
to build a local system of reference moving with the interface.

In terms of dε we can also define the normal velocity V ε of the interface
and its curvature Kε (actually the sum of the principal curvatures):

V ε(s(r)) = ∂td
ε(r, t), Kε =  rd

ε(r, t), r ∈ Γ ε
t .

The interface Γ ε
t divides the domain Ωε into two subdomains Ω±

ε,t such that

dε > (<) 0 in Ω
+(−)
ε,t . Clearly Ωε = Γ ε

t ∪Ω+
ε,t ∪Ω−

ε,t. From now on we will drop
the apex ε.

Since the transition layer between different phases has a width of order
ε and we expect that the density profile will approach the equilibrium val-
ues exponentially fast in the bulk, in N there is plenty of space to perform
the transition if ε is sufficiently small (i.e., ε ! δ). Because of the bounded-
ness assumption on the curvature of the interface, locally it will appear flat;
this means, on a first approximation, that only in the normal direction can
something interesting happen. The macroscopic units are not able to reveal
these fine structures of the interface; then it is quite natural to introduce for
any point r ∈ N a fast-varying variable z = ε−1d(r, t) and for any function
h(r, t) a new function h̃(z, r, t) such that h̃(z, r, t) = h(εzν(s(r)) + s(r), t)
and h̃(z, r + %ν(s(r)), t) = h̃(z, r, t), ∀% such that r + %ν(s(r)) ∈ N . In other
words, if h has a fast-varying behaviour, then it is more convenient to replace
it with h̃ which is able to zoom around the interface; so, with respect to z
the transition will appear smooth. In h̃(z, r, t) the second argument contains
all the information on the dependence on r except that on the distance from
the interface, which is encoded in the first argument. Of course, we can add
velocity as an additional argument. From h(r, t) = h̃(ε−1d(r, t), r, t) we can
derive the following relations:

∇rh =
1
ε
ν∂zh̃ +∇rh̃; ∂th =

1
ε
V ∂zh̃ + ∂th̃; (9.3.4)

Δrh =
1
ε2
∂2

z h̃ +
1
ε
(∇r · ν)∂zh̃ + Δrh̃,

where a bar on a derivative operator means a derivative with respect to the sec-
ond argument r, keeping the other variables fixed. Note that ν·∇rh(z, r, t) = 0.
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9.3.4 Hilbert expansion

We follow the approach based on the truncated Hilbert expansion introduced
by Caflish [C]: we try to find a solution of (9.3.2) as a power series in ε,

f ε
i =

∞∑
n=0

εnf
(n)
i . (9.3.5)

Of course we also need to expand any other quantity depending on ε. We start
writing U ε �

∑∞
n=0 ε

nρ
(n)
j =

∑∞
n=0 ε

ng
(n)
i and F

(n)
i = −∇rg

(n)
i . Then

d(r, t) =
∞∑

n=0

εnd(n)(r, t) (9.3.6)

and ν(n) is the gradient ∇rd
(n), ν̄ := ν(0). The condition |∇rd| = 1 implies

that |∇rd
(0)| = 1 as well; so d(0) can be interpreted as a signed distance from

an interface that we denote by Γ̄t = {r ∈ Ω : |d(0)(r, t) = 0}. Similarly,

N (0)(δ′) = {r ∈ Ω : |d(0)(r, t)| < δ′}, Ω+(−) = {r ∈ Ω : d(0)(r, t) > (<) 0}.

For any ε sufficiently small the assumptions made on the smoothness of the
full interface still hold for Γ̄t.

As pointed out at the end of the previous section, near the interface
it is convenient to use as coefficients in the series (9.3.5) functions f̃

(n)
i =

f̃
(n)
i (z, r, v, t). In the bulk it is sufficient to use only macroscopic coordinates.

However, in order to avoid misunderstandings, we call f̂ (n)
i = f

(n)
i (r, v, t) the

coefficients of the series in the bulk. In other words we write in Ω \ N (0)(δ′)

f ε
i =

∞∑
n=0

εnf̂
(n)
i (9.3.7)

and in N 0(δ′)

f ε
i =

∞∑
n=0

εnf̃
(n)
i . (9.3.8)

On the border of N (0), the two expansions, from now on denoted by the inner
and the outer expansion, have to be matched. Then we choose δ′ = εc, c ∈
(0, 1) and we require that as ε→ 0 ([CF])

f̃
(0)
i = (f̂ (0)

i )± + O(e−α|z|)

f̃
(1)
i = (f̂ (1)

i )± + ν(0) · (∇rf̂
(0)
i )±(z − d(1)) + O(e−α|z|)
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f̃
(2)
i = (f̂ (2)

i )± + ν(0) · (∇rf̂
(1)
i )±(z − d(1))

+ (∇rf̂
(0)
i )± · (−ν(0)d(2) + ν(1)(z − d(1)))

+
1
2
(∂rh

∂rk
f̂

(0)
i )±ν(0)

h (z − d(1))ν(0)
k (z − d(1)) + O(e−α|z|)

. . .

where the symbol (ĥ)± stands for lim�→0± ĥ(r + ν̄%), r ∈ Γ̄t. We will refer to
the above relations as matching conditions.

We replace (9.3.7) and (9.3.8) in the equations and equate terms of the
same order in ε separately in Ω±\N 0(δ′) and N 0(δ′). We will use the notation
ρ
(n)
i =

∫
dvf

(n)
i , and we denote by ĥ, h̃ a function h(f (n)

i ) whenever it is
evaluated on f̂

(n)
i , f̃

(n)
i .

9.3.5 Outer expansion

At the lowest order (ε−3),
Lβ f̂

(0)
i = 0,

which implies that f̂
(0)
i has to be Maxwellian in velocity with variance β−1

times a function ρ̂
(0)
i (r, t) which will be determined through the ε−1 order

equation. At order ε−2,

v · ∇rf̂
(0)
i + F̂

(0)
i · ∇v f̂

(0)
i = Lβ f̂

(1)
i . (9.3.9)

The solution can be found explicitly by simply trying with a Maxwellian
multiplied by a polynomial of degree one in v. Of course the solution is not
unique because the kernel of Lβ is not void. So f̂

(1)
i can be written as

f̂
(1)
i = ρ̂

(1)
i Mβ −Mβ ρ̂

(0)
i v · ∇rμ̂

(0)
i , (9.3.10)

where με
i(ρ

ε) = 1
β ln ρε

i + U ε � ρε
j and με

i =
∑∞

n=0 ε
nμ

(n)
i and the function ρ̂

(1)
i

will be determined by imposing the solvability of the ε0 order equation.
The order ε−1 equation is

v · ∇rf̂
(1)
i + F̂

(0)
i · ∇v f̂

(1)
i + F̂

(1)
i · ∇v f̂

(0)
i = Lβ f̂

(2)
i . (9.3.11)

The solvability condition for this equation says that the integral of the velocity
on the left-hand side has to be zero. By integrating over the velocity and using
the explicit expression for f̂

(1)
i we get

− 1
β
∇r · (ρ̂(0)

i ∇rμ̂
(0)
i ) = 0.

The choice of the initial data implies that the only solution of that equation
is the piecewise constant function equal to ρ±i in Ω± \ N (δ′).
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f̂
(2)
i is determined by substituting (9.3.10) in equation (9.3.11). The result

is

f̂
(2)
i = −Mβ ρ̂

(0)
i v · ∇rμ̂

(1)
i + ρ̂

(2)
i Mβ , (9.3.12)

where μ̂
(1)
i = ρ̂

(1)
i /(βρ̂(0)

i ) + ĝ
(1)
i .

As above, by integrating the ε0 order equation over v and taking into
account that f̂

(0)
i is Maxwellian in velocity, we get the following condition on

û(2), where u
(n)
i =

∫
dvvf

(n)
i :

∇r · û(2)
i = 0. (9.3.13)

Now we use f̂
(2)
i as given by (9.3.12) to get û

(2)
i = − 1

β ρ̂
(0)
i ∇rμ̂

(1)
i which we

substitute into (9.3.13) to get the equation for μ̂
(1)
i :

Δrμ̂
(1)
i = 0.

9.3.6 Inner expansion

At the lowest order (ε−3)

v · ν̄∂z f̃
(0)
i − ν̄ · ∇v f̃

(0)
i ∂z g̃

(0)
i = Lβ f̃

(0)
i .

It can be proved that any solution of this equation has the form Mβ(v)ρ̃(0)
i ,

with ρ̃
(0)
i a function of z. Substituting back in the equation we have

∂z ρ̃
(0)
i + βρ̃

(0)
i ∂z(Ũ � ρ̃

(0)
j ) = 0 ⇐⇒ ∂zμ̃

(0)
i = 0, (9.3.14)

where Ũ is the potential U integrated over all the coordinates but one. We
solve this equation and the following ones as z was defined on the whole
line; the asymptotic values ρ±i are provided by the matching conditions. The
solution is given exactly by the fronts wi. It is clear that for finite ε this solution
cannot be matched with the outer expansion, but it should be possible to prove
the exponential convergence of wi through standard methods (see for example
[DOPT]). In that case we would only commit an exponentially small error.

We now find f̃
(1)
i by examining the ε−2 order:

v · ν̄∂z f̃
(1)
i − ν̄ · ∇v f̃

(0)
i ∂z g̃

(1)
i − ν̄ · ∇v f̃

(1)
i ∂z g̃

(0)
i = Lβ f̃

(1)
i . (9.3.15)

Note that ν(1) · (v∂z f̃
(0)
i −∇v f̃

(0)
i ∂z g̃

(0)
i ) = βv · ν(1)Mβ ρ̃

(0)
i ∂zμ̃

(0)
i = 0, because

f̃
(0)
i is a solution of the lowest order equation and the bar operators vanish

because ρ̃
(0)
i is a function of z only. Again the solution has to be necessarily

Maxwellian in velocity, so that we can write f̃
(1)
i = ρ̃

(1)
i Mβ with ρ̃

(1)
i to be

determined by the following equation:
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∂z ρ̃
(1)
i + βρ̃

(0)
i ∂z g̃

(1)
i + βρ̃

(1)
i Ũ � ∂z ρ̃

(0)
j = 0. (9.3.16)

Taking into account that −βŨ � ∂z ρ̃
(0)
j = ∂z lnwi, from the equation for the

front, we get

∂z

(
1
β
ρ̃
(1)
i (wi)−1 + g̃

(1)
i

)
= 0⇐⇒ ∂zμ̃

(1)
i = 0. (9.3.17)

Hence, the value of μ̃(1)
1 − μ̃

(1)
2 in z = 0 is enough to find μ̃

(1)
1 − μ̃

(1)
2 for any

z. It can be shown (see [MM]) that

(μ̃(1)
1 − μ̃

(1)
2 )(0, r, t)[w1]+∞

−∞ = K̄(r, t)S, (9.3.18)

where K̄(r, t) is the sum of the principal curvature of Γ̄t at point r and time
t and S is the surface tension for this model:

S =
∑

(i,j)∈{(1,2),(2,1)}

∫
dzdz′w′

i(z)(z − z′)Ũ(z − z′)wj(z′). (9.3.19)

Now we integrate the order ε−2 equation in v to obtain, after several
cancellations due to the fact that f̃

(0)
i and f̃

(1)
i are Maxwellian in velocity,

w′
iV̄ + ∂z(ν̄ · ũ(2)

i ) = 0. (9.3.20)

As ε → 0 we can define the hat functions until the interface. Then to
determine their values exactly on Γ̄ we use the matching conditions imposing
that μ̃

(1)
1 − μ̃

(1)
2 → (μ̂(1)

1 )± − (μ̂(1)
2 )± for z → ±∞, so that for r ∈ Γ̄t

[(μ̂(1)
1 )± − (μ̂(1)

2 )±][w1]+∞
−∞ = K̄(r, t)S. (9.3.21)

Moreover ũ
(2)
i → (û(2)

i )± when z → ±∞, so that

−V̄ [wi]+∞
−∞ = [ν̄ · û(2)

i ]+−, r ∈ Γ̄t. (9.3.22)

9.3.7 Limiting equations

We can now collect the results of the previous two subsections, considering
ε = 0 because all quantities involved are independent of ε. Then the system
is fully described by the hat functions, because the layer N has shrunk to the
surface Γ̄t. We have⎧⎪⎪⎨⎪⎪⎩

 μ̂
(1)
i = 0 r ∈ Ω \ Γ̄t

(μ̂(1)
1 − μ̂

(1)
2 )[ρ̄+

1 − ρ̄−1 ] = K̄(r, t)S r ∈ Ω \ Γ̄t

V̄ (ρ̄+
i − ρ̄−i ) = [

1
β
ρ̄iν̄ · ∇rμ̄

(1)
i ]+− r ∈ Γ̄t

, (9.3.23)
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where ρ̄i = ρ̂
(0)
i = ρ̂+χΩ+ + ρ̂−i χΩ− , χA being the characteristic function of

the set A.
Those equations can be put in a more physically meaningful format, but

we need some additional notation. First of all we introduce

ρ̄(r) =
ρ̄1(r) + ρ̄2(r)

2
and ϕ̄(r) =

ρ̄1(r)− ρ̄2(r)
2

.

Then let

ψ = μ̂
(1)
1 − μ̂

(1)
2 and ζ = ρ̄1μ̂

(1)
1 + ρ̄2μ̂

(1)
2 .

After some algebra we can recast equations (9.3.23) in the following way:⎧⎪⎪⎪⎨⎪⎪⎪⎩
 rψ(r, t) = 0 r ∈ Ω \ Γ̄t

ψ(r, t) =
SK̄(r, t)
ρ̄+
1 − ρ̄−1

r ∈ Γ̄t

V̄ = 1
2β[ρ̄+

1 −ρ̄−
1 ]

[
1
ρ̄ (ρ̄2 − |ϕ̄|2)[ν̄ · ∇rψ]+− + 1

ρ̄ [ϕ̄ν̄ · ∇rζ]
+
−
]
r ∈ Γ̄t

(9.3.24)

and ⎧⎨⎩
Δrζ(r, t) = 0 r ∈ Ω \ Γ̄t

[ζ]+− = 2|ϕ̄|SK̄(r, t)/(ρ̄+
1 − ρ̄−1 ) r ∈ Γ̄t

0 = [ν̄ · ∇rζ]
+
− r ∈ Γ̄t.

(9.3.25)

The limiting motion is a superposition of a Mullins–Sekerka type flow,
described by the first set of equations, and of a Hele–Shaw problem, ruled
by the second set of equations. We note that the velocity is composed of two
terms: one depending on ψ, the other on ζ. Let us call VMS the former and
VHS the latter. VMS is the velocity of an interface in the Mullins–Sekerka
motion and VHS is the velocity of an interface in the Hele–Shaw problem.

We remark that the Hele–Shaw motion has more conserved quantities than
the Mullins–Sekerka motion. In fact, the former conserves the volume of each
connected component of both phases, while the latter conserves only the total
volume.

The relative importance of the two contributions VHS and VMS is ruled
by the coefficients: if (ρ̄−)−1 − (ρ̄+)−1 << 1 (near the critical point of the
coexistence curve) the VMS term dominates, while for deep quenches the VHS

term prevails.
Equations (9.3.24) and (9.3.25) are identical to the equations in [OE],

describing the sharp interface arising in a polymer blend. In that paper the
hydrodynamical equation is a modification of the Cahn–Hilliard equation for
a mixture of two fluids, where a Lagrangian multiplier p (“pressure”) appears
to take into account the constraint of constant total density:

∂tρi = ∇ · (ρi∇(μi + p)) i = 1, 2
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ρ1 + ρ2 = 1.

It is exactly p which gives rise to the Hele–Shaw contribution to the velocity
in the sharp interface limit. If we perform a parabolic scaling on the VFP
equations in order to derive the hydrodynamics, we can argue that ζ has the
same role as p. Then we conclude that ζ describes the pressure in the VPF
model.

9.4 Sharp interface limit for the VB model

We introduce again the macroscopic coordinate r = εx, x ∈ ε−1Ω, r ∈ Ω, the
torus of size 1. We wish to study the small ε behaviour of a solution of the VB
equations (9.1.4). In order to observe diffusive effects one has to consider very
long times of order ε−2t, with t the macroscopic time. We also choose γ = ε for
reasons that will be explained later on. Setting f ε

i (r, v, t) = fi(ε−1r, v, ε−2t),
ρε

i(r, t) =
∫
dvf ε

i (r, v, t), the VB equation, in this space-time scaling, becomes

∂tf
ε
i + ε−1v · ∇rf

ε
i + ε−1F ε

i · ∇vf
ε
i = ε−2J(f ε

i , f
ε
1 + f ε

2) (9.4.1)

F ε
i (r, t) = −∇x

∫
T1

dr′ε−6U(ε−2|r − r′|)
∫

T1

dv′f ε
j (r′, v′, t) (9.4.2)

=: −∇rU
ε ∗ ρε

j .

Consider now a situation in which there is, at the initial time, an inter-
face separating the system in two regions with densities corresponding to the
equilibrium values at temperature T (i.e., with coexistence of two phases, one
richer in species 1 and the other richer in species 2). For ε finite, we approxi-
mate the density profiles by one-dimensional fronts in the direction orthogonal
to the interface at each point. The fronts interpolate between the two phases
on a scale ε2. If the interface were flat, this would be a stationary solution
of the VB equations. Since the interface is not flat, the fluid starts to move
because of the imbalance of the pressure on the two sides of the interface (sur-
face tension). This pushes the interface to move with the component of the
fluid velocity in the direction of the normal at each point of the surface. Since
the initial density in the bulk is the equilibrium and the space-time scaling is
diffusive, we expect that the fluid in the bulk will evolve as an incompressible
Navier–Stokes (INS) fluid. We recall that the INS equations can be obtained
from an equation of the type (9.4.1) when the average velocity is small (low
Mach numbers). Therefore, the effect of the surface tension has to be suitably
small in order not to get velocities that are too big. The surface tension effect
is proportional to the size of the interface and this is the reason why we choose
in this case γ = ε.
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We construct an expansion in the bulk (outer) and a different expansion
close to the interface (inner) and impose matching conditions on an interme-
diate region. At the first order we find the following free boundary problem
for the velocity field u.

∂tu + (u · ∇)u +∇p = ηΔu.

The kinematic viscosity η is obtained from the Boltzmann equation as in [Ce],
u is continuous across the interface Γt whose normal velocity is given by

vΓt(r) = −u(r, t) · ν(r, t)

while the pressure is discontinuous at the surface and satisfies Laplace’s law

(p+ − p−) = SK.

Here (p+) p− is the pressure on the side of Γt (not) containing the normal ν,
K is the mean curvature of Γt and S is the surface tension given in terms of
the fronts wi by (9.3.19).

Moreover, we get equations for the first correction to the temperature T (1)

(which at order zero is the constant T̄ ) and concentration φ(1)

Dtφ
(1) = DA1Δφ(1) + DA2ΔT (1)

DtT
(1) = kΔT (1) + A3Dtφ

(1), (9.4.3)

where the diffusion coefficient D, the heat conductivity k and the constants
Ai are explicit functions of ρ̄, T̄ . These equations are similar to the ones in the
phase field models [CF], except that in (9.4.3) the nonlinear term in the con-
centration is missing and the term proportional to the temperature is replaced
by the Laplacian of the temperature times a possibly negative coefficient.

9.5 Open problems

9.5.1 Stability

Consider the excess free energy functional in one dimension on the infinite
line defined as

G(ρ1, ρ2)− G(Mρ+,Mρ−). (9.5.1)

Here ρ± are the values of the densities at infinity, limx→±∞ ρ1 = ρ± =
limx→∓∞ ρ2. These values are functions of the parameters β and C (the latter
related to the chemical potential) through

ln ρ+ + βρ− = C, ln ρ− + βρ+ = C.

We choose β and C so that ρ+ − ρ− > 0, namely in the phase transition
region of the phase diagram. It is not difficult to extend the arguments in
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[CCELM] to prove that there exist nonhomogeneous minimizers of the excess
free energy such that limx→±∞ f1(x) = Mρ±, limx→±∞ f2(x) = Mρ∓. They
are monotone and regular and are solutions of the Euler–Lagrange equations
for the functional, namely equations (9.1.1). We have called them fronts and
their stability properties play an important role in the motion of the interfaces.
Since this functional is invariant by translations we construct a one parameter
family of fronts by translating a given solution. The same is true for the
stationary solutions of (9.1.1).

Here we show that all the stationary solutions which are monotone and
regular (with first derivative) are thermodynamically stable in the following
sense. Consider a small perturbation (α1(r), α2(r)), r ∈ Rd of a given station-
ary solution Mwi:

f1 = Mw1 + εα1 and f2 = Mw2 + εα2 ,

such that
∫
dxdvαi = 0. We have that

G(Mw1 + εα1,Mw2 + εα2)− G(Mw1,Mw2)
= S(f/M) + F(w1 + εη1, w2 + εη2)−F(w1, w2), (9.5.2)

where ηi =
∫
dvαi, F is defined in (9.1.3) and S(f/M) is the relative entropy

between the state (f1, f2) and the Maxwellian state (M
∫
dvf1,M

∫
dvf2) de-

fined as
S(f/M) =

∑
i=1,2

∫
dxdvfi

(
log fi − log(M

∫
dvfi)

)
.

We easily compute that

F(w1 + εη1, w2 + εη2)−F(w1, w2)

= ε2
[

1
2β

[∫
R

η2
1(r)

ρ̄1(z)
dr +

∫
R

η2
2(r)

ρ̄2(z)
dr

]
+
∫

R

∫
R

U(|r − r′|)η1(r)η2(r′)drdr′
]

+O(ε3).

We now define the operator A through the quadratic form

〈(η1, η2),A(η1, η2)〉 =
1
2β

[∫
R

η2
1(r)
w(z)

dr +
∫

R

η2
2(r)

w2(z′)
dr′
]

+
∫

R

∫
R

U(|r − r′|)η1(r)η2(r′)drdr′.

We have the following [wip].

Proposition. The operator A is positive with

A(η1, η2) = (0, 0)
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if and only if (η1, η2) is a scalar multiple of (w′
1, w

′
2).

The main ingredients in the proof are the Euler–Lagrange equations and
the monotonicity properties. Moreover, it is well known that the relative en-
tropy is nonnegative and is zero if and only if fi is Maxwellian. The conclusion
is that the difference

G(Mw1 + εα1,Mw2 + εα2)− G(Mw1,Mw2)

is nonnegative for ε small and is zero if and only if fi = Mw′
i.

A natural and relevant question is if the stationary solutions are also dy-
namically stable versus the evolution (9.1.1). The fact that the excess free
energy decreases should force a small perturbation to tend to the family of
fronts and the conservation law should select one of the family. The invari-
ance by translation of the theory is one of the main difficulties in establishing
the result. A similar difficulty has been faced in [CCO2] for a conservative
dynamics describing the evolution on a mesoscopic scale of the magnetization
for a Kac–Ising model. Relaxation to the stationary state and rate of conver-
gence have been established in this case. On the other hand, a new approach
based on a suitable micro-macro decomposition of the distribution function
has been successful in providing many stability results for kinetic models [LY],
[G], [SG]. We think that a suitable merging of these methods could provide
stability results for the VFP and also for the VB dynamics.

9.5.2 Surface tension

In more than one dimension the geometric structure of the nonuniform min-
imizers is not clear. We can consider an approximation for a large volume of
the free energy, computed on the nonuniform minimizers. The first term is
given by the bulk free energy, obtained in the infinite volume limit, the next
term is a correction proportional

to the surface area separating the two phases (divided by the volume)
which corresponds to the surface tension:

inf
ρi:
∫

dxρi=ni

FΩ({ρ1, ρ2}) = f(n1, n2)|Ω|+b(n1, n2)|Ω|1−1/d+ lower order terms

where b(n1, n2) = S|Γ |, with |Γ | = da(d)rd−1
0 the surface of the sphere with

equimolar radius r0 (depending on n1, n2), a(d) being the volume of the unit
sphere in Rd, and S is the surface tension (9.3.19). Moreover,

f(n1, n2) = CE

[∑
i

ni logni + αn1n2

]
,

where α =
∫

Rd U(x)dx , and CEf(n1, n2) denotes the maximal convex func-
tion lying below f .
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Then, the phase boundaries will be arranged to have the minimum surface
area, and their shape will be determined by the solution of the isoperimetric
problem on the torus. The surface tension correction has been computed for
the case of the Cahn–Hilliard functional in the literature. In [CCELM2] the
analysis has been extended to also include the possibility that in some cases
the minimizing profile of the density ρ might correspond to the “dissolution”
of a droplet of the minority phase, as proved for the 2D Ising model in [BCK].
In [CCELM1], [CCELM2] the critical density for droplet formation for the
Cahn–Hilliard functional has been exactly determined. The Cahn–Hilliard
functional is defined as

FΩ({m}) =
∫

Ω

(
ϑ2

2
|∇m|2 + F (m(x))

)
dx , (9.5.3)

where F (t) = (t2 − 1)2/4 is a symmetric double-well potential which has
minima at t = ±1.

One of the ingredients is a Hilbert expansion for the minimizers in the
parameter 1

L (L is the linear dimension of the box). This approach could also
be useful for studying the case of functionals involving nonlocal interactions,
like F , because there is a close formal connection between the Cahn–Hilliard
free energy functional and the nonlocal free energy functionals. To see that,
let us write the functional (9.1.3) as

F(ρ1, ρ2) =
∫

Ω

dx [(ρ1 ln ρ1)(x) + (ρ2 ln ρ2)(x) + βαρ1(x)ρ2(y)]

− 1
2

∫
Ω×Ω

dxdyγ3U(γ(x− y))[ρ1(x)− ρ1(y)][ρ2(x)− ρ2(y)].

Making the approximation that the densities vary sufficiently slowly on the
range of the potential we replace in F(ρ1, ρ2) the first-order Taylor approxi-
mation

ρi(y) ≈ ρi(x) +∇ρi(x) · (y − x),

obtaining

F(ρ1, ρ2) ≈
∫

Ω

[
f(ρ1, ρ2)−

ϑ2

2
∇ρ1(x)∇ρ2(x)

]
dx ,

with ϑ2 =
∫

Rd x
2U(x)dx. In terms of the variables φ and ρ

F(ρ, φ) ≈
∫

Ω

[
f(ρ, φ) +

ϑ2

2
[(∇φ(x))2 − (∇ρ(x))2]

]
dx ,

f(ρ, φ) =
ρ + φ

2
log

ρ + φ

2
+

ρ− φ

2
log

ρ− φ

2
+

1
4
α(ρ2 − φ2).

This functional reduces to a Cahn–Hilliard functional type (9.5.3) for ρ con-
stant with f(ρ, φ) for α low enough—a double-well potential whose essential
features are represented by F (m) = (m2 − 1)2/4.
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10.1 Introduction

Since its realization in dilute bosonic atomic gases [7, 23], Bose–Einstein con-
densation of alkali atoms and hydrogen has been produced and studied exten-
sively in the laboratory [1], and has permitted an intriguing glimpse into the
macroscopic quantum world. In view of potential applications [38, 61, 63], the
study of quantized vortices, which are well-known signatures of superfluidity,
is one of the key issues. In fact, bulk superfluids are distinguished from normal
fluids by their ability to support dissipationless flow. Such persistent currents
are intimately related to the existence of quantized vortices, which are local-
ized phase singularities with integer topological charge [39]. The superfluid
vortex is an example of a topological defect that is well known in supercon-
ductors [52] and in liquid helium [33]. The occurrence of quantized vortices in
superfluids has been the focus of fundamental theoretical and experimental
work [33]. Different research groups have obtained quantized vortices in Bose–
Einstein condensates (BECs) experimentally, e.g., the JILA group [35, 57], the
ENS group [56] and the MIT group [1, 32]. Currently, there are at least two
typical ways to generate quantized vortices from a BEC ground state: (i) im-
pose a laser beam rotating with an angular velocity on the magnetic trap
holding the atoms to create a harmonic anisotropic potential [51, 4, 75]; or
(ii) add to the stationary magnetic trap a narrow, moving Gaussian potential,
representing a far-blue detuned laser [49, 50, 24, 25, 10, 12]. The recent ex-
perimental and theoretical advances in the exploration of quantized vortices
in BEC have spurred great excitement in the atomic physics community and
renewed interest in studying superfluidity.

The properties of a BEC in a rotational frame at temperatures T much
smaller than the critical condensation temperature Tc are usually well mod-
eled by a nonlinear Schrödinger equation (NLSE) for the macroscopic wave
function known as the Gross-Pitaevskii equation (GPE) [62, 63, 52], which
incorporates the trap potential, rotational frame and the interactions among
the atoms. The effect of the interactions is described by a mean field which
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leads to a nonlinear term in the GPE. The cases of repulsive and attractive
interactions—which can both be realized in the experiment—correspond to
defocusing and focusing nonlinearities in the GPE, respectively.

There has been a series of recent analytical and numerical studies of ground
states in a rotating BEC. For example, Aftalion and Du [4] and Aftalion and
Riviere [6] studied numerically and asymptotically the ground state, critical
angular velocity and energy diagram in the Thomas–Fermi (TF) or semiclas-
sical regime. Aftalion and Danaila [3] and Modugno et al. [59] reported bent
vortices, e.g., the S-shaped vortex and U-shaped vortex, numerically in cigar-
shaped condensation and compared then with the experimental results [65].
Garcia-Ripoll and Perez-Garcia [41, 40, 43] and Bao and Zhang [21] stud-
ied stability of the central vortex, and Tsubota et. al [74] reported vortex
lattice formation. Bao et al. [9, 20] presented a continuous normalized gradi-
ent flow with backward Euler finite difference discretization to compute the
ground state, provided asymptotics of the energy and chemical potential of
the ground state in the semiclassical regime and showed that the ground state
is a global minimizer of the energy functional over the unit sphere and that
all excited states are saddle points in the linear case. Moreover, Svidzinsky
and Fetter [73] have studied the dynamics of a vortex line depending on its
curvature. For an analysis of the GP-functional in a rotational frame, we refer
to [66]. For a numerical and theoretical review of quantized vortices, we refer
to [39] and the recent book [63].

In order to study effectively the dynamics of BEC, especially in the strong
repulsive interaction regime, an efficient and accurate numerical method is a
key issue. For a nonrotating BEC, many numerical methods were proposed
in the literature. For example, Bao et al. [12, 17, 21] proposed a fourth-order
time-splitting sine or Fourier pseudo-spectral (TSSP) method, and Bao and
Shen [17] presented a fourth-order time-splitting Laguerre–Hermite (TSLH)
pseudo-spectral method for the GPE when the external trapping potential is
radially or cylindrically symmetric in two (2D) or three dimensions (3D). The
key ideas for the numerical methods in [12, 11, 21, 17, 14, 15] are based on the
following: (i) a time-splitting technique is applied to decouple the nonlinearity
in the GPE [12, 11, 14, 15]; (ii) proper spectral basis functions are chosen for
a linear Schrödinger equation with a potential such that the ordinary differ-
ential equation (ODE) system in phase space is diagonalized and thus can be
integrated exactly [12, 17]. These methods are explicit, unconditionally stable,
and of spectral accuracy in space and fourth-order accuracy in time. Thus they
are very efficient and accurate for computing the dynamics of a nonrotating
BEC in 3D [13] and for the multicomponent case [18], which are very chal-
lenging problems in the numerical simulation of BEC. Some other numerical
methods for nonrotating BEC include the finite difference method [27, 58],
the particle-inspired scheme [28, 58] and the Runge–Kutta pseudo-spectral
method [58]. Due to the appearance of the angular momentum rotation term
in the GPE, new numerical difficulties must be overcome in designing efficient
and accurate numerical methods for a rotating BEC. Currently, the numeri-
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cal methods used in the physics literature for studying dynamics of a rotating
BEC remain limited [4, 51], and they usually are low-order finite difference
methods. Recently, some efficient and accurate numerical methods have been
designed for computing the dynamics of a rotating BEC. For example, Bao,
Du and Zhang [10] proposed a numerical method that applies a time-splitting
technique for decoupling the nonlinearity in the GPE and adopting the po-
lar coordinates or cylindrical coordinates so as to make the coefficient of the
angular momentum rotation term constant. The method is time reversible,
time transverse invariant, unconditionally stable and implicit in 1D but can
be solved very efficiently, and it conserves the total density. It is of spectral
accuracy in the transverse direction, but usually of second- or fourth-order
accuracy in the radial direction. Zhang and Bao [76] used the leap-frog spec-
tral method for studying vortex lattice dynamics in a rotating BEC in which
Cartesian coordinates are adopted. This method is explicit, time reversible, of
spectral accuracy in space and of second-order accuracy in time. It is stable
under a stability constraint for time steps [76]. Bao and Wang [19] presented a
time-splitting spectral (TSSP) method by applying a time-splitting technique
for decoupling the nonlinearity and using the alternating direction implicit
(ADI) technique for the coupling in the angular momentum rotation term in
the GPE. Thus at every time step, the GPE in the rotational frame is decou-
pled into a nonlinear ODE and two partial differential equations with constant
coefficients. This allowed them to develop new TSSP methods for computing
the dynamics of BECs in a rotational frame. The new numerical method is
explicit, unconditionally stable and of spectral accuracy in space and second-
order accuracy in time. Moreover, it is time reversible and time transverse
invariant, and conserves the position density in the discretized level.

The main aim of this chapter is to review the preceding results and meth-
ods for rotating BECs. The chapter is organized as follows. In Section 10.2,
we take the 3D GPE with an angular momentum term, scale it to get a four-
parameter model, reduce it to a 2D problem in a limiting regime, and present
its semiclassical scaling and geometrical optics. In Section 10.3, we discuss
existence/nonexistence of the ground state in a rotating BEC and provide an
approximate ground state in limiting parameter regimes. In Section 10.4, we
review the continuous normalized gradient flow and its backward Euler finite
difference discretization for computing the ground and vortex states of a ro-
tating BEC and report some numerical results. Some analytical results for the
dynamics of a rotating BEC are reviewed in Section 10.5, and several efficient
and accurate numerical methods for computing the dynamics of a rotating
BEC are discussed in Section 10.6. Finally, in Section 10.7, some conclusions
are drawn.
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10.2 GPE in a rotational frame

At temperatures T much smaller than the critical temperature Tc [52], a
BEC in a rotational frame is well described by the macroscopic wave function
ψ(x, t), whose evolution is governed by a self-consistent, mean field nonlinear
Schrödinger equation known as the Gross–Pitaevskii equation (GPE) with an
angular momentum rotational term [26, 36, 41], without loss of generality
(w.l.o.g.) assuming the rotation is around the z-axis:

i�∂ψ(x, t)
∂t

=
δE(ψ)
δψ∗ := H ψ (10.2.1)

=
(
− �2

2m
∇2 + V (x) + NU0|ψ(x, t)|2 −ΩLz

)
ψ(x, t),

where x = (x, y, z)T ∈ R3 is the spatial coordinate vector, m is the atomic
mass, � is the Planck constant, N is the number of atoms in the condensate,
Ω is an angular velocity, and V (x) is an external trapping potential. When a
harmonic trap potential is considered, V (x) = m

2

(
ω2

xx
2 + ω2

yy
2 + ω2

zz
2
)

with
ωx, ωy and ωz being the trap frequencies in the x-, y- and z-directions respec-
tively. U0 = 4π�

2as

m describes the interaction between atoms in the condensate
with the s-wave scattering length as (positive for repulsive interactions and
negative for attractive interactions) and

Lz = xpy − ypx = −i� (x∂y − y∂x) (10.2.2)

is the z-component of the angular momentum L = x×P with the momentum
operator P = −i�∇ = (px, py, pz)T . The energy functional per particle E(ψ)
is defined as

E(ψ) =
∫

R3

[
�2

2m
|∇ψ|2 + V (x)|ψ|2 +

NU0

2
|ψ|4 −Ωψ∗Lzψ

]
dx. (10.2.3)

Here we use f∗ to denote the conjugate of a function f . It is convenient to
normalize the wave function by requiring∫

R3
|ψ(x, t)|2 dx = 1. (10.2.4)

10.2.1 Dimensionless GPE in a rotational frame

Under the normalization condition (10.2.4), by introducing the dimension-
less variables: t → t/ωm with ωm = min{ωx, ωy, ωz}, x → xa0 with
a0 =

√
�/mωm, ψ → ψ/a

3/2
0 , Ω → Ωωm and E(·) → �ωmEβ,Ω(·), we get

the dimensionless GPE
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i ∂ψ(x, t)
∂t

=
δEβ,Ω(ψ)

δψ∗ := H ψ

=
(
−1

2
∇2 + V (x) + β |ψ(x, t)|2 −ΩLz

)
ψ(x, t), (10.2.5)

where

β =
U0N

a3
0�ωm

=
4πasN

a0
,

Lz = −i(x∂y − y∂x),

V (x) =
1
2
(
γ2

xx
2 + γ2

yy
2 + γ2

zz
2
)

with γx = ωx/ωm, γy = ωy/ωm and γz = ωz/ωm, and the dimensionless
energy functional per particle Eβ,Ω(ψ) is defined as

Eβ,Ω(ψ) =
∫

R3

[
1
2
|∇ψ(x, t)|2 + V (x)|ψ|2 +

β

2
|ψ|4 −Ωψ∗ Lzψ

]
dx. (10.2.6)

In a disk-shaped condensation with parameters ωx ≈ ωy and ωz � ωx (⇐⇒
γx = 1, γy ≈ 1 and γz � 1 choosing ωm = ωx), the 3D GPE (10.2.5) can be
reduced to a 2D GPE with x = (x, y)T [12, 8, 18]:

i ∂ψ(x, t)
∂t = − 1

2∇2ψ + V2(x, y)ψ + β2|ψ|2ψ −ΩLzψ,
(10.2.7)

where β2 ≈ βa
2 = β

√
γz/2π and V2(x, y) = 1

2

(
γ2

xx
2 + γ2

yy
2
)

[12, 18, 4]. Thus
here we consider the dimensionless GPE in a rotational frame in d dimensions
(d = 2, 3):

i ∂ψ(x, t)
∂t = − 1

2∇2ψ + Vd(x)ψ + βd|ψ|2ψ −ΩLzψ, x ∈ Rd, t ≥ 0,
(10.2.8)

ψ(x, 0) = ψ0(x), x ∈ Rd; (10.2.9)

where β3 = β and V3(x, y, z) = V (x, y, z).
Two important invariants of (10.2.8) are the normalization of the wave

function

N(ψ) =
∫

Rd

|ψ(x, t)|2 dx ≡
∫

Rd

|ψ(x, 0)|2 dx = 1, t ≥ 0 (10.2.10)

and the energy

Eβ,Ω(ψ) =
∫

Rd

[
1
2
|∇ψ(x, t)|2 + Vd(x)|ψ|2 +

βd

2
|ψ|4 −Ωψ∗ Lzψ

]
dx.

(10.2.11)
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10.2.2 Stationary states

To find a stationary solution of (10.2.8), we write

ψ(x, t) = e−iμtφ(x), (10.2.12)

where μ is the chemical potential of the condensate and φ is independent of
time. Inserting (10.2.12) into (10.2.8) gives the following equation for φ(x):

μ φ(x) = −1
2
Δφ(x) + Vd(x) φ(x) + βd|φ(x)|2φ(x)−ΩLzφ(x), x ∈ Rd,

(10.2.13)

under the normalization condition

‖φ‖2 =
∫

Rd

|φ(x)|2 dx = 1. (10.2.14)

This is a nonlinear eigenvalue problem with a constraint and any eigenvalue
μ can be computed from its corresponding eigenfunction φ by

μ = μβ,Ω(φ)

=
∫

Rd

[
1
2
|∇φ(x)|2 + Vd(x) |φ(x)|2 + βd |φ(x)|4 −Ωφ∗(x)Lzφ(x)

]
dx

= Eβ,Ω(φ) +
∫

Rd

βd

2
|φ(x)|4 dx. (10.2.15)

In fact, the eigenfunctions of (10.2.13) under the constraint (10.2.14) are the
critical points of the energy functional Eβ,Ω(φ) over the unit sphere S = {φ ∈
C | ‖φ‖ = 1, Eβ,Ω(φ) < ∞}. Furthermore, (10.2.13) is the Euler–Lagrange
equation of the energy functional (10.2.11) with ψ = φ under the constraint
(10.2.14).

10.2.3 Semiclassical scaling and geometrical optics

When βd � 1, i.e., in a strongly repulsive interacting condensation or in a
semiclassical regime, another scaling (under the normalization (10.2.10) with
ψ = ψε) for the GPE (10.2.8) is also very useful in practice. We choose
x→ ε−1/2x and ψ = ψε εd/4 with ε = β

−2/(d+2)
d :

iε ∂ψε(x, t)
∂t

=
δEε,Ω(ψε)
δ(ψε)∗

:= Hε ψε (10.2.16)

= −ε2

2
∇2ψε + Vd(x)ψε + |ψε|2ψε − εΩLzψ

ε, x ∈ Rd,

where the energy functional Eε,Ω(ψε) is defined as
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Eε,Ω(ψε) =
∫

R3

[
ε2

2
|∇ψε|2 + Vd(x)|ψε|2 +

1
2
|ψε|4 − εΩ(ψε)∗Lzψ

ε

]
dx

= O(1),

assuming that ψε is ε-oscillatory and “sufficiently” integrable such that the
integral of each term in the above energy functional is O(1). Similarly, the non-
linear eigenvalue problem (10.2.13) (under the normalization (10.2.14) with
φ = φε) reads

μεφε(x) = −ε2

2
Δφε + Vd(x)φε + |φε|2φε − εΩLzφ

ε, x ∈ Rd, (10.2.17)

where any eigenvalue με can be computed from its corresponding eigenfunc-
tion φε by

με = με,Ω(φε) =
∫

Rd

[
ε2

2
|∇φε|2 + V0(x)|φε|2 + |φε|4 − εΩ(ψε)∗Lzψ

ε

]
dx

= O(1).

Furthermore, it is easy to get the leading asymptotics of the energy functional
Eβ,Ω(ψ) in (10.2.11) and the chemical potential μβ,Ω(φ) in (10.2.15) when
βd � 1 from this scaling:

Eβ,Ω(ψ) = ε−1Eε,Ω(ψε) = O
(
ε−1
)

= O
(
β

2/(d+2)
d

)
, (10.2.18)

μβ,Ω(φ) = ε−1με,Ω(φε) = O
(
ε−1
)

= O
(
β

2/(d+2)
d

)
, βd � 1. (10.2.19)

These asymptotic results were confirmed by the numerical results in [16, 20].
When 0 < ε! 1, i.e., βd � 1, we set

ψε(x, t) =
√

ρε(x, t) exp
(
i

ε
Sε(x, t)

)
, (10.2.20)

where ρε = |ψε|2 and Sε is the phase of the wave function. Inserting (10.2.20)
into (10.2.16) and collecting real and imaginary parts, we get the transport
equation for ρε and the Hamilton–Jacobi equation for the phase Sε:

∂tρ
ε + div (ρε∇Sε) + ΩL̂zρ

ε = 0, (10.2.21)

∂tS
ε +

1
2
|∇Sε|2 + Vd(x) + ρε + ΩL̂zS

ε =
ε2

2
1√
ρε
∇2√ρε, (10.2.22)

where the operator L̂z = (x∂y − y∂x). Eq. (10.2.21) is the transport equa-
tion for the atom density and (10.2.22) the Hamilton–Jacobi equation for the
phase. Furthermore, by defining the current density [20, 15]

Jε = ρε∇Sε = ε Im
(
(ψε(x, t))∗∇ψε(x, t)

)
, (10.2.23)



222 Weizhu Bao

we can get the quantum-hydrodynamic Euler system with a third-order dis-
persion term:

∂tρ
ε + divJε + ΩL̂zρ

ε = 0, (10.2.24)

∂tJε + div
(

Jε ⊗ Jε

ρε

)
+∇P (ρε) + ρε∇Vd(x)

+Ω
(
L̂z + G

)
Jε =

ε2

4
∇
(
ρε∇2 ln ρε

)
, (10.2.25)

where P (ρ) = ρ2/2 is the hydrodynamic pressure and the symplectic matrix
G is defined as

G =
(

0 1
−1 0

)
, for d = 2, G =

⎛⎝ 0 1 0
−1 0 0
0 0 0

⎞⎠ , for d = 3. (10.2.26)

By formally passing to the limit ε→ 0+ in (10.2.21),(10.2.22), we obtain
the system

∂tρ
0 + div

(
ρ0∇S0

)
+ ΩL̂zρ

0 = 0, (10.2.27)

∂tS
0 +

1
2

∣∣∇S0
∣∣2 + Vd(x) + ρ0 + ΩL̂zS

0 = 0. (10.2.28)

Similarly, letting ε → 0+ in (10.2.24), (10.2.25), we can formally obtain the
following Euler system:

∂tρ
0 + divJ0 + ΩL̂zρ

0 = 0, (10.2.29)

∂tJ0 + div
(

J0 ⊗ J0

ρ0

)
+∇P (ρ0) + ρ0∇Vd(x) + Ω

(
L̂z + G

)
J0 = 0,

(10.2.30)

which is the isotropic Euler system (velocity given by v0 = ∇s0) with
quadratic pressure-density constitutive relation in the rotational frame. The
formal asymptotics is supposed to hold up to the caustic onset time!

10.3 Ground state

The ground state wave function φg(x) := φg
β,Ω(x) of a rotating BEC is found

by minimizing the energy functional Eβ,Ω(φ) over the unit sphere S:
Find (μg

β,Ω , φg
β,Ω ∈ S) such that

Eg := Eg
β,Ω = Eβ,Ω(φg

β,Ω) = min
φ∈S

Eβ,Ω(φ), μg := μg
β,Ω = μβ,Ω(φg

β,Ω).

(10.3.1)



10 Ground states and dynamics of rotating Bose–Einstein condensates 223

Any eigenfunction φ(x) of (10.2.13) under the constraint (10.2.14) whose en-
ergy Eβ,Ω(φ) > Eβ,Ω(φg

β,Ω) is usually called an excited state in the literature
[63].

Existence/nonexistence results for the ground state, depending on the
magnitude |Ω| of the angular velocity relative to the trapping frequencies,
are known and availeble [66].

10.3.1 Existence of the ground state when
|Ω| < γxy := min{γx, γy}
To study the existence of the ground state in a rotating BEC, we first present
some properties of the energy functional [20].

Lemma 1. (i) In 2D, we have

Eβ,−Ω(φ(x,−y)) = Eβ,Ω(φ(x, y)),
Eβ,−Ω(φ(−x, y)) = Eβ,Ω(φ(x, y)), φ ∈ S. (10.3.2)

(ii) In 3D, we have

Eβ,−Ω(φ(x,−y, z)) = Eβ,Ω(φ(x, y, z)),
Eβ,−Ω(φ(−x, y, z)) = Eβ,Ω(φ(x, y, z)), φ ∈ S. (10.3.3)

(iii) In 2D and 3D, we have∫
Rd

[
1 − |Ω|

2
|∇φ(x)|2 +

(
Vd(x) − |Ω|

2
(x2 + y2)

)
|φ|2 +

βd

2
|φ|4
]

dx ≤ Eβ,Ω(φ)

≤
∫

Rd

[
1 + |Ω|

2
|∇φ(x)|2 +

(
Vd(x) +

|Ω|
2

(x2 + y2)
)
|φ|2 +

βd

2
|φ|4
]

dx. (10.3.4)

From this lemma, since γy ≥ γx = γxy and γz > 0, when βd ≥ 0 and
|Ω| < γxy, we know that the energy functional Eβ,Ω(φ) is positive, coercive
and weakly lower semicontinuous on S. Thus the existence of a minimum
follows from the standard theory [68] and we have the following.

Theorem 1. (i) In 2D, if φβ,Ω(x, y) ∈ S is a ground state of the energy
functional Eβ,Ω(φ), then φβ,Ω(x,−y) ∈ S and φβ,Ω(−x, y) ∈ S are ground
states of the energy functional Eβ,−Ω(φ). Furthermore,

Eg
β,Ω = Eg

β,−Ω , μg
β,Ω = μg

β,−Ω . (10.3.5)

(ii) In 3D, if φβ,Ω(x, y, z) ∈ S is a ground state of the energy functional
Eβ,Ω(φ), then φβ,Ω(x,−y, z) ∈ S and φβ,Ω(−x, y, z) ∈ S are ground states of
the energy functional Eβ,−Ω(φ), and (10.3.5) is also valid.

(iii). When βd ≥ 0 and |Ω| < γxy, there exists a minimizer for the mini-
mization problem (10.3.1), i.e., there exist ground states.
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To understand the uniqueness question, note that Eβ,Ω(αφg
β,Ω) =

Eβ,Ω(φg
β,Ω) for all α ∈ C with |α| = 1. Thus an additional constraint has

to be introduced to show uniqueness. For a nonrotating BEC, i.e., Ω = 0, the
unique positive minimizer is usually taken as the ground state. In fact, the
ground state is unique up to a constant α with |α| = 1, i.e., the density of the
ground state is unique, when Ω = 0. For a rotating BEC under |Ω| < γxy,
several numerical methods were proposed in the literature [4, 20] for comput-
ing a minimizer of the minimization problem (10.3.1). From the numerical
results [4, 20], the density of the ground state may no longer be unique when
|Ω| > Ωc with Ωc a critical angular rotation speed.

10.3.2 Nonexistence of ground states when
|Ω| > γxy := max{γx, γy}

Denote γr := γxy and note that 1
2 (γ2

xx
2 + γ2

yy
2) ≤ 1

2γ
2
rr

2 with r =
√

x2 + y2.
We have

Eβ,Ω(φ) ≤ 1
2

∫ 2π

0

∫ ∞

0

[
|∂rφ|2 +

1
r2
|∂ϑφ|2 + γ2

rr
2|φ|2

+ β2|φ|4 + 2iΩφ∗∂ϑφ
]
r drdϑ, d = 2, (10.3.6)

Eβ,Ω(φ) ≤ 1
2

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

[
|∂rφ|2 +

1
r2
|∂ϑφ|2 + |∂zφ|2 + (γ2

rr
2 + γ2

zz
2)|φ|2

+ β2|φ|4 + 2iΩφ∗∂ϑφ

]
r drdϑdz, d = 3,(10.3.7)

where (r, ϑ) and (r, ϑ, z) are polar (in 2D) and, resp., cylindrical coordinates
(in 3D). In 2D, let

φm(x) = φm(r, ϑ) = φm(r) eimϑ, with φm(r) =
γ

(|m|+1)/2
r√
π|m|!

r|m|e−
γrr2

2 ,

(10.3.8)

where m is an integer. In fact, φm(x) is the central vortex state with winding
number m of the GPE (10.2.8) with d = 2, βd = 0 and Ω = 0. It is very easy
to check that φm satisfies

‖φm‖ = 2π
∫ ∞

0

|φm(r)|2 r dr = 1, m ∈ Z, (10.3.9)

1
2

[
−1
r

d

dr

(
r
d

dr

)
+ r2 +

m2

r2

]
φm(r) = (|m|+ 1)γrφm(r), 0 < r <∞.

(10.3.10)
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Thus φm ∈ S and we compute

Eβ,Ω(φm(x)) ≤ (|m|+ 1)γr −Ωm + β2π

∫ ∞

0

|φm(r)|4r dr

= (|m|+ 1)γr −Ωm +
β2γr(2|m|)!

4π(2|m|(|m|!))2 . (10.3.11)

Thus when |Ω| > γr, we have

inf
φ∈S

Eβ,Ω(φ) ≤
{

limm→∞ Eβ,Ω(φm) Ω > 0,
limm→∞ Eβ,Ω(φ−m) Ω < 0

= lim
m→∞(γr − |Ω|)|m|+ γr +

β2γr(2|m|)!
4π(2|m|(|m|!))2 (10.3.12)

= −∞.

This implies that there is no minimizer of the minimization problem (10.3.1)
when |Ω| > γxy in 2D.

Similarly, in 3D, the argument proceeds with the central vortex line state
with winding number m of the GPE (10.2.8) with d = 3, βd = 0 and Ω = 0,

φm(x) = φm(r, ϑ, z) = φm(r, z) eimϑ,

φm(r, z) =
γ

(|m|+1)/2
r γ

1/4
z

π3/4
√
|m|!

r|m|e−
γrr2+γzz2

2 , (10.3.13)

and we conclude that there is no minimizer of the minimization problem
(10.3.1) when |Ω| > γxy in 3D.

Remark 1. When γxy < |Ω| ≤ γxy in an anisotropic trap, although no rigorous
mathematical justification, the numerical results in [20] show that there is no
ground state of the energy functional Eβ,Ω(φ).

10.3.3 Stationary states as minimizer/saddle points in the linear
case

For the stationary states of (10.2.13), we have the following lemma, valid in
the linear case βd = 0.

Lemma 2. Suppose βd = 0, |Ω| < γxy and Vd(x) ≥ 0 for x ∈ Rd; then we
have:

(i) The ground state φg is a global minimizer of E0,Ω(φ) over S.
(ii) Any excited state φe is a saddle point of E0,Ω(φ) over S.

Proof. Let φe be an eigenfunction of the eigenvalue problem (10.2.13) and
(10.2.14). The corresponding eigenvalue is μe. For any function φ such that
E0,Ω(φ) <∞ and ‖φe + φ‖ = 1, notice by (10.2.14) that we have



226 Weizhu Bao

‖φ‖2 = ‖φ + φe‖2 − ‖φe‖2 −
∫

Rd

(φ∗φe + φφ∗
e) dx

= −
∫

Rd

(φ∗φe + φφ∗
e) dx. (10.3.14)

From (10.2.11) with ψ = φe +φ, using (10.2.14) and (10.3.14) and integration
by parts, we get

E0,Ω(φe + φ)

=
∫

Rd

[
1
2
|∇φe +∇φ|2 + Vd(x)|φe + φ|2 −Ω(φe + φ)∗Lz(φe + φ)

]
dx

=
∫

Rd

(
1
2
|∇φe|2 + Vd(x)|φe|2 −Ωφ∗

eLzφe

)
dx

+
∫

Rd

(
1
2
|∇φ|2 + Vd(x)|φ|2 −Ωφ∗Lzφ

)
dx

+
∫

Rd

(
−1

2
Δφe + Vd(x)φe −ΩLzφe

)∗
φ dx

+
∫

Rd

(
−1

2
Δφe + Vd(x)φe −ΩLzφe

)
φ∗ dx

= E0,Ω(φe) + E0,Ω(φ)− μe‖φ‖2

= E0,Ω(φe) + [E0,Ω(φ/‖φ‖)− μe] ‖φ‖2. (10.3.15)

(i) Taking φe = φg and μe = μg in (10.3.15) and noting that E0,Ω(φ/‖φ‖) ≥
E0,Ω(φg) = μg for any φ �= 0, we get immediately that φg is a global minimizer
of E0,Ω over S.

(ii) Taking φe = φj and μe = μj in (10.3.15), since E0,Ω(φg) < E0,Ω(φj)
and it is easy to find an eigenfunction φ of (10.2.13) such that E0,Ω(φ) >
E0,Ω(φj), we get immediately that φj is a saddle point of the functional
E0,Ω(φ) over S. �

10.3.4 Approximate ground state

When βd = 0 and Ω = 0, the ground state solution is given explicitly [18]:

μg
0,0 =

1
2

{
γx + γy, d = 2,
γx + γy + γz, d = 3,

φg
0,0(x) =

1
πd/4

⎧⎨⎩ (γxγy)1/4e−
γxx2+γyy2

2 , d = 2,

(γxγyγz)1/4e−
γxx2+γyy2+γzz2

2 , d = 3.
(10.3.16)

In fact, this solution can be viewed as an approximation of the ground state
for a weakly interacting slowly rotating condensate, i.e., |βd| ! 1 and |Ω| ≈ 0.
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For a condensate with strong repulsive interactions, i.e., βd � 1, |Ω| ≈ 0,
γx = O(1), γy = O(1) and γz = O(1), the ground state can be approximated
by the TF approximation in this regime [12, 18, 4, 21]:

φTF
β (x) =

{√
(μTF

β − Vd(x))/βd, Vd(x) < μTF
β ,

0, otherwise,
(10.3.17)

μTF
β =

1
2

{
(4β2γxγy/π)1/2 d = 2,
(15β3γxγyγz/4π)2/5 d = 3.

(10.3.18)

Clearly φTF
β is not differentiable at Vd(x) = μTF

β , thus Eβ,Ω(φTF
β ) = ∞ and

μβ,Ω(φTF
β ) =∞ [12, 21]. This shows that one can’t use (10.2.11) to define the

energy of the TF approximation (10.3.17). How to define the energy of the
TF approximation is not clear in the literature. Using (10.2.15), (10.3.18) and
(10.3.17), and following [21] for a nonrotating BEC, here we use one method
to define the energy of the TF approximation (10.3.17):

ETF
β,Ω = μTF

β,Ω −
∫

Rd

βd

2
|φTF

β (x)|4 dx =
d + 2
d + 4

μTF
β , d = 2, 3. (10.3.19)

The numerical results in [20] show that the TF approximation (10.3.17) is
very accurate for the density of the ground state, except at the vortex core,
when βd � 1 and |Ω| < γxy, and (10.3.18) and (10.3.19) converge to the
chemical potential and energy respectively only when |Ω| ≈ 0, but diverge
when |Ω| is near γxy.

10.3.5 Critical angular velocity in symmetric trap

In 2D with radial symmetry and in 3D with cylindrical symmetry, for any
βd ≥ 0, when Ω = 0, the ground state satisfies φg

β,0(x) = φ0
β,0(r) in 2D and

φg
β,0(x) = φ0

β,0(r, z) in 3D with φ0
β,0(r) and φ0

β,0(r, z) the symmetric state of
the problem (10.2.13), (10.2.14) in 2D and 3D respectively, i.e., the ground
state is radially symmetric. When Ω increases to a critical angular velocity,
Ωc

β , defined as

Ωc := Ωc
β = max

{
Ω | Eβ,Ω(φg

β,Ω) = Eβ,Ω(φ0
β,Ω) = Eβ,0(φ0

β,0)
}
,

the energy of the ground state will be less than that of the symmetric state,
i.e., symmetry breaking occurs in the ground state [66, 67]. Ωc

β is also called
the critical angular velocity for symmetry breaking in the ground state.

From the discussions and numerical results in the literature [20, 4], we
have

Ωc
0 = γr := γx = γy, 0 ≤ Ωc

β < Ωv
β ≤ γr, for βd > 0.
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10.4 Numerical methods and results for ground states

In this section, we review the continuous normalized gradient flow and its
backward Euler finite difference discretization for computing the ground states
of a rotating BEC.

10.4.1 Gradient flow with discrete normalization (GFDN)

Various algorithms, e.g., the imaginary time method [30, 4, 6], Sobolev gra-
dient method [42, 41], finite element approximation [18], iterative method
[29] etc., for finding the minimizer of the minimization problem (10.3.1) have
been studied in the literature. Perhaps one of the more popular techniques for
dealing with the normalization constraint (10.2.14) is through the splitting
(or projection) scheme: (i). Apply the steepest descent method to an un-
constrained minimization problem; (ii) project the solution back to the unit
sphere S. This suggests that we consider gradient flow with discrete normal-
ization (GFDN):

φt = −δEβ,Ω(φ)
δφ∗ =

1
2
Δφ− Vd(x)φ− βd |φ|2φ + Ω Lzφ, tn < t < tn+1,

(10.4.1)

φ(x, tn+1)
�
= φ(x, t+n+1) =

φ(x, t−n+1)
‖φ(·, t−n+1)‖

, x ∈ Rd, n ≥ 0, (10.4.2)

φ(x, 0) = φ0(x), x ∈ Rd with ‖φ0‖ = 1; (10.4.3)

where 0 = t0 < t1 < t2 < · · · < tn < · · · with Δtn = tn+1 − tn > 0 and
k = maxn≥0 Δtn, and φ(x, t±n ) = limt→t±n φ(x, t). In fact, the gradient flow
(10.4.1) can be viewed as applying the steepest descent method to the energy
functional Eβ,Ω(φ) without constraint, and (10.4.2) then projects the solution
back to the unit sphere in order to satisfy the constraint (10.2.14). From a
numerical point of view, the gradient flow (10.4.1) can be solved via traditional
techniques and the normalization of the gradient flow is simply achieved by a
projection at the end of each time step.

Let

φ̃(·, t) =
φ(·, t)
‖φ(·, t)‖ , tn ≤ t ≤ tn+1, n ≥ 0. (10.4.4)

For the gradient flow (10.4.1), it is easy to establish the following basic facts
[20].
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Lemma 3. Suppose Vd(x) ≥ 0 for all x ∈ Rd, βd ≥ 0 and ‖φ0‖ = 1, then
(i) ‖φ(·, t)‖ ≤ ‖φ(·, tn)‖ = 1 for tn ≤ t < tn+1, n ≥ 0.
(ii) For any βd ≥ 0, and all
t′, t with tn ≤ t′ < t < tn+1:

Eβ,Ω(φ(·, t)) ≤ Eβ,Ω(φ(·, t′)), n ≥ 0. (10.4.5)

(iii) For βd = 0,

E0,Ω(φ̃(·, t)) ≤ E0,Ω(φ̃(·, tn)), tn ≤ t ≤ tn+1, n ≥ 0. (10.4.6)

From Lemma 3, we immediately get the following [20].

Theorem 2. Suppose Vd(x) ≥ 0 for all x ∈ Rd and ‖φ0‖ = 1. For βd = 0,
GFDN (10.4.1)–(10.4.3) is energy diminishing for any time step k and initial
data φ0, i.e.,

E0,Ω(φ(·, tn+1)) ≤ E0,Ω(φ(·, tn)) ≤ · · · ≤ E0,Ω(φ(·, 0)) = E0,Ω(φ0), n ≥ 0.
(10.4.7)

10.4.2 Continuous normalized gradient flow (CNGF)

In fact, the normalized step (10.4.2) is equivalent to solving the following ODE
exactly:

φt(x, t) = μφ(t, k)φ(x, t), x ∈ Rd, tn < t < tn+1, n ≥ 0, (10.4.8)
φ(x, t+n ) = φ(x, t−n+1), x ∈ Rd; (10.4.9)

where

μφ(t, k) ≡ μφ(tn+1,Δtn) = − 1
2 Δtn

ln ‖φ(·, t−n+1)‖2, tn ≤ t ≤ tn+1.

(10.4.10)

Thus the GFDN (10.4.1)–(10.4.3) can be viewed as a first-order splitting
method for the gradient flow with discontinuous coefficients:

φt =
1
2
Δφ− Vd(x)φ− β |φ|2φ + ΩLzφ + μφ(t, k)φ,x ∈ Rd, t ≥ 0, (10.4.11)

φ(x, 0) = φ0(x), x ∈ Rd with ‖φ0‖ = 1. (10.4.12)

Letting k → 0 and noticing that φ(x, t−n+1) on the right-hand side of (10.4.9)
is the solution of (10.4.1) at tn+1 = t + Δtn, we obtain

μφ(t) := lim
k→0+

μφ(t, k) = lim
Δtn→0+

1
−2 Δtn

ln ‖φ(·, t−n+1)‖2
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= lim
Δtn→0+

1
−2 Δtn

ln ‖φ(·, (t + Δtn)−)‖2

= lim
Δtn→0+

d
dτ ‖φ(·, t + τ)‖2

∣∣
τ=Δtn

−2‖φ(·, t + Δtn)‖2

= lim
Δtn→0+

μβ,Ω(φ(·, t + Δtn)
‖φ(·, t + Δtn)‖2 =

μβ,Ω(φ(·, t))
‖φ(·, t)‖2 . (10.4.13)

This leads us to consider the following CNGF:

φt =
1
2
Δφ− Vd(x)φ− βd |φ|2φ + ΩLzφ + μφ(t)φ, x ∈ Rd, t ≥ 0, (10.4.14)

φ(x, 0) = φ0(x), x ∈ Rd with ‖φ0‖ = 1. (10.4.15)

In fact, the right-hand side of (10.4.14) is the same as (10.2.13) if we view
μφ(t) as a Lagrange multiplier for the constraint (10.2.14). Furthermore, for
the above CNGF, as observed in [9] for a nonrotating BEC, the solution of
(10.4.14) also satisfies the following theorem [20].

Theorem 3. Suppose Vd(x) ≥ 0 for all x ∈ Rd, βd ≥ 0 and ‖φ0‖ = 1.
Then the CNGF (10.4.14), (10.4.15) is normalization conserving and energy
diminishing, i.e.,

‖φ(·, t)‖2 =
∫

Rd

|φ(x, t)|2 dx = ‖φ0‖2 = 1, t ≥ 0, (10.4.16)

d

dt
Eβ,Ω(φ) = −2 ‖φt(·, t)‖2 ≤ 0 , t ≥ 0, (10.4.17)

which in turn implies

Eβ,Ω(φ(·, t1)) ≥ Eβ,Ω(φ(·, t2)), 0 ≤ t1 ≤ t2 <∞.

10.4.3 Fully numerical discretization

We now present a numerical method to discretize the GFDN (10.4.1)–(10.4.3)
(or perform a full discretization of CNGF (10.4.14), (10.4.15)). For simplicity
of notation we introduce the method for the case of 2D over a rectangle Ωx =
[a, b]× [c, d] with homogeneous Dirichlet boundary conditions. Generalizations
to 3D are straightforward for tensor product grids and the results remain valid
without modifications.

We choose the spatial mesh sizes hx = Δx > 0, hy = Δy > 0 with
hx = (b− a)/M , hy = (d− c)/N and M , N even positive integers. The time
step is given by k = Δt > 0 and we define grid points and time steps by

xj := a + j hx, j = 0, 1, . . . ,M, yl = c + l hy, l = 0, 1, . . . , N,

tn := n k, n = 0, 1, 2, . . .
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Let φn
j,l be the numerical approximation of φ(xj , yl, tn) and φn the solution

vector at time t = tn = nk with components φn
j,l.

We use backward Euler for time discretization and second-order centered
finite difference for spatial derivatives. The detailed scheme is

φ̃j,l − φn
j,l

k
=

1
2h2

x

[
φ̃j+1,l − 2φ̃j,l + φ̃j−1,l

]
+

1
2h2

y

[
φ̃j,l+1 − 2φ̃j,l + φ̃j,l−1

]
−V2(xj , yl)φ̃j,l − β2

∣∣φn
j,l

∣∣2 φ̃j,l + iΩyl
φ̃j+1,l − φ̃j−1,l

2hx

−iΩxj
φ̃j,l+1 − φ̃j,l−1

2hy
, j = 1, . . . ,M − 1, l = 1, . . . , N − 1,

φ̃0,l = φ̃M,l = φ̃j,0 = φ̃j,N = 0, j = 0, . . . ,M, l = 0, . . . , N,

φn+1
j,l =

φ̃j,l

‖φ̃‖
, j = 0, 1, . . . ,M, l = 0, . . . , N, n = 0, 1, . . . , (10.4.18)

φ0
j,l = φ0(xj , yl), j = 0, 1, . . . ,M ; l = 0, . . . , N,

where the norm is defined as ‖φ̃‖2 = hxhy

∑M−1
j=1

∑N−1
l=1 |φ̃j,l|2.

10.4.4 Numerical results

Many numerical results were reported in [20] for ground and central vortex
states of a rotating BEC in 2D and 3D. Here we only present some ground
state solutions in 2D of a rotating BEC for completeness. We take d = 2 and
γx = γy = 1 in (10.2.8). Figures 10.1 and 10.2 plot the surface and contour,
respectively, of the ground state φg(x, y) := φg

β,Ω(x, y) with β2 = 100 for
different Ω.

10.5 Dynamics of a rotating BEC

In this section, we provide some analytical results on the conservation of the
angular momentum expectation in a symmetric trap, i.e., γx = γy in (10.2.8),
derive a second-order ODE for the time evolution of the condensate width,
and then present some dynamic laws of a stationary state with a shifted center
in a rotating BEC.

10.5.1 Dynamics of angular momentum expectation and
condensate width

As a measure of the vortex flux, we define the angular momentum expectation:

〈Lz〉(t) :=
∫

Rd

ψ∗(x, t)Lzψ(x, t) dx = i

∫
Rd

ψ∗(x, t)(y∂x − x∂y)ψ(x, t)dx,

(10.5.1)
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Fig. 10.1. Surface plots of ground state density function |φg(x, y)|2 in 2D with
γx = γy = 1 and β2 = 100 for different Ω.

for any t ≥ 0. For the dynamics of angular momentum expectation in a
rotating BEC, we have the following lemma [10].

Lemma 4. Suppose ψ(x, t) is the solution of the problem (10.2.8), (10.2.9),
then we have

d〈Lz〉(t)
dt

=
(
γ2

x − γ2
y

)
δxy(t), where δxy(t) =

∫
Rd

xy|ψ(x, t)|2dx, t ≥ 0 .

(10.5.2)

Consequently, the angular momentum expectation and energy for a nonrotat-
ing part are conserved, that is, for any given initial data ψ0(x) in (10.2.9),
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Fig. 10.2. Contour plots of ground state density function |φg(x, y)|2 in 2D with
γx = γy = 1 and β2 = 100 for different Ω.

〈Lz〉(t) ≡ 〈Lz〉(0), Eβ,0(ψ) ≡ Eβ,0(ψ0), t ≥ 0 (10.5.3)

at least for a radially symmetric trap in 2D or a cylindrically symmetric trap
in 3D, i.e., γx = γy.

Another quantity characterizing the dynamics of a rotating BEC is the
condensate width defined as

σα(t) =
√

δα(t), where δα(t) = 〈α2〉(t) =
∫

Rd

α2|ψ(x, t)|2dx, (10.5.4)

for t ≥ 0 and α being x, y or z. For the dynamics of condensate widths, we
have the following lemmas [10].
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Lemma 5. Suppose ψ(x, t) is the solution of problem (10.2.8), (10.2.9), then
we have

d2δα(t)
dt2

=
∫

Rd

[
(∂yα− ∂xα)

(
4iΩψ∗(x∂y + y∂x)ψ + 2Ω2(x2 − y2)|ψ|2

)
+ 2|∂αψ|2 + βd|ψ|4 − 2α|ψ|2∂α(Vd(x))

]
dx, t ≥ 0,

δα(0) = δ(0)
α =

∫
Rd

α2|ψ0(x)|2dx, α = x, y, z, (10.5.5)

δ̇α(0) = δ(1)
α = 2

∫
Rd

α
[
−Ω|ψ0|2 (x∂y − y∂x)α + Im (ψ∗

0∂αψ0)
]
dx, (10.5.6)

where Im(f) denotes the imaginary part of f .

From Lemma 5, we then have [10] Lemma 6.

Lemma 6. (i) In 2D with a radial symmetric trap, i.e., d = 2 and γx = γy :=
γr in (10.2.8), for any initial data ψ0 = ψ0(x, y), we have for any t ≥ 0,

δr(t) =
Eβ,Ω(ψ0) + Ω〈Lz〉(0)

γ2
r

[1− cos(2γrt)] + δ(0)
r cos(2γrt) +

δ
(1)
r

2γr
sin(2γrt),

(10.5.7)

where δr(t) = δx(t) + δy(t), δ
(0)
r := δx(0) + δy(0), and δ

(1)
r := δ̇x(0) + δ̇y(0).

Furthermore, when the initial condition ψ0(x, y) in (10.2.9) satisfies

ψ0(x, y) = f(r)eimϑ with m ∈ Z and f(0) = 0 when m �= 0,
(10.5.8)

we have, for any t ≥ 0,

δx(t) = δy(t) =
1
2
δr(t) (10.5.9)

=
Eβ,Ω(ψ0) + mΩ

2γ2
x

[1− cos(2γxt)] + δ(0)
x cos(2γxt) +

δ
(1)
x

2γx
sin(2γxt).

This and (10.5.4) imply that

σx = σy =

√
Eβ,Ω(ψ0) + mΩ

2γ2
x

[1− cos(2γxt)] + δ
(0)
x cos(2γxt) +

δ
(1)
x

2γx
sin(2γxt).

(10.5.10)

Thus in this case, the condensate widths σx(t) and σy(t) are periodic functions
with frequency doubling the trapping frequency.
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(ii) For all other cases, we have, for any t ≥ 0

δα(t) =
Eβ,Ω(ψ0)

γ2
α

+
(
δ(0)
α − Eβ,Ω(ψ0)

γ2
α

)
cos(2γαt) +

δ
(1)
α

2γα
sin(2γαt) + fα(t),

(10.5.11)

where fα(t) is the solution of the following second-order ODE:

d2fα(t)
dt2

+ 4γ2
α fα(t) = Fα(t), fα(0) =

dfα(0)
dt

= 0, (10.5.12)

with

Fα(t) =
∫

Rd

[
2|∂αψ|2 − 2|∇ψ|2 − βd|ψ|4 +

(
2γ2

αα
2 − 4Vd(x)

)
|ψ|2 + 4Ωψ∗Lzψ

+ (∂yα− ∂xα)
(
4iΩψ∗ (x∂y + y∂x)ψ + 2Ω2(x2 − y2)|ψ|2

) ]
dx.

10.5.2 Dynamics of a stationary state with its center shifted

Let φe(x) be a stationary state of the GPE (10.2.8) with a chemical potential
μe [20], i.e., (μe, φe) satisfying

μeφe(x) = −1
2
Δφe + Vd(x)φe + βd|φe|2φe −ΩLzφe, ‖φe‖2 = 1.

(10.5.13)

If the initial data ψ0(x) in (10.2.9) is chosen as a stationary state with a shift
in its center, one can construct an exact solution of the GPE (10.2.8) with
a harmonic oscillator potential. This kind of analytical construction can be
used, in particular, in the benchmark and validation of numerical algorithms
for the GPE. In [44], a similar kind of solution was constructed for GPEs and a
second-order ODE system was derived for the dynamics of the center, but the
results there were valid only for nonrotating BECs, i.e., Ω = 0. Modifications
must be made for the rotating BEC, i.e., Ω �= 0. Later, in [22], similar results
were extended to the case of a general Hamiltonian but without specifying
the initial data for the ODE system. Here we present the dynamic laws for
the rotating BEC [10].

Lemma 7. If the initial data ψ0(x) in (10.2.9) is chosen as

ψ0(x) = φe(x− x0), x ∈ Rd, (10.5.14)

where x0 is a given point in Rd, then the exact solution of (10.2.8), (10.2.9)
satisfies

ψ(x, t) = φe(x− x(t)) e−iμet eiw(x,t), x ∈ Rd, t ≥ 0, (10.5.15)
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where for any time t ≥ 0, w(x, t) is linear for x, i.e.,

w(x, t) = c(t) · x + g(t), c(t) = (c1(t), . . . , cd(t))T , x ∈ Rd, t ≥ 0,
(10.5.16)

and x(t) satisfies the following second-order ODE system:

ẍ(t)− 2Ωẏ(t) +
(
γ2

x −Ω2
)
x(t) = 0, (10.5.17)

ÿ(t) + 2Ωẋ(t) +
(
γ2

y −Ω2
)
y(t) = 0, t ≥ 0, (10.5.18)

x(0) = x0, y(0) = y0, ẋ(0) = Ωy0, ẏ(0) = −Ωx0 . (10.5.19)

Moreover, if in 3D, another ODE needs to be added:

z̈(t) + γ2
zz(t) = 0, z(0) = z0, ż(0) = 0. (10.5.20)

10.5.3 Analytical solutions for the center of mass

Without loss of generality, in this subsection, we assume γx = 1 and γx ≤ γy

in (10.5.17)–(10.5.20). From (10.5.13) and (10.5.15), changing variables, we
get

〈x〉(t) :=
∫

Rd

x|ψ(x, t)|2 dx =
∫

Rd

x|φe(x− x(t))|2 dx

=
∫

Rd

(x + x(t))|φe(x)|2 dx = x(t), t ≥ 0. (10.5.21)

This immediately implies that the dynamics of the center of mass is the same
as that of x(t), i.e., it satisfies the ODE system (10.5.17)–(10.5.20). It is easy
to see that the solution of (10.5.20) is

z(t) = z0 cos(γzt), t ≥ 0, (10.5.22)

thus, z(t) is a periodic function with period Tz = 2π/γz. Furthermore, when
Ω �= 0, dividing both sides of (10.5.17) by 2Ω, we get

ẏ(t) =
1

2Ω
(
ẍ(t) +

(
γ2

x −Ω2
)
x(t)
)
, t ≥ 0. (10.5.23)

Differentiating (10.5.18) with respect to t, we obtain

y(3)(t) + 2Ωẍ(t) +
(
γ2

y −Ω2
)
ẏ(t) = 0, t ≥ 0. (10.5.24)

Inserting (10.5.23) into (10.5.24), we get the following fourth-order ODE for
x(t):

x(4)(t) +
(
γ2

x + γ2
y + 2Ω2

)
ẍ(t) +

(
γ2

x −Ω2
) (

γ2
y −Ω2

)
x(t) = 0, t ≥ 0.

(10.5.25)
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The characteristic equation of (10.5.25) is

λ4 +
(
γ2

x + γ2
y + 2Ω2

)
λ2 +

(
γ2

x −Ω2
) (

γ2
y −Ω2

)
= 0. (10.5.26)

In the following, we will discuss the solutions of the ODE system (10.5.17)–
(10.5.19) in different parameter regimes of trapping frequencies and angular
rotation speed Ω.

For a nonrotating BEC, i.e., Ω ≡ 0 in GPE (10.2.8), the second-order
ODE system (10.5.17)–(10.5.19) collapses to

ẍ(t) + γ2
xx(t) = 0, ÿ(t) + γ2

yy(t) = 0, t ≥ 0, (10.5.27)
x(0) = x0, y(0) = y0, ẋ(0) = ẏ(0) = 0. (10.5.28)

It is straightforward to see that the solution of (10.5.27), (10.5.28) is

x(t) = x0 cos(γxt), y(t) = y0 cos(γyt), t ≥ 0, (10.5.29)

which implies that both x(t) and y(t) are periodic functions with periods
Tx = 2π/γx and Ty = 2π/γy, respectively.

For a rotating BEC with a symmetric trap, i.e., Ω �= 0 in (10.2.8) and
γx ≡ γy, we have the following solution for the second-order ODE system
(10.5.17)–(10.5.19) [76]:

Lemma 8. When Ω �= 0 and γx ≡ γy in (10.5.17)–(10.5.19), the solutions of
x(t) and y(t) for the motion of the center are

x(t) =
x0

2
[cos(at) + cos(bt)] +

|Ω|y0

2Ω
[sin(at)− sin(bt)] , (10.5.30)

y(t) =
y0

2
[cos(at) + cos(bt)] +

|Ω|x0

2Ω
[− sin(at) + sin(bt)] , t ≥ 0, (10.5.31)

where

a = γx + |Ω|, b = γx − |Ω|.

Furthermore, we can obtain the distance between the center of mass and the
trap center as a periodic function with period T = π/γx, i.e.,

|x(t)| :=
√

x2(t) + y2(t) =
√

x2
0 + y2

0 | cos(γxt)|, t ≥ 0. (10.5.32)

For a rotating BEC with an anisotropic trap, i.e., Ω �= 0 in (10.2.8) and
γx < γy, we will present the analytical solutions in four different cases: (a)
|Ω| = γx; (b) |Ω| = γy; (c) 0 < |Ω| < γx or |Ω| > γy; and (d) γx < Ω < γy.

For |Ω| = γx, we have [76] the following.



238 Weizhu Bao

Lemma 9. When |Ω| = γx < γy in (10.5.17)–(10.5.19), the solutions of x(t)
and y(t) for the motion of the center are

x(t) =
x0

a2

[
(γ2

y + Ω2) + 2Ω2 cos(at)
]

+
Ωy0

a2

[
−(γ2

y −Ω2)t +
2(γ2

y + Ω2)
a

sin(at)

]
,

(10.5.33)

y(t) =
y0

a2

[
2Ω2 + (γ2

y + Ω2) cos(at)
]
− Ωx0

a
sin(at), t ≥ 0; (10.5.34)

where a =
√

γ2
y + 3Ω2. This implies that the center moves on an ellipse when

y0 = 0, and moves to infinity when y0 �= 0.

Similarly for γx < |Ω| = γy, we have [76] the following.

Lemma 10. When γx < γy = |Ω| in (10.5.17)–(10.5.19), the solutions of
x(t) and y(t) for the motion of the center are

x(t) =
x0

a2

[
2Ω2 + (γ2

x + Ω2) cos(at)
]
+

Ωy0

a
sin(at), t ≥ 0, (10.5.35)

y(t) =
y0

a2

[
(γ2

x + Ω2) + 2Ω2 cos(at)
]

+
Ωx0

a2

[
(γ2

x −Ω2)t− 2(γ2
x + Ω2)
a

sin(at)
]
,

(10.5.36)

where a =
√

γ2
x + 3Ω2. Again this implies that the center moves on an ellipse

when x0 = 0, and moves to infinity when x0 �= 0.

If Ω �= 0, γx or γy, let

δ1 = (γ2
x + γ2

y + 2Ω2)/2,

δ2 =
√

δ2
1 − (γ2

x −Ω2)
(
γ2

y −Ω2
)
,

a =
√
|δ1 − δ2| and b =

√
δ1 + δ2. When 0 < |Ω| < γx or |Ω| > γy, we

have 0 < δ2 < δ1. Thus we get the four roots for the characteristic equation
(10.5.26)

λ1,2 = ±i
√

δ1 − δ2 = ±a i, λ3,4 = ±i
√

δ1 + δ2 = ±b i. (10.5.37)

Thus, in this case, we get the solution of the ODE system (10.5.17)–(10.5.19)
[76].
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Lemma 11. When γx < γy, and 0 < |Ω| < γx or |Ω| > γy, we have the
solution x(t) and y(t) of the ODE system (10.5.17)–(10.5.19)

x(t) = c1 cos(at) + c2 sin(at) + c3 cos(bt) + c4 sin(bt), (10.5.38)

y(t) = c5 cos(at) + c6 sin(at) + c7 cos(bt) + c8 sin(bt), t ≥ 0, (10.5.39)

where

c1 =

(
γ2

x + Ω2 − b2
)
x0

a2 − b2
, c2 =

aΩ
(
γ2

x −Ω2 + b2
)
y0

(γ2
x −Ω2) (a2 − b2)

,

c3 = −
(
γ2

x + Ω2 − a2
)
x0

a2 − b2
, c4 = −

bΩ
(
γ2

x −Ω2 + a2
)
y0

(γ2
x −Ω2) (a2 − b2)

,

c5 = −
(
γ2

x −Ω2 − a2
) (

γ2
x −Ω2 + b2

)
y0

2 (γ2
x −Ω2) (a2 − b2)

,

c6 =

(
γ2

x −Ω2 − a2
) (

γ2
x + Ω2 − b2

)
x0

2aΩ (a2 − b2)
,

c7 =

(
γ2

x −Ω2 + a2
) (

γ2
x −Ω2 − b2

)
y0

2 (γ2
x −Ω2) (a2 − b2)

,

c8 = −
(
γ2

x −Ω2 − b2
) (

γ2
x + Ω2 − a2

)
x0

2bΩ (a2 − b2)
.

This implies that the graph of the trajectory is a bounded set.

Similarly, when γx < |Ω| < γy, we have δ2 > δ1. Thus we get the four
roots for the characteristic equation (10.5.26)

λ1,2 = ±
√

δ2 − δ1 = ±a, λ3,4 = ±i
√

δ1 + δ2 = ±b i. (10.5.40)

Thus, in this case, we get the solution of the ODE system (10.5.17)–(10.5.19)
[76].

Lemma 12. When γx < |Ω| < γy, we have the solution x(t) and y(t) of the
ODE system (10.5.17)–(10.5.19)

x(t) = d1e
at + d2e

−at + d3 cos(bt) + d4 sin(bt), (10.5.41)
y(t) = d5e

at + d6e
−at + d7 cos(bt) + d8 sin(bt), t ≥ 0, (10.5.42)

where

d1 =
1
2
(c1 − c2), d2 = −1

2
(c1 + c2), d3 = c3,

d4 = c4, d7 = c7, d8 = c8,

d5 =

(
γ2

x −Ω2 + a2
)

4aΩ
(c1 − c2), d6 =

(
γ2

x −Ω2 + a2
)

4aΩ
(c1 + c2),
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with c1, . . . , c8 constants defined in Lemma 11. From the above solution, we can

see that if c1 = c2, i.e., y0 = (γ2
x−Ω2)(γ2

x+Ω2−b2)x0

aΩ(γ2
x−Ω2+b2) , the graph of the trajectory

is a bounded set; otherwise, the center will move to infinity exponentially fast
and satisfies

lim
t→∞

y(t)
x(t)

=
c5
c1

=

(
γ2

x −Ω2 + a2
)

2aΩ
. (10.5.43)

10.5.4 Dynamics of the total density in the presence of dissipation

Consider a more general GPE of the form

(i− λ)∂tψ(x, t) = −1
2
Δψ + V (x, t)ψ + βd|ψ|2ψ −ΩLzψ, x ∈ Rd,

(10.5.44)

ψ(x, 0) = ψ0(x), x ∈ Rd; (10.5.45)

where λ ≥ 0 is a real parameter that models a dissipation mechanism [5, 10]
and V (x, t) = Vd(x)+W (x, t) with W (x, t) an external driven field [24, 25, 50].
Typical external driven fields used in the physics literature include a delta-
kicked potential [50]

W (x, t) = Ks cos(ksx)
∞∑

n=−∞
δ(t− nτ), (10.5.46)

with Ks being the kick strength, ks the wavenumber, τ the time interval be-
tween kicks and δ(τ) the Dirac delta function; or a far-blue detuned Gaussian
laser beam stirrer [10, 24, 25]

W (x, t) = Ws(t) exp
[
−
(
|x− xs(t)|2

ws/2

)]
, (10.5.47)

with Ws(t) being the height, ws the width and xs(t) the position of the stirrer.
In addition, we note that to study the onset of energy dissipation in a BEC
stirred by a laser field, another possibility is to view the beam as a translating
obstacle [5] instead of introducing the Gaussian potential.

While the total density remains constant with λ = 0, in the more general
case, we have the following lemma for the dynamics of the total density [10].

Lemma 13. Let ψ(x, t) be the solution of (10.5.44), (10.5.45), then the total
density satisfies

Ṅ(ψ)(t) =
d

dt

∫
Rd

|ψ(x, t)|2 dx = − 2λ
1 + λ2

μβ,Ω(ψ), t ≥ 0, (10.5.48)

where
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μβ,Ω(ψ) =
∫

Rd

[
1
2
|∇ψ|2 + V (x, t)|ψ|2 + βd|ψ|4 −ΩRe(ψ∗Lzψ)

]
dx.

Consequently, the total density decreases when λ > 0 and |Ω| ≤ γxy :=
min{γx, γy}.

10.6 Numerical methods for computing dynamics in a
rotating BEC

In this section, we review the efficient and accurate numerical methods pro-
posed recently to solve the following GPE for the dynamics of a rotating
BEC.

Due to the trapping potential Vd(x), the solution ψ(x, t) of (10.5.44),
(10.5.45) decays to zero exponentially fast when |x| → ∞. Thus in practi-
cal computation, we truncate the problem (10.5.44), (10.5.45) into a bounded
computational domain with the homogeneous Dirichlet boundary condition:

(i− λ)∂tψ(x, t) = −1
2
Δψ + V (x, t)ψ + βd|ψ|2ψ −ΩLzψ, x ∈ Ωx,

(10.6.1)

ψ(x, t) = 0, x ∈ Γ = ∂Ωx, t ≥ 0, (10.6.2)

ψ(x, 0) = ψ0(x), x ∈ Ω̄x; (10.6.3)

where Ωx is a bounded computational domain to be specified later. The use of
more sophisticated radiation boundary conditions is an interesting topic that
remains to be examined in the future.

10.6.1 Time splitting

We choose a time step size Δt > 0. For n = 0, 1, 2, . . . , from time t = tn = nΔt
to t = tn+1 = tn + Δt, the GPE (10.6.1) is solved in two splitting steps. One
solves first

(i− λ) ∂tψ(x, t) = −1
2
Δψ −ΩLzψ (10.6.4)

for the time step of length Δt, and then solves

(i− λ) ∂tψ(x, t) = V (x, t)ψ + βd|ψ|2ψ, (10.6.5)

for the same time step. Equation (10.6.4) will be discretized in detail in the
next two subsections. For t ∈ [tn, tn+1], after dividing (10.6.5) by (i − λ),



242 Weizhu Bao

multiplying it by ψ∗ and adding with its complex conjugate, we obtain the
following ODE for ρ(x, t) = |ψ(x, t)|2:

∂tρ(x, t) = − 2λ
1 + λ2

[
V (x, t)ρ(x, t) + βdρ

2(x, t)
]
, x ∈ Ωx, tn ≤ t ≤ tn+1.

(10.6.6)

The ODE for the phase angle φ(x, t) (determined as ψ =
√
ρeiφ) is given by

φt = − 1
1 + λ2

[V (x, t) + βdρ(x, t)] , x ∈ Ωx, tn ≤ t ≤ tn+1. (10.6.7)

For λ �= 0, by (10.6.6), this is equivalent to

φt =
1
2λ

∂t ln ρ , x ∈ Ωx, tn ≤ t ≤ tn+1. (10.6.8)

Denote Vn(x, t) =
∫ t

tn
V (x, τ)dτ , we can solve (10.6.6) to get

ρ(x, t) =
ρ(x, tn) exp[−2λVn(x,t)

1+λ2 ]

1 + ρ(x, tn) 2λβd

1+λ2

∫ t

tn
exp[−2λVn(x,τ)

1+λ2 ] dτ
. (10.6.9)

Consequently, in the special case V (x, t) = V (x), we have some exact analyt-
ical solutions given by

ρ(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ(x, tn), λ = 0,

(1 + λ2)ρ(x, tn)
(1 + λ2) + 2λβd(t− tn)ρ(x, tn)

, V (x) = 0,

V (x)ρ(x, tn) exp[−2λV (x)(t−tn)
1+λ2 ]

V (x) +
(
1− exp[−2λV (x)(t−tn)

1+λ2 ]
)
βdρ(x, tn)

, V (x) �= 0.

(10.6.10)

Inserting (10.6.9) into (10.6.7), we get for t ∈ [tn, tn+1],

ψ(x, t) = ψ(x, tn)
√

Un(x, t) exp
[
− i

1 + λ2

(
Vn(x, t) + βd

∫ t

tn

ρ(x, τ)dτ
)]

,

(10.6.11)

where

Un(x, t) =
exp[−2λVn(x,t)

1+λ2 ]

1 + |ψ(x, tn)|2 2λβd

1+λ2

∫ t

tn
exp[−2λVn(x,τ)

1+λ2 ] dτ
. (10.6.12)

Again, with V (x, t) = V (x), we can integrate exactly to get
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ψ(x, t) = ψ(x, tn)

⎧⎪⎨⎪⎩
exp
[
−i(βd|ψ(x, tn)|2 + V (x))(t− tn)

]
, λ = 0,√

Ûn(x, t) exp[ i
2λ ln Ûn(x, t)], λ �= 0;

(10.6.13)

where

Ûn(x, t) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 + λ2

1 + λ2 + 2λβd(t− tn)|ψ(x, tn)|2 , V (x) = 0,

V (x) exp[− 2λ(t−tn)V (x)
1+λ2 ]

V (x) +
(
1− exp[−2λ(t−tn)V (x)

1+λ2 ]
)
βd|ψ(x, tn)|2

, V (x) �= 0.

Remark 2. If the function Vn(x, t) as well as other integrals in (10.6.9),
(10.6.11) and (10.6.12) cannot be evaluated analytically, numerical quadra-
ture can be used, e.g.,

Vn(x, tn+1) =
∫ tn+1

tn

V (x, τ) dτ

≈ Δt

6
[V (x, tn) + 4V (x, tn + Δt/2) + V (x, tn+1)] .

10.6.2 Discretization by using polar/cylindrical coordinates

To solve (10.6.4), we choose Ωx = {(x, y), r =
√

x2 + y2 < R} in 2D, and
respectively Ωx = {(x, y, z), r =

√
x2 + y2 < R, a < z < b} in 3D, with

R, |a| and b sufficiently large, and try to formulate the equation in a variable
separable form. When d = 2, we use the polar coordinates (r, ϑ), and discretize
in the ϑ-direction by a Fourier pseudo-spectral method, in the r-direction by a
finite element method (FEM) and in time by a Crank-Nicolson (C-N) scheme.
Assume

ψ(r, ϑ, t) =
L/2−1∑

l=−L/2

ψ̂l(r, t) eilϑ, (10.6.14)

where L is an even positive integer and ψ̂l(r, t) is the Fourier coefficient for
the lth mode. Inserting (10.6.14) into (10.6.4), noticing the orthogonality of
the Fourier functions, we obtain for −L

2 ≤ l ≤ L
2 − 1 and 0 < r < R:

(i− λ) ∂tψ̂l(r, t) = − 1
2r

∂

∂r

(
r
∂ψ̂l(r, t)

∂r

)
+
(

l2

2r2
− lΩ

)
ψ̂l(r, t), (10.6.15)

ψ̂l(R, t) = 0 (for all l), ψ̂l(0, t) = 0 (for l �= 0). (10.6.16)
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Let P k denote all polynomials with degree at most k, M > 0 be a chosen
integer and 0 = r0 < r1 < r2 < · · · < rM = R be a partition for the interval
[0, R] with a mesh size h = max0≤m<M {rm+1−rm}. Define an FEM subspace
by

Uh =
{
uh ∈ C[0, R] | uh

∣∣
[rm,rm+1]

∈ P k, 0 ≤ m < M, uh(R) = 0
}

for l = 0, and for l �= 0,

Uh =
{
uh ∈ C[0, R] | uh

∣∣
[rm,rm+1]

∈ P k, 0 ≤ m < M, uh(0) = uh(R) = 0
}

.

Then we obtain the FEM approximation for (10.6.15), (10.6.16): Find ψ̂h
l =

ψ̂h
l (·, t) ∈ Uh such that for all φh ∈ Uh and tn ≤ t ≤ tn+1,

(i− λ)
d

dt
A(ψ̂h

l (·, t), φh) = B(ψ̂h
l (·, t), φh) + l2C(ψ̂h

l , φ
h)− lΩA(ψ̂h

l , φ
h),

(10.6.17)

where

A(uh, vh) =
∫ R

0

r uh(r) vh(r) dr, B(uh, vh) =
∫ R

0

r

2
duh(r)
dr

dvh(r)
dr

dr,

C(uh, vh) =
∫ R

0

1
2r

uh(r) vh(r) dr, uh, vh ∈ Uh.

The ODE system (10.6.17) is then discretized by the standard Crank-Nicolson
scheme in time. Although an implicit time discretization is applied for
(10.6.17), the 1D nature of the problem makes the coefficient matrix for the
linear system band-limited. For example, if the piecewise linear polynomial
is used, i.e., k = 1 in Uh, the matrix is tridiagonal. Fast algorithms can be
applied to solve the resulting linear systems.

In practice, we always use the second-order Strang splitting [72], i.e., from
time t = tn to t = tn+1: i) first evolve (10.6.5) for half time step Δt/2 with
initial data given at t = tn; ii) then evolve (10.6.4) for one time step Δt
starting with the new data; iii) and evolve (10.6.5) for half time step Δt/2
with the newer data. Other ways to discretize (10.6.15) were also proposed
in [10]. This method was demonstrated to be of spectral accuracy in the
transverse direction, second- or fourth-order accuracy in the radial direction
and second-order accuracy in time [10].

10.6.3 Discretization by using ADI technique

To solve (10.6.4) in another way, we choose Ωx = [a, b] × [c, d] in 2D, and
resp., Ωx = [a, b]× [c, d]× [e, f ] in 3D, with |a|, b, |c|, d, |e| and f sufficiently
large. For simplicity of notation, here we assume λ = 0 and V (x, t) = V (x)
in (10.6.1).
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When d = 2 in (10.6.4), we choose mesh sizes Δx > 0 and Δy > 0 with
Δx = (b − a)/M and Δy = (d − c)/N for M and N even positive integers,
and let the grid points be

xj = a + jΔx, j = 0, 1, 2, . . . ,M ; yk = c + kΔy, k = 0, 1, 2, . . . , N.

Let ψn
jk be the approximation of ψ(xj , yk, tn) and ψn be the solution vector

with component ψn
jk.

From time t = tn to t = tn+1, we solve (10.6.4) first

i ∂tψ(x, t) = −1
2
∂xxψ(x, t)− iΩy∂xψ(x, t), (10.6.18)

for the time step of length Δt, and then solve

i ∂tψ(x, t) = −1
2
∂yyψ(x, t) + iΩx∂yψ(x, t), (10.6.19)

for the same time step.
For each fixed y, the operator in the equation (10.6.18) is in the x-direction

with constant coefficients and thus we can discretize it in the x-direction by
a Fourier pseudo-spectral method. Assume

ψ(x, y, t) =
M/2−1∑

p=−M/2

ψ̂p(y, t) exp[iμp(x− a)], (10.6.20)

where μp = 2pπ
b−a and ψ̂p(y, t) is the Fourier coefficient for the pth mode in

the x-direction. Inserting (10.6.20) into (10.6.18), noticing the orthogonality
of the Fourier functions, we obtain for −M

2 ≤ p ≤ M
2 − 1 and c ≤ y ≤ d:

i ∂tψ̂p(y, t) =
(

1
2
μ2

p + Ωyμp

)
ψ̂p(y, t), tn ≤ t ≤ tn+1. (10.6.21)

This linear ODE can be integrated in time exactly and we obtain

ψ̂p(y, t) = exp
[
−i
(

1
2
μ2

p + Ωyμp

)
(t− tn)

]
ψ̂p(y, tn), tn ≤ t ≤ tn+1.

(10.6.22)

Similarly, for each fixed x, the operator in the equation (10.6.19) is in the
y-direction with constant coefficients and thus we can discretize it in the y-
direction by a Fourier pseudo-spectral method. Assume

ψ(x, y, t) =
N/2−1∑

q=−N/2

ψ̂q(x, t) exp[iλq(y − c)], (10.6.23)
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where λq = 2qπ
d−c and ψ̂q(x, t) is the Fourier coefficient for the qth mode in

the y-direction. Inserting (10.6.23) into (10.6.19), noticing the orthogonality
of the Fourier functions, we obtain for −N

2 ≤ q ≤ N
2 − 1 and a ≤ x ≤ b:

i ∂tψ̂q(x, t) =
(

1
2
λ2

q −Ωxλq

)
ψ̂q(x, t), tn ≤ t ≤ tn+1. (10.6.24)

Again this linear ODE can be integrated in time exactly and we obtain

ψ̂q(x, t) = exp
[
−i
(

1
2
λ2

q −Ωxλq

)
(t− tn)

]
ψ̂q(x, tn), tn ≤ t ≤ tn+1.

(10.6.25)

From time t = tn to t = tn+1, we combine the splitting steps via the standard
second-order Strang splitting [72, 19]:

ψ
(1)
jk =

M/2−1∑
p=−M/2

e−iΔt(μ2
p+2Ωykμp)/4 (̂ψn

k )
p
eiμp(xj−a), 0 ≤ j ≤M, 0 ≤ k ≤ N,

ψ
(2)
jk =

N/2−1∑
q=−N/2

e−iΔt(λ2
q−2Ωxjλq)/4 ̂(ψ(1)

j )
q
eiλq(yk−c), 0 ≤ k ≤ N, 0 ≤ j ≤M,

ψ
(3)
jk = e−iΔt[V (xj ,yk)+β2|ψ(2)

jk |2] ψ(2)
jk ,

ψ
(4)
jk =

N/2−1∑
q=−N/2

e−iΔt(λ2
q−2Ωxjλq)/4 ̂(ψ(3)

j )
q
eiλq(yk−c), 0 ≤ k ≤ N, 0 ≤ j ≤M,

ψn+1
jk =

M/2−1∑
p=−M/2

e−iΔt(μ2
p+2Ωykμp)/4 ̂(ψ(4)

k )
p
eiμp(xj−a), (10.6.26)

where for each fixed k, (̂ψα
k )

p
(p = −M/2, . . . ,M/2− 1) with α an index, the

Fourier coefficients of the vector ψα
k = (ψα

0k, ψα
1k, . . . , ψα

(M−1)k)T , are defined
as

(̂ψα
k )

p
=

1
M

M−1∑
j=0

ψα
jk e−iμp(xj−a), p = −M

2
, . . . ,

M

2
− 1; (10.6.27)

similarly, for each fixed j, (̂ψα
j )

q
(q = −N/1, . . . , N/2− 1), the Fourier coef-

ficients of the vector ψα
j = (ψα

j0, ψ
α
j1, . . . , ψ

α
j(N−1))

T are defined as

(̂ψα
j )

q
=

1
N

N−1∑
k=0

ψα
jk e−iλq(yk−c), q = −N

2
, . . . ,

N

2
− 1. (10.6.28)

For algorithm (10.6.26), the total memory requirement is O(MN) and
the total computational cost per time step is O(MN ln(MN)). The scheme
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is time reversible when W (x) ≡ 0, just as it holds for the GPE (10.2.8),
i.e., the scheme is unchanged if we interchange n ↔ n + 1 and Δt ↔ −Δt
in (10.6.26). Also, a main advantage of the numerical method is its time-
transverse invariance when W (x) ≡ 0, just as it holds for the GPE (10.2.8)
itself. If a constant α is added to the external potential V , then the discrete
wave functions ψn+1

jk obtained from (10.6.26) will be multiplied by the phase
factor e−iα(n+1)Δt, which leaves the discrete quadratic observable |ψn+1

jk |2 un-
changed. This method was demonstrated to be of spectral accuracy in space
and second accuracy in time [19].

10.6.4 The leap-frog spectral method

Another way to discretize (10.6.1) is the leap-frog spectral method. We choose
Ωx = [a, b] × [c, d] in 2D, and resp., Ωx = [a, b] × [c, d] × [e, f ] in 3D, with
|a|, b, |c|, d, |e| and f sufficiently large. Again, for simplicity of notation, here
we assume λ = 0 and V (x, t) = V (x) in (10.6.1). When d = 2, choose spatial
mesh sizes Δx = (b−a)/J and Δy = (d−c)/K with J , K and L even integers,
denote the grid points as

xj = a + jΔx, j = 0, 1, . . . , J, yk = c + kΔy, k = 0, 1, . . . ,K,

and let ψn
j,k be the approximation of ψ(xj , yk, tn). For n = 1, 2, . . . , from time

t = tn−1 = (n− 1)Δt to t = tn+1 = tn + Δt, the GPE (10.5.44) is discretized
in space by the Fourier pseudo-spectral method and in time by the leap-frog
scheme, i.e., for j = 0, 1, . . . , J and k = 0, 1, . . . ,K

i
ψn+1

j,k − ψn−1
j,k

2Δt
= −1

2
(
∇2

hψ
n
)∣∣

j,k
+ V2(xj , yk)ψn

j,k

+ β2|ψn
j,k|2ψn

j,k −Ω (Lhψ
n)|j,k , (10.6.29)

where ∇2
h and Lh, the pseudo-spectral differential operators approximating

the operators ∇2 and Lz respectively, are defined as

(
∇2

hψ
n
)∣∣

j,k
= −

J/2−1∑
p=−J/2

K/2−1∑
q=−K/2

(
μ2

p + λ2
q

)
(̂ψn)p,q eiμp(xj−a) eiλq(yk−c),

(Lhψ
n)|j,k = xj

(
Dh

yψ
n
)∣∣

j,k
− yk

(
Dh

xψ
n
)∣∣

j,k
, 0 ≤ j ≤ J, 0 ≤ k ≤ K,

(
Dh

xψ
n
)∣∣

j,k
=

J/2−1∑
p=−J/2

K/2−1∑
q=−K/2

μp (̂ψn)p,q eiμp(xj−a) eiλq(yk−c),

(
Dh

yψ
n
)∣∣

j,k
=

J/2−1∑
p=−J/2

K/2−1∑
q=−K/2

λq (̂ψn)p,q eiμp(xj−a) eiλq(yk−c),

with



248 Weizhu Bao

μp =
2pπ
b− a

, p = −J

2
, . . . ,

J

2
− 1; λq =

2qπ
d− c

, q = −K

2
, . . . ,

K

2
− 1,

(̂ψn)p,q =
1

JK

J−1∑
j=0

K−1∑
k=0

ψn
j,k e−iμp(xj−a) e−iλq(yk−c).

As stated in the introduction, here we use the leap-frog scheme for time dis-
cretization since we want to have an explicit and time-reversible time integra-
tor. In order to compute ψ1

j,k, we apply the modified trapezoidal rule in time
on the interval [t0, t1]:

i
ψ

(1)
j,k − ψ0

j,k

Δt
= −1

2
(
∇2

hψ
0
)∣∣

j,k
+ V2(xj , yk)ψ0

j,k

+ β2|ψ0
j,k|2ψ0

j,k −Ω
(
Lhψ

0
)∣∣

j,k
,

i
ψ

(2)
j,k − ψ

(1)
j,k

Δt
= −1

2

(
∇2

hψ
(1)
)∣∣∣

j,k
+ V2(xj , yk)ψ(1)

j,k

+ β2|ψ(1)
j,k |2ψ

(1)
j,k −Ω

(
Lhψ

(1)
)∣∣∣

j,k
,

ψ1
j,k =

1
2

(
ψ

(1)
j,k + ψ

(2)
j,k

)
, j = 0, 1, . . . , J, k = 0, 1, . . . ,K.

(10.6.30)

The initial data (10.6.3) is discretized as

ψ0
j,k = ψ0(xj , yk), j = 0, 1, . . . , J, k = 0, 1, . . . ,K. (10.6.31)

The leap-frog Fourier pseudo-spectral discretization (10.6.29) is explicit
and time reversible. The total memory requirement is O(JK) and the total
computational cost per time step is O(JK ln(JK)). Following the standard
von Neumann analysis and frozen coefficient technique, the stability condition
for (10.6.29) is

Δt <
2(Δx)2

π2

[
1 +
(

Δx
Δy

)2
]

+ maxx∈Ωx

[
π
(
|x|Δx + |y| (Δx)2

Δy

)
+ V2(x) + β2|ψ(x, t)|2

] .
This method was demonstrated to be of spectral accuracy in space and

second-order accuracy in time [76]

10.6.5 Numerical results

Many numerical results were reported in [10, 19, 76] to demonstrate the effi-
ciency and accuracy of the above numerical methods. Here we only report the
dynamics of a quantized vortex lattice with 81 vortices in a rotating BEC.
We take d = 2, β2 = 2000, Ω = 0.9. The initial condition in (10.6.3) is taken
as the ground state [20, 10, 3] of the GPE computed numerically with the
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Fig. 10.3. The contour plots of the density function |ψ(x, t)| of the vortex lattices
at different times for changing from γx = γy = 1 to γx = γy = 1.5.

same parameter values and γx = γy = 1. Then at t = 0, we change the trap
frequency by setting γx = γy = 1.5, or γx = 1.2 and γy = 1.5 respectively.
We take Ωx = [−24, 24] × [−24, 24] and choose mesh size Δx = Δy = 3/64
and time step Δ = 0.0001. Figures 10.3 and 10.4 show contour plots of the
density function |ψ(x, t)|2 at different times.

From these figures, at t = 0, there are 81 quantized vortices in the ground
state. During the time evolution, the lattice is rotated due to the angular mo-
mentum term (see Figure 10.4), and shrunk or expanded due to the changing
of the trapping frequencies (see Figure 10.3). This clearly demonstrates the
high resolution of the leap-frog Fourier pseudo-spectral method for a rotating
BEC.

10.7 Conclusion

We have reviewed our recent works for the ground state and dynamics of
the Gross–Pitaevskii equation (GPE) with an angular momentum rotation
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Fig. 10.4. The contour plots of the density function |ψ(x, t)| of the vortex lattices
at different times for changing from γx = γy = 1 to γx = 1.2 and γy = 1.5.

term for rotating BECs. Along the analytical front, we provided asymptotics
of the energy and chemical potential of the ground state in the semiclassical
regime, and showed that the ground state is a global minimizer of the energy
functional over the unit sphere and all excited states are saddle points in the
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linear case. We proved the conservation of the angular momentum expectation
when the external trapping potential is radially symmetric in 2D, and respec-
tively cylindrically symmetric in 3D. A second-order ODE was also derived
to describe the time evolution of the condensate width as a periodic func-
tion with/without a perturbation, and where the frequency of the periodic
function doubles the trapping frequency. We also presented an ODE system
with complete initial data that governs the dynamics of a stationary state
with a shifted center and we illustrated the decrease in the total density when
a damping term is applied in the GPE. On the numerical side, we reviewed
the continuous normalized gradient flow with backward Euler finite differ-
ence discretization for computing the ground states in a rotating BEC and
three efficient and accurate numerical methods for computing the dynamics
of rotating BEC. Finally the dynamics of a quantized vortex lattice with 81
vortices is reported to demonstrate the spectral resolution of our numerical
methods.
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theory: evaluation of a time-dependent source
and of a time-dependent cross section
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11.1 Introduction

In photon transport theory, two types of inverse problems are considered:

(a) identification of some physical or geometrical quantity (such as a cross
section, or a photon source, or the shape of the surface that bounds the
host medium), evaluating its dependence on spatial and/or angle vari-
ables, under the assumption that photon transport is time independent
and starting, for instance, from the knowledge of the exiting photon flux;

(b) identification of some physical or geometrical quantity that characterizes
the host medium, evaluating its dependence on spatial and/or angle vari-
ables and on time, under the assumption that photon transport is time
dependent and starting, for instance, from the knowledge of the time be-
haviour of the exiting photon flux.

The literature on time-independent inverse problems for photon transport
is rather abundant, see the references listed in [1]. On the other hand, only a
few papers deal with time-dependent inverse problems for photon transport,
see [2] through [8].

We remark that in most (a) and (b) inverse problems, it is assumed that
for instance the whole exiting photon flux is known (or measured), due to a
given photon flux entering the host medium under consideration. However, if
the host medium is an interstellar cloud occupying the region V ⊂ R3 (see
Remark 1), as it is in this chapter, one can measure only one value of the
photon density at a location x̂ far from the cloud in the stationary case, or
record the time dependence of such a single density in the time-dependent
case. This, in principle, allows us to determinate only one parameter, see
[9, 10].

Remark 1. Interstellar clouds are astronomical objects that occupy large re-
gions of the galactic space: the diameter of an average cloud may range from
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Fig. 11.1. The interstellar cloud occupying the region V ⊂ R3, bounded by the
regular surface Σ = ∂V .

103 to 105 times the diameter of our solar system. Clouds are composed of a
low density mixture of gases and dust grains (mainly hydrogen molecules with
some 1–2% of silicon grains); typical particle densities may be of the order of
104 particles/cm3, i.e., 10−15 times the density of the earth’s atmosphere at
sea level, see [11, 12].

In this chapter, we shall first consider photon transport in an interstellar
cloud with a space- and time-dependent source q = q(x, t) of UV-photons.
We shall assume that the cloud occupies the strictly convex region V ⊂ R3,
bounded by the closed “regular” surface Σ = ∂V , and that the values of the
photon number density N are recorded at a location x̂ ∈ R3 \ V “far” from
the cloud, during a suitable time interval. See Figure 11.1.

Then, our first inverse problem can be stated as follows: is it possible
to determine q(x, t) within a suitable family of functions, starting from the
knowledge of N at x̂ as a function of time?

We shall prove, rather surprisingly, that only a time average of q can be
evaluated. In fact, in [7] we considered a similar inverse problem and, by
using a time-discretized model of photon transport, we proved that the set
{q(x, t0), q(x, t1), . . . , q(x, tn)} could be indentified within a suitable fam-
ily of functions of x ∈ V . However, time discretization is reasonable if the
measurements of the photon density at x are made only at times t0,

t1 = t0 + τ, . . . , tn = t0 + nτ.

On the other hand, if the measurements at x̂ are taken continuously in time,
one should be in a position to obtain more complete results on q(x, t). The
reasons why this does not seem possible are perhaps due to the difficulties
arising when τ → 0+.
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Finally, our second inverse problem deals with the evolution of a time-
dependent (and unknown) cross section.

11.2 The mathematical model

Let N(x,u, t) be the photon number density at any (x,u) ∈ V ×S and t ≥ 0,
where V is a bounded and strictly convex subset of R3 and S is the surface of
the unit sphere. Then, if σs, σc and σ = σs +σc are the scattering, the capture
and the total cross sections of the interstellar cloud under consideration, the
photon density N satisfies the following system [13]:

∂

∂t
N(x,u, t) =− cu · ∇xN(x,u, t)− c σN(x,u, t)

+ c
σ

4π

∫
S

N(x,u′, t) du′ + q(x, t), (x,u) ∈ Vi × S, t > 0,

(11.2.1)

N(y,u, t) = 0 y ∈ ∂V, u · ν(y) < 0, t > 0, (11.2.2)
N(x,u, 0) =N0(x,u), (x,u) ∈ Vi × S. (11.2.3)

In (11.2.1), c is the speed of light and Vi is the interior of V = Vi ∪ ∂V .
Relation (11.2.2) is a non re-entry boundary condition at any (y,u) with
y ∈ ∂V and u · ν(y) < 0, where ν(y) is the outward directed normal at y.
Finally, (11.2.3) is a given initial condition.

Note that condition (11.2.2) is certainly satisfied if the scattering cross
section σs and the given source term q(x, t) are equal to zero if x /∈ V .

Since

∂

∂r
N
(
x− ru,u, t− r

c

)
= −1

c

∂

∂t
N
(
x− ru,u, t− r

c

)
− u · ∇xN

(
x− ru,u, t− r

c

)
,

equation (11.2.1) (with x substituted by x− ru and t by t− r/c) becomes

0 =
∂

∂r

{
exp(−σ r)N

(
x− ru,u, t− r

c

)}
+

σs

4π
exp(−σ r)

∫
S

N
(
x− ru,u′, t− r

c

)
du′ + exp(−σ r)q(x− ru, t− r/c).

Hence, we obtain
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0 = −N(x,u, t)

+
∫ R(x,u)

0

dr exp(−σ r)

×
{
σs

4π

∫
S

N(x− ru,u′, t− r/c) du′ + q(x− ru, t− r/c)
}

if t > R(x,u)/c, and

0 = exp(σct)N0(x− ctu,u)−N(x,u, t)

+
∫ ct

0

dr exp(−σ r)

×
{
σs

4π

∫
S

N(x− ru,u′, t− r/c) du′ + q(x− ru, t− r/c)
}

if t < R(x,u)/c, where we used conditions (11.2.2) and (11.2.3) and where
R(x,u) is such that x−R(x,u)u ∈ ∂V ; see Figure 11.1.

Thus, the integral form of system (11.2.1–11.2.3) can be written as follows:

N(x,u, t) = exp(−σct)N0(x− ctu,u) +
∫ R∗

0

dr exp(−σ r)q(x− ru, t− r/c)

+
σs

4π

∫ R∗

0

dr exp(σr)
∫

S

N(x− ru,u′, t− r/c) du′,

(11.2.4)

where

R∗ = R∗(x,u, t) = R(x,u), if t > R(x,u)/c

R∗ = R∗(x,u, t) = ct, if t < R(x,u)/c

}
(11.2.5)

and N0(x−ctu,u) is understood to be zero if ct > R(x,u), i.e., if x−ctu /∈ V .
The integral equation (11.2.4) is the “mathematical model” that will be

used to investigate our inverse problems. Such an equation will be studied
in the Banach space X = C(V × S × [0, t]) with the usual norm ‖ϕ‖ =
max{|ϕ(x,u, t)|, (x,u, t) ∈ V × S × [0, t]} (where t > 0 is given) and under
the following assumptions:

(i) V is a bounded and strictly convex region of R3 (thus, given any x, y ∈ V ,
λx + (1− λ)y ∈ Vi ∀λ ∈ (0, 1));

(ii) ∂V is a “regular” surface, i.e., R = R(x,u) is a continuous function of
(x,u) ∈ V × S;

(iii) N0(x,u) is a continuous function of (x,u) ∈ V × S.
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We now introduce the operators

(Fϕ)(x,u, t) =

{
exp(−σc t)ϕ(x− ctu,u, t) if x− ctu ∈ V

0 if x− ctu /∈ V
(11.2.6)

(Bϕ)(x,u, t) =
∫ R∗

0

dr exp(−σ r)ϕ(x− ru,u, t− r/c) (11.2.7)

(Kϕ)(x, t) =
σs

4π

∫
S

ϕ(x,u′, t) du′, (11.2.8)

with D(F ) = D(B) = D(K) = X where for instance D(F ) is the domain of
F . We remark that Bϕ maps X into itself because V is strictly convex.

By using (11.2.6), (11.2.7) and (11.2.8), equation (11.2.4) becomes

N = FN0 + Bq + BKN. (11.2.9)

Note that FN0 takes care of first-flight photons due to the initial photon
density N0 (i.e., of photons arriving directly (x,u) without interacting with
the host medium contained in a cloud), whereas Bq is the contribution of
first-flight photons from the source q.

We have from definitions (11.2.6), (11.2.7) and (11.2.8):

‖Fϕ‖ ≤ ‖ϕ‖, ‖Bϕ‖ ≤ ‖ϕ‖
∫ R∗

0

exp(−σ r) dr ≤ ‖ϕ‖
σ

, ‖Kϕ‖ ≤ σs‖ϕ‖

and so

‖F‖ ≤ 1, ‖B‖ ≤ 1
σ
, ‖K‖ ≤ σs, ‖BK‖ ≤ σs

σ
< 1, (11.2.10)

where we recall that σ = σs + σc.
Since ‖BK‖ < 1, the unique solution of equation (11.2.9) has the form

N(x,u, t) =
(
(I −BK)−1FN0

)
(x,u, t) +

(
(I −BK)−1Bq

)
(x,u, t),

∀ (x,u, t) ∈ V × S × [0, t],
(11.2.11)

where

(I −BK)−1 = I + BK + (BK)2 + · · · , ‖(I −BK)−1‖ ≤ σ

σ − σs
.

(11.2.12)

Remark 2. If we assume that σs, q and also σc are zero if x /∈ V (which is
reasonable from a physical viewpoint), then we have that

0 =
∂

∂r
N
(
x− ru, u, t− r

c

)
.
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Hence,

N

(
x̂, û, t +

|x̂− û|
c

)
= N (ẑ, û, t) ,

because x̂ = ẑ + |x̂− ẑ|û; see Figure 11.1.

11.3 The first inverse problem: evaluation of q(x, t)

Relation (11.2.11) gives N(x,u, t) at any (x,u, t) ∈ V × S × [0, t] in terms of
the initial photon density N0 and of the source term q. However, in our first
inverse problem, q(x, t) is unknown (it is “the unknown”), whereas N0 is given
and N(ẑ, û, t) is measured at (ẑ, û), ∀t ∈ [0, t] (in fact, N(x̂, û, t′) is measured
at (x̂, û), i.e., “far” from the cloud, ∀t′ ∈

[
|x̂−ẑ|

c , |x̂−ẑ|
c + t

]
; see Remark 1.

In order to evaluate q(x, t), we need to prove some “monotone” properties
of the operators appearing on the right-hand side (r.h.s.). of (11.2.11). Let ϕ,
ϕ1 ∈ X and assume that ϕ(x,u, t) < ϕ1(x,u, t) ∀(x,u, t) ∈ V × S × [0, t].
Then, we obviously have from (11.2.7) and (11.2.8)

(Bϕ)(x,u, t) < (Bϕ1)(x,u, t)
(Kϕ)(x,u, t) < (Kϕ1)(x,u, t) ∀(x,u, t) ∈ V × S × [0, t]. (11.3.1)

(BKϕ)(x,u, t) < (BKϕ1)(x,u, t)

Inequalities (11.3.1) and the first of (11.2.12) imply that(
(I −BK)−1ϕ

)
(x,u, t)

<
(
(I −BK)−1ϕ1

)
(x,u, t) ∀(x,u, t) ∈ V × S × [0, t]. (11.3.2)

The physical meaning of (11.3.2) is clear: the photon density N , given by
(11.2.11), is an “increasing function” of the source term.

Consider now (11.2.11) with x = ẑ and u = û:

N(ẑ, û, t) =
(
(I −BK)−1FN0

)
(ẑ, û, t) +

(
(I −BK)−1Bq

)
(ẑ, û, t).

(11.3.3)

If we set

N̂(t) = N(ẑ, x̂, t), M̂0(t) =
(
(I −BK)−1FN0

)
(ẑ, û, t)

Q̂(q, t) =
(
(I −BK)−1Bq

)
(ẑ, û, t),

then we obtain from (11.3.3)

N̂(t) = M̂0(t) + Q̂(q, t), t ∈ [0, t], (11.3.4)

where we recall that N̂(t) is measured and M̂0(t) is known. Note also that
Q̂(q, t) depends on q linearly and “monotonically”; see (11.3.1) and (11.3.2).
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As in [10], we introduce a family of “physically reasonable” sources Pλ(x, t)
defined by

F = {Pλ : Pλ = (1− λ)Pmin + λPmax, λ ∈ [0, 1]} , (11.3.5)

where Pmin(x, t) and Pmax(x, t) are respectively a “minimal” and a “maximal”
source.

The sources Pmin and Pmax are chosen accordingly to their physical plau-
sibility and must be such that

Pmin, Pmax ∈ C(V × [0, t]), (11.3.6)

Pmin(x, t) < Pmax(x, t) ∀(x, t) ∈ C(V × [0, t]), (11.3.7)

N̂min(t) = M̂0(t) + Q(Pmin, t) ≤ N̂(t)

≤ M̂0(t) + Q(Pmax, t) ≤ N̂max(t) ∀t ∈ [0, t].
(11.3.8)

Remark 3. (11.3.5) is perhaps the simplest way to define a family of possible
sources. One could give more elaborate definitions of F , but this would unnec-
essarily complicate the procedures. On the other hand, since we gave just one
mesurement, it is reasonable to consider a one-parameter family of sources.

If N̂λ(t) is defined by

N̂λ(t) = M̂0(t) + Q̂(Pmin, t), (11.3.9)

we have from (11.3.5) and (11.3.8)

N̂λ(t) = (1− λ)
[
M̂0(t) + Q̂(Pmin, t)

]
+ λ
[
M̂0(t) + Q̂(Pmax, t)

]
= (1− λ)N̂min(t) + λN̂max(t)

and so

N̂min(t) ≤ N̂λ(t) ≤ λN̂max(t), ∀t ∈ [0, t], ∀λ ∈ [0, 1]. (11.3.10)

Note that (11.3.8) indicates that the measured N̂(t) is such that

N̂min(t) ≤ N̂(t) ≤ λN̂max(t), ∀t ∈ [0, t]. (11.3.11)

However, (11.3.10) and (11.3.11) do not imply that a (time-independent) λ̂ ∈
[0.1] exists such that (see Figure 11.2)

N̂λ̂(t) = N̂(t), ∀t ∈ [0, t],
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Fig. 11.2. Photon densities at (ẑ, û).

i.e., such that

N̂(t) = M̂0(t) + Q̂(Pmin, t), (11.3.12)

because of (11.3.9) with λ = λ̂.
Since (11.3.12) is not necessarily true, it may happen that no Pλ̂ ∈ F

exists that can be taken as the “best approximation” within F to the physical
source q(x, t).

However, we can still use the family F as follows. Let t1 ∈ (0, t] be given
and assume that λ1 is defined by

λ1 =

∫ t1

0

N̂(t) dt−
∫ t1

0

N̂min(t) dt∫ t1

0

N̂max(t) dt−
∫ t1

0

N̂min(t) dt
. (11.3.13)

Then, we have

(1− λ1)
∫ t1

0

N̂min(t) dt + λ1

∫ t1

0

N̂max(t) dt =
∫ t1

0

N̂(t) dt

and so ∫ t1

0

N̂λ1(t) dt =
∫ t1

0

N̂(t) dt, (11.3.14)

where

N̂λ1(t) dt = (1− λ1)N̂min(t) + λ1N̂max(t) = M̂0(t) + ϕ̂(Pλ1 , t), (11.3.15)

i.e., N̂λ1(t) is the photon density produced by the source Pλ1(x, t) = (1− λ1)
Pmin(x, t)(x, t) + λ1 Pmax(x, t) ∀x ∈ V , ∀ t ∈ [0, t1]. Relation (11.3.14) shows
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that the physical source q and the “approximate” source Pλ1 produce the same
total number of photons arriving at (ẑ, û) during the time interval [0, t1].

In an analogous way, given [tj−1, tj ] ⊂ [0, t], if λj is defined by

λj =

∫ tj

tj−1

N̂(t) dt−
∫ tj

tj−1

N̂min(t) dt∫ tj

tj−1

N̂max(t) dt−
∫ tj

tj−1

N̂min(t) dt
, (11.3.16)

we have ∫ tj

tj−1

N̂λ1(t) dt =
∫ tj

tj−1

N̂(t) dt, (11.3.17)

where

N̂λj
(t) dt = M̂0(t) + ϕ̂(Pλj

, t). (11.3.18)

Note that, for a fixed tj−1, λj is a continuous function of tj and

λj →
N̂(tj−1)− N̂min(tj−1)

N̂max(tj−1)− N̂min(tj−1)
, as t→ tj−1.

We stress that Pλj (x, t) = (1 − λj)Pmin(x, t)(x, t) + λjPmax(x, t) may be
considered a reasonable approximation of q(x, t) ∀x ∈ V , t ∈ [0, tj ] if the
quantity of interest is

∫ tj

tj−1
N̂(t) dt, i.e., the total number of photons arriving

at (ẑ, û) during the time interval [tj−1, tj ].

Remark 4. The above procedures suggest that we should look for a time-
dependent λ = λ(t) and consider the equation

N̂λ(t)(t) = M̂0(t) + Q̂(Pλ(t), t), (11.3.19)

see (11.3.9). Correspondingly, if we want N̂λ(t)(t) = N̂(t) ∀ t ∈ [0, t], we obtain
from (11.3.19)

Q̂(Pλ(t), t) = N̂λ(t)(t)− M̂0(t),

i.e.,

Q̂((Pmax − Pmin)λ(t), t) = N̂λ(t)(t)− M̂0(t)− Q̂(Pmin, t), t ∈ [0, t].
(11.3.20)

Since (11.3.20) is a linear abstract equation of the first kind for the unknown
λ(t), as such, it is not easy to deal with. However, assume that tj = tj−1 + τ ,
j = 1, 2, . . . , n, with tn = t and with τ << τ0 a characteristic time of the
interstellar cloud under consideration. Then, we have from (11.3.3), (11.3.4),
(11.3.17) and (11.3.18)
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τN̂λj (t) $ τN̂(t),

i.e.,

Q̂(Pλj
, t) $ Q̂(q, t), t ∈ [tj−1, tj ]. (11.3.21)

Relation (11.3.21) suggests that

q(x, t) $ (1− λj)Pmin(x, t) + λjPmax(x, t), x ∈ V, t ∈ [tj−1, tj ].

11.4 The second inverse problem: evaluation of σ(t)

In this section, we assume that σ = σ(t) = σc(t)+σ, i.e., that the capture cross
section in equation (11.2.1) is time dependent (in fact, it is “the unknown”).
The knowledge of the behaviour of σc(t) may give some indications of the
(time-dependent) composition of the interstellar cloud under consideration.
By a procedure similar to that of Section 11.2, the transport equation with
σ = σ(t) can be written as follows:

0 =
∂

∂r

{
exp

[
c

∫ t−r/c

0

σ(s) ds

]
N(x− ru,u, t− r/c)

}
+ exp

[
c

∫ t−r/c

0

σ(s) ds

]

·
{

σ

4π

∫
S

N(x− ru,u′, t− r/c) du′ + q(x− ru, t− r/c)
}
.

Hence, we obtain

N(x,u, t) = exp
[
−c
∫ t

0

σ(s) ds
]
N0(x− ctu,u)

+
σ

4π

∫ R∗

0

dr exp

[
−c
∫ t

t−r/c

σ(s) ds

]∫
S

N(x− ru,u′, t− r/c) du′

+
∫ R∗

0

dr exp

[
−c
∫ t

t−r/c

σ(s) ds

]
q(x− ctu, t− r/c),

∀(x,u, t) ∈ V × S × [0, t], (11.4.1)

where R∗ is defined by (11.2.5), N0(x− ctu,u) is still understood to be zero
if ct < R(x,u)) and where we assume that t >> max{R(x,u), (x,u) ∈
V × S}/c.

In order to write the abstract version of (11.4.1) in the Banach space
X = C(V × S × [0, t]), we introduce the following operators (see (11.2.6) and
(11.2.7)):
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(Fσϕ)(x,u, t) =

⎧⎨⎩exp
[
−c
∫ t

0

σ(s) ds
]
ϕ(x− c tu,u, t) if x− c tu ∈ V

0 if x− c tu /∈ V

(11.4.2)

(Bσϕ)(x,u, t) =
∫ R∗

0

dr exp

[
−c
∫ t

t−r/c

σ(s) ds

]
ϕ(x− ru,u, t− r/c)

(11.4.3)

with D(Fσ) = D(Bσ) = X.
From definitions (11.4.2) and (11.4.3) we have that

‖Fσϕ‖ ≤ ‖ϕ‖, ‖Bσϕ‖ ≤ ‖ϕ‖
∫ R∗

0

exp(−σ0r) dr ≤
‖ϕ‖
σ0

,

where 0 < σ0 ≤ σ(t), ∀t ∈ [0, t]. Hence,

‖Fσ‖ ≤ 1, ‖Bσ‖ ≤
1
σ0

, ‖BσK‖ ≤
σs

σ0
, (11.4.4)

where σs/σ0 < 1 because σ0 = σs +min{σc(t), t ∈ [0, t]}, with min{σc(t), t ∈
[0, t]} > 0.

By using (11.2.8), (11.4.2) and (11.4.3), equation (11.4.1) becomes

N = FσN0 + Bσq + BσKN. (11.4.5)

Since ‖BσK‖ ≤ σs/σ0 < 1, the unique solution of equation (11.4.5) has the
form

N(x,u, t) = ((I −BσK)−1FσN0)(x,u, t)

+ ((I −Bσ)−1Bσq)(x,u, t), (x,u, t) ∈ V × S × [0, t],
(11.4.6)

where

(I −Bσ)−1 = I + BσK + (BσK)2 + · · · . (11.4.7)

As already remarked, the unknown in our (second) inverse problem is the
function σ(t), which is contained in the definition of the operators Fσ and
Bσ, whereas N0 and q are known and N(ẑ, û, t) = N(x,u, t + |ẑ − x̂|/c)
is registered by some suitable instrument. Consider then (11.4.6) at x = ẑ,
u = u′:

N̂σ = Ĥ(σ)(t), (11.4.8)

where
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N̂σ = N(ẑ, û, t), Ĥ(σ)(t) = ((I −BσK)−1)(FσN0 + Bσq)(ẑ, û, t). (11.4.9)

We note that (11.4.8) is a nonlinear abstract equation of the first kind
for the unknown σ(t). This implies that it is rather difficult to find even
an approximate form of σ(t), and suggests that we use some suitable time-
discretization method.

Let tj = jτ , j = 0, 1, . . . , n, with tn = t and τ << τ0; further, assume
that σ(t) may be approximated by

∼
σ(t) = σ0+k1t ∀ t ∈ [0, t1], where σ0 = σ(0)

is known and k1 must be suitably chosen.

Remark 5. That σ(t) $ ∼
σ(t) = σ0 + k1t, ∀ t ∈ [0, t1] = [0, τ ] for some k1 is

reasonable because τ << τ0 = a characteristic time of the interstellar cloud
under consideration.

Substitution of
∼
σ(t) into the r.h.s. of (11.4.8) with t = t1 gives

N̂σ(t1) $ Ĥ(σ0 + k1t)(t1). (11.4.10)

Since

(B∼
σ
ϕ)(x,u, t)

=
∫ R∗

0

dr exp
{
−σ0r −

ck1

2
[
t2 − (t− r/c)2

]}
ϕ(x− ru,u, t− r/c),

it is easy to see that (B∼
σ
ϕ is a decreasing function of k1 ∀t ∈ [0, t1] for any

given ϕ ∈ X+ = the positive cone of X. This implies that Ĥ(σ0 + k1t)(t1) is

a decreasing function of k1 and so a unique
∼
k1 exists such that (11.4.10) is

satisfied with k1 =
∼
k1.

Correspondingly,
∼
σ(t) = σ0 +

∼
k1t ∀t ∈ [0, t1].

In general, let t ∈ [tj−1, tj ] = [tj−1, tj−1 + τ ] and
∼
σ(t) =

∼
σ(tj−1) + kj(t−

tj−1). Since

(B∼
σ
ϕ)(x,u, t)

=
∫ R∗

0

dr exp

{∫ t

t−r/c

[∼
σ(tj−1) + kj(s− tj−1)

]
ds

}
ϕ(x− ru,u, t− r/c)

=
∫ R∗

0

exp
{
−∼
σ(tj−1)r −

ckj

2
[
(t− tj−1)2 − (t = r/c− tj−1)2

]}
· ϕ(x− ru,u, t− r/c)

if t− r/c > tj−1, and



11 Two inverse problems in photon transport theory 269

(B∼
σ
ϕ)(x,u, t)

=
∫ R∗

0

dr exp
{
−c∼σ(tj−1)(tj−1 − t + r/c)− ck1

2
(t− tj)2

}
· ϕ(x− ru,u, t− r/c)

if t − r/c < tj−1, B∼
σ
ϕ is a decreasing function of kj ∀t ∈ [tj−1, tj ], for any

given ϕ ∈ X+. This implies that Ĥ(
∼
σ(tj−1 + kj(t− tj−1))(tj) is a decreasing

function of kj and so a unique
∼
kj exists such that

N̂σ(tj) = Ĥ(
∼
σ(tj−1) +

∼
kj(t− tj−1))(tj).

Correspondingly, we have

∼
σ(t) =

∼
σ(tj−1) +

∼
kj(t− tj−1)

=
∼
σ(tj−2) +

∼
kj−1(tj−1 − tj−2) +

∼
kj(t− tj−1)

= σ0 +
∼
k1t1 +

∼
k2(t2 − t1) + · · ·+

∼
kj−1(t− tj), t ∈ [tj−1, tj ].

(11.4.11)

Relation (11.4.11) is a reasonable approximation of the physical cross sec-
tion σ(t). We conclude this section by considering briefly an alternate time-
discretization procedure, starting directly from the evolution equation

d

dt
N(t) = TN(t)− cσ(t)N(t) + cKN(t) + q(t), t > 0; N(0) = N0,

(11.4.12)

where

(Tγ)(x,u) = −cu · ∇γ(x,u),

D(T ) = {γ : γ ∈ X0, cu · ∇γ ∈ X0}, X0 = C(V × S)

and where N(t) = N(·, ·, t) and q(t) = q(·, t) are to be considered as maps
from [0, t] into X0.

If uj(x,u) approximates N(x,u, tj), we discretize (11.4.12) as follows:

1
τ

[uj+1 − uj ] = Tuj+1 − cσ(tj)uj + cKuj + q(tj), j = 0, 1, . . . , n

with u0 = N0 [10, 7]. Hence, we obtain

uj+1(x,u) = ((I − τT )−1uj)(x,u)− cτσ(tj)((I − τT )−1uj)(x,u)

+ (τ(I − τT )−1[cKuj + q(tj)])(x,u), j = 0, 1, . . . , n,
(11.4.13)
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where the explicit expression of the operator (I − τT )−1 is given by

((I − τT )−1γ)(x,u) =
1
cτ

∫ R(x,u)

0

exp(−r/cτ) γ(x− ru,u) dr.

Consider now (11.4.13) with j = 0, x = ẑ and u = û:

uj+1(ẑ, û) = ((I − τT )−1uj)(ẑ, û)− cτσ(tj)((I − τT )−1uj)(ẑ, û)

+ (τ(I − τT )−1[cKuj + q(tj)])(ẑ, û), j = 0, 1, . . . , n.
(11.4.14)

Since u0 = N0 and u1(ẑ, û) is measured, (11.4.14) gives σ(t0) = σ(0) explicitly.
Further, by using (11.4.13) with j = 0 and with the value σ(t0) just found,
we obtain u1(x,u) ∀ (x,u) ∈ V × S.

Then, (11.4.13) with j = 1, x = ẑ gives σ(t1) because u1(x,u) is known
and u2(ẑ, û) is measured. Again (11.4.13) with j = 1 and with the value σ(t1)
just found also gives u2(x,u), ∀(x,u) ∈ V × S. And so on.

By this procedure, we obtain the set (σ(t0)), σ(t1), . . . , σ(tn)); corre-
spondingly, the approximate expression

∼
σ(t) of the total cross section σ(t)

may be taken as follows:

∼
σ(t) = σ(tj−1) +

σ(tj)− σ(tj−1)
tj − tj−1

, t ∈ [tj−1, tj ], j = 1, 2, . . . , n.

(11.4.15)

Note that (11.4.11) and (11.4.15) are rather similar. However, (11.4.15) is
easier to derive because the values σ(t0), σ(t1), . . . , σ(tn) are found explicitly
step by step.

11.5 Concluding remarks

As remarked in Section 11.1, the peculiarity of inverse problems for photon
transport in interstellar clouds is that one has to start with the knowledge of a
single value of the photon density (in the time-independent case) or of a time
behaviour of such a density (in the time-dependent case). This implies that
only one parameter λ, constant or time-dependent, can be evaluated. If, for
instance, the unknown is the photon source q(x), we have first to choose some
one-parameter family F = {Pλ : Pλ(x) = (1 − λ)Pmin(x) + λPmax(x), λ ∈
[0, 1]}. Correspondingly, it is possible to identify a value λ̂ of the parameter
such that Pλ̂(x) produces the known value of the photon density. Of course,
this does not mean that q(x) = Pλ̂(x) but only that Pλ̂(x) is a reasonable
approximation of q(x), compatible with the single datum available.

The situation is “worse” in the time-dependent case, i.e., if q = q(x, t).
In fact, only a suitable constant λ̂ can be found such that Pλ̂ ∈ F =
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{Pλ : Pλ(x, t) = (1 − λ)Pmin(x, t) + λPmax(x, t), λ ∈ [0, 1]} produces the
same total number of photons arriving at x̂ (where the measurements are
made) as the physical source q during a given time interval. On the other
hand, looking for a λ̂ = λ̂(t) ∈ [0, 1] such that Pλ̂(t) approximates q (in the
sense specified above) leads to an abstract equation of the first kind, which is
not easy to deal with.
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